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Theorem

Quasi-reductive SDTRS R is confluent ⇐⇒ all CCPs are joinable.
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SDTRS 4/9

`→ r ⇐ s1 ≈ t1, . . . , sk ≈ tk︸ ︷︷ ︸
c

• ≈ interpreted as →∗R
• ` 6∈ V
• V(r) ⊆ V(`, c)
• V(si) ⊆ V(`, t1, . . . , ti−1)
• ∀σ. normalized σ −→ tiσ ∈ NF(→R)



Quasi-Decreasingness 5/9

SDTRS R (F) is quasi-decreasing if there is � on T (F ,V):
• well-founded �
• � = (� ∪B)+

• →R ⊆ �
• ∀`→ r ⇐ s1 ≈ t1, . . . , sn ≈ tn ∈ R, σ : V → T (F ,V),
0 6 i < n: ∀1 6 j 6 i. sjσ →∗R tjσ −→ `σ � si+1σ



Joinability of CCPs 6/9

CCP u ≈ v ⇐ c is joinable if
∀σ. (∀s ≈ t ∈ c. sσ →∗R tσ) −→ uσ ↓R vσ
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Proof Idea II 8/9

ρ1 : `1 → r1 ⇐ c1, σ1, p,
∀u ≈ v ∈ c1. uσ1 →∗R vσ1

ρ2 : `2 → r2 ⇐ c2, σ2, q,
∀u ≈ v ∈ c2. uσ1 →∗R vσ1
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• ∀x ∈ V(ρ2). xπ−σ1 ↓ xσ2
• induction on |c2|
• quasi-decreasingness

• strong determinism

• IH
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Remarks

• First version using quasi-reductivity
• Definition is different from Ohlebusch and IsaFoR

• Using quasi-decreasingness:
• Straight-forward and made proof easier
• One lemma from paper not needed anymore
• Original theorem follows as corollary

Challenges

• Paper proof assumes rules to be identical

• Permutations for variable disjoint variants

222 

P r o o f :  Clearly, if R is confluent then all critical pairs in CP(t~) are joinable.  
So we now assume tha t  all critical pairs in CP(R)  are joinable  and prove by 

induct ion on >-s~: If t ' n* Z-- t *~.R t "  then t '  IR t t/. 
$ $ 

I f t ' - - t o r t " - t t h e n t  ~J~Rt"holds.  S o a s s u m e t  ~ R ( ,  t l _ a ~ - - - t  .~Rt2---+R 
t" .  We will prove tz ~n t2, then an inductive a rgument  easily gives ff ~R t" .  

Assume 

t - - + R t l  using C1 ~ l l - + r l ,  h i ,  p o s i t i o n q i n t  
t -"*R t2 using C2 :=:v/2 ---* r2, c~2, posi t ion p in t 

If t /p  and t /q are disjoint subterms of t then t l  ~n t2 tr ivial ly holds. So we 
may  assume tha t  t /p  is a sub te rm of t/q. If t t> t/q, then t >-st t /q and we have 
t l  ~R t~ by induct ion hypothesis  on t/q. So we assume t = t/q. Then  we have 
t -- rr l( l l)  and t /p  - cr2(12). There  are two cases: (a) p E 0(I1) and (t3) p is a 
posi t ion in ll wi th  l l /p  a variable or p is not  a posi t ion in ll. 

(a )  : In this case there is a critical pair  C ~ Sl = s2 and a subs t i tu t ion  r such 
tha t  tl =- r(st)  and t2 =- r(s2)  and r is a solution of C wrt. R and Var(ll,/2)- 
If this critical pair is proper  then it is in CP(R)  and hence joinable.  This  gives 
el J, t2. So assume tha t  this critical pair is improper .  Then  t ~- a l ( l l )  = a2(12) 
and we ma y  assume tha t  C1 ::::* ll ---* r l  and C2 ~ 12 --+ r2 are identical,  
i.e. 6'/ ~ l i  ~ r i -  C ~ l - - - * r  for i =  1,2. We have ~rl(x) --- as(x) for all 

e V r(t) and we will prove *R rot all E Va (C 1 - *  

Since t l  = o-x(r) and t2 =- rr2(r) this will prove tl ~n t2. 

Let C = ul  ---+ V l , . . . ,  un ---* v,~ and let r cr~ be irreducible subst i tu t ions  such 

tha t  ~ri(x) *zn ~r~(x) for i = 1, 2 and all x e s  ===v l -* r). It  is enough to 
prove tha t  cry(x) = cry(x) for all x e g Y a r ( C  ~ l --+ r). If x E Vat(u1 --* vl) 

then x E Var(vl)  since Vat(u1) C_ Vat(1). We have r R ( *  0"l(Ul) -- 

~2(ul) *~. #2(vl) and ~$(vl ) is  irreducible since ~r$ is irreducible. (Here we need 
tha t  R is s t rongly determinist ic  and hence the v d are strongly irreducible.)  Since 
t >-~, ~i(Ul) we have r IR r by induct ion hypothesis  on ~rl(ul). This  
gives ~ ( V l )  = ~ ( v t )  and. hence q i (x )  - ~ ( x ) .  
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gives ~ ( V l )  = ~ ( v t )  and. hence q i (x )  - ~ ( x ) .  
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3 Quasi-reductive D T R S s  
Now we impose  a condi t ion on DTP~Ss R so t ha t  ---'n is c o m p u t a b l e  and  te rmi-  
na t ing  [GW92].  

D e f i n i t i o n  3.1 Let >- be a reduction ordering on T(.T,  17). A DTRS R is quasi- 
reduct ive  wrt. ~- if  for every substitution o" and every rule ul --~ v l , . . . , u ~  ---* 
vn - -~  l---* r in R 

(i) a(uj)  ~ ~r(vj) for 1 < j < i implies a(1) ~-.t ~(Ui+l)  

(it) o'(uj) ~ a ( v j )  for 1 <_ j <_ n implies or(l) ~ c~(r) 

A DTRS R is called quasi- reduct ive  if  there is a reduction ordering >- such that 
R is quasi-reductive wrt. ~-. 

Now we prove t h a t  a quasi-reduct ive DTP~S can be used for effective c o m p u t a -  
tions. We m a k e  this precise in T h e o r e m  3.1 (see [GW92]).  Let A ~ ( t )  = {s I 

t * ~R s} denote  the set of  l~-successors of  t. 

T h e o r e m  3.1 Let R be a DTRS that is quasz-reductive wrt. ~-. Then for every 
term t the set A ~ ( t )  is finite and effectively computable. We have ---~R C ~-, so 
[g is terminating. 

P r o o f :  Let R be quasi - reduct ive  wrt.  ~-. We prove the s t a t e m e n t  of  the The-  
o rem by induct ion  on ~ , t .  We have t --~n s if there is a posi t ion p in t, a rule 
C ~ l --~ r in R and a subs t i tu t ion  cr such t ha t  or(l) = r and cr is a solut ion 
of C wrt.  R and Vat(l) .  Since R is finite it is enough to prove tha t  for each rule 
C ===> l --~ r there  are only finitely m a n y  such solut ions and  one can c o m p u t e  
t h e m  all. 

Let C - ul  ~ vl . . . . .  u~ --* v,~ and r be given such t ha t  r(l) - t /p  and 
Dora(r) = Vat( l) .  We need to compu te  all solutions ~ of C t h a t  ex tend  r .  Let 
(r0 = r .  Since R is quasi - reduct ive  we have Vat(u1) C_ Var(l) and a0(l) ~'-,t 
~0(Ul). By induct ion hypothes is  A~(~r0(ul))  is finite and computab le .  So we 
can c o m p u t e  all ma tches  # ( v l )  - w, w e AS(c~0(ul)),  cr' extends  ~r0. Let cq 
be such a ma tch ,  then crl is a solut ion of Ul --* vl and cq (u l )  a C~l(Vl) and 
so ~rl(1) = 7(l) >-,t cq(u2). In this way one can compu te  all solut ions c~i of  
ul --~ v l , . . . , u i  ~ vi extending r ,  and we have ~i(uj) >-c~i(vj) for j = 1 , . . . , i ,  
so ~,( l)  ~-,, cr/(ui+l).  For i = n we also have r ( l )  _= c~(l)  ~- c~( r ) .  

Th is  proves  t ha t  the set {s ] t --~n s} is finite and c o m p u t a b l e  and t h a t  ---~R C ~- 
holds. So A ~ ( t )  is finite and computab le ,  too. [] 

As a b y - p r o d u c t  of  this p roof  we get 


