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Motivation

» We have a reduction: A <p B
» How is it helpful?

» A is undecidable = B is undecidable.
» B is decidable — A is decidable.

» A result for one property can be reused for another.



Preliminaries

» Joinability: Given a TRS R and two terms s, t, does
there exist a term z such that s = z < t?

» Confluence: Given a TRS R. For any two terms s, t
that have a common ancestor (s <~ a = t), does there
exist a term z such that s = z < t?



Preliminaries — cont.

» Linear TRS: A variable may only appear once on each
side of a rule.

» Shallow TRS: Variables can only appear at depth 0 or 1
in a rule.



Reduction

Joinability : R : s t?
4

Confluence : R’ : confluent ?

Challenge is insuring: s | t under R <= R’ is confluent



Previous Reduction — Verma [2009]

Y =Y U{hH, a}

Ry = {c— H(h(s,t),c)|lc e X}
U{f(x1...xy) = H(h(s,t), f(x1...x:))}

R' = RURLU {h(x,x) = a} U {H(a,x) — a}

Note: Any term u reaches h(H (s, t), u).
Note 2: If s | t then (s, t) = a. Any two terms join.



Previous Reduction — Verma [2009] — Problems

Y =Y U{hH, a}

Ry = {c— H(h(s,t),c)|lc e X}
U{f(xi...xy) = H(h(s, t){f(x1...x1))

R' = RURLU {h(x,x) = a} U {H(a,x) — a}

Violates right-shallow restriction



Previous Reduction — Verma [2009] — Problems

Y =Y U{hH, a}

Ry = {c— H(h(s,t),c)|lc e X}
U {F(a- %) = B (A(s, ) [F(ra )}

R =RUR,U {lh(x,x) — atU{H(a,x) — a}

Violates right-shallow restriction

Violates left-linear restriction



Previous Reduction — Verma [2009] — Problems

» In Verma [2012], joinability was shown to be undecidable
for linear and left-shallow TRS.
» Not able to determine confluence for the same class
through the reduction.



Another Reduction.



Intuition

» Suppose that instead of s, t we had 0, 1.

» Suppose we assigned each function symbol a binary string.
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Intuition

» Suppose that instead of s, t we had 0, 1.

» Suppose we assigned each function symbol a binary string.

A A b |01
a b 00 01 f |10
g| 11
g/_\ll 7
/\ /N /\ 05 241



Flattening

» Touse s, t as 0's and 1's we must flatten them.
» We introduce rules in a manner similar to tree automata.

» An example can be found in Godoy et al. [2003].

Cs

s=f
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a b



Flattening

» Touse s, t as 0's and 1's we must flatten them.
» We introduce rules in a manner similar to tree automata.

» An example can be found in Godoy et al. [2003].
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Flattening

» Touse s, t as 0's and 1's we must flatten them.
» We introduce rules in a manner similar to tree automata.
» An example can be found in Godoy et al. [2003].

s=f Cs f
aAb aN /N

Cs Cp a b

cs — f(ca Cp)
C, — a
Cp — b



Flattening Rules and Common Ancestor

» We also add a common ancestor to c;, ¢;.

» Thus, we now have the following rules:

Zl =2 U Zf/at U {0430}
Ri=RURpr U{a = ¢, @ = ¢}



Code Rules

» We use the first B positions of the h; symbols to hold the
binary string. h; varies from 0 to M (max arity in X;).

Yeode ={hi:B+i | 0<i< M}
Reode = {F(x1-+xn) = hn(c - - Cryy X1+ Xa)|f € X1}
2o =21 U2Xcode
Ro :=R1 U Reode



Code Rules — In Practice

f hy ho
a b ¢: G a b ¢ G hy ho
G G G G
g h2 h2
b a ¢ ¢ b a ¢ G hy hg

If ¢s | ¢ then f(a, b) | g(b, a)

G G G G



Structural Equivalence

f(a, b) = ho a = ho b = ho
Cr Cs ho ho Cs Cs Cs Gt

AN

G G G G

However, f(a, b) still cannot join a or b



Structural Equivalence

f(a, b) = ho
¢ G hy ho

AN

G G G G

However, f(a, b) still cannot join a or b

Requires structural equivalence
i.e. the same set of positions



Extension Rules

» We introduce a dummy symbol that will be used to
generate new positions.

Rex = {hn(Xl te XB+n) — hn+1(X1 * XB+n, 5)}
Y =Y,U{s:0}
R =Ry URex



Extension Rules — In Practice

a | 000

2 %o b | 001
A\ f | 010

G o & g | 011
f' 1 100

0 | 101




Extension Rules — In Practice

a | 000

2 5k b | 001

/\ f | 010
CGs Cs Cs O g | 011
f' | 100

0 | 101




Extension Rules — In Practice

a Sh f'(b) >y
Cs Cs G ho ¢ Cs Cs ho

Gt G Gt G G G

000

001
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Extension Rules — In Practice

5y F(F/(b))
Cs Cs Cs hy ¢ Cs Cs hy
¢t Cs Gt hg ¢+ Cs Cs ho



Extension Rules — In Practice

a5
G G G hO hO

g(a, b) =
¢ Cs Cs ho ho

Cs Cs Cs Cs Cs Ct



Proofs.



Proofs.

(Sketch)



Every Term Joins

Lemma
Every term t € T (X', X) reaches a code term.

Lemma
Any pair of code terms can be rewritten into structurally
equivalent code terms.

Lemma
If ¢ | ¢; then any two terms can be joined.



Minimal Proofs

Definition
A derivation is a sequence of terms obtained through
successive rewrite steps: u; — Up —> -+ — Up_1 — U,.

Definition

A minimal proof of joinability between two terms ti, t; is a
pair of derivations demonstrating t; = 2z & t, for some z such
that there exists no other pair with a fewer number of rewrite

steps.



Minimal Proofs — cont

Lemma
A minimal proof of joinability for cs | c¢; performs no rewrites
on binary string subterms.

* * * *
uy — uj z Vi<— W\

hn h,

X1 -+ Xp X1 -+ Xp



Minimal Proofs — cont

Lemma
A minimal proof of joinability for cs | c; performs no Rex
rewrites.
* * * *
uy — uj z Vi — W\
|
h, hy,

J

X1- - 5 X1- -



Minimal Proofs — cont

Lemma
Cs | ¢ under Ry iff ¢s | ¢; under R'.

* * *
u — Uy — Ui — Up
U
* o, % *

up — Uy — Ul > Ul

Use mapping 7 (maps to “pure” terms) to obtain a proof in R;.



Minimal Proofs — cont

Lemma
Cs | ¢ under Ry iff ¢s | ¢; under R'.

R code 1S erased.

w5 S S
! m 7(u;) = m(ujg1).
(s
* X,k : :
U, Sy S S R, steps still valid.

m(u;)) = m(uis1).

Use mapping 7 (maps to “pure” terms) to obtain a proof in R;.



Conclusion

Theorem
Joinability reduces to confluence while preserving linearity and
shallowness restrictions.

Proof.

(=) If s | t under R then any two terms join under R'. In
particular, terms with a common ancestor join. Thus, R’ is
confluent. Since all the new rules are linear and flat, the
resulting TRS preserves linearity and shallowness.

(<=) If R' is confluent, then ¢ | c; since they have a
common ancestor. We know s | t under R (same as ¢ | ¢
under Ry). O
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