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Overview

I Z

I λβ nominally

I λβ has Z

I Z ⇒ Church–Rosser
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(Z, <) does not have Z
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for given integer, no upperbound on steps from it



Ẑ = (Z, {(x , x + 1), (−1− n, n + 1)}) ?
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Ẑ does not have Z
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0



Z[ = (Z, {(x , x + 1)}) ?

1−1 0−2 2



Z[ does have Z

Z trivial (x• = x + 1)

1−1 0−2 2



λ nominally

Definition (λ-term)

nominal datatype term =
Var name
| App term term
| Abs x::name t::term binds x in t

Definition (substitution)

y [x := s] = (if x = y then s else y)
(t u) [x := s] = t [x := s] u [x := s]
y ] (x, s) =⇒ (λy. t) [x := s] = λy. t [x := s]

Lemma (substitution)

x ] (y, u) =⇒ t [x := s] [y := u] = t [y := u] [x := s [y := u]]

https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-24
https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-83
https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-100
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β nominally

Definition (β-reduction, compatible closure of)

x ] t =⇒ (λx. s) t →β s [x := t]

Lemma (compatibility)

s →∗β t =⇒ u →∗β v =⇒ s u →∗β t v
s →∗β t =⇒ λx. s →∗β λx. t
s →∗β s ′ =⇒ t →∗β t ′ =⇒ t [x := s] →∗β t ′ [x := s ′]

Lemma (coherence)

λx. s →∗β t =⇒ ∃ u. t = λx. u ∧ s →∗β u

https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-105
https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-153
https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-217
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λβ has Z

Definition (head-application)

x ] u =⇒ (λx. s ′) ·β u = s ′ [x := u]
x ·β u = x u
(s t) ·β u = s t u

Definition (full-superdevelopment)

x• = x
(λx. t)• = λx. t•

(s t)• = s• ·β t•

Example

I I • = I ; (I = λx .x)

I (I (II ))• = I , (III )• = I ;

I ((λx .xx)I )• = II ;

https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-130
https://bitbucket.org/isa-afp/afp-2016/src/8e42416c3a313db6ea1967ce2e44b4e8bee40a0a/thys/Rewriting_Z/Lambda_Z.thy?at=default&fileviewer=file-view-default#Lambda_Z.thy-138
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λβ has Z proof steps

Lemma (Self)

t →∗β t•

Lemma (Rhs)

t• [x := s•] →∗β t [x := s]•

Lemma (Z)

s →β t =⇒ t →∗β s• ∧ s• →∗β t•
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Church–Rosser methods for λβ

I Dehornoy–vO: full-(super)developments |= Z
compute monotonic upperbound term from term

I Tait–Martin-Löf: complete developments |= �
compute cofinal complete developments from coinitial ones

I Takahashi: complete, full-developments |= ∠
compute complete development to monotonic upperbound
from complete development

Remark
complete development additional notion of reduction?
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Syntax-free developments

Definition
a •-develops to b, a ◦−→ b, if a� b � a•

i.e. if b between a and a•

Theorem
•-development coincides with partial development for orthogonal
TRSs that are terminating, non-erasing and non-collapsing

Example

Let • be full-development map (contract all redexes in term)

I rules a→ b → c → a; non-terminating
a •-develops to c ; a• = b

I rules a→ b → c, f (x)→ d ; erasing
f (a) •-develops to f (c); f (a)• = d

I rules g(x)→ h(x)→ i(x)→ x ; collapsing
i(h(g(a))) •-develops to i(h(i(a))); i(h(g(a)))• = i(h(a))
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Conclusion

I formalised proof that is short
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I Isabelle proofs follow proof-by-hand closely
(discharging nominal instead of Variable Convention);

I 1 mistake found in proof-by-hand
(uniformity w.r.t. ordinary developments);

I in AFP; also there: Combinatory Logic has Z (Felgenhauer)
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explicit substitutions self-distributivity (Dehornoy), braids,
associativity
terminating systems (normal form)
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Example: self-distributivity

xz(yz)w

xyzw

xyw(zw)

xw(yw)(zw)

xw(zw)(yw(zw))

xzw(yzw)

In depth: Braids and Self-distributivity (Dehornoy 2000)
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