Part 11

Barbanera and Berardi’s proof of strong normalisation for 2nd-order classical logic

Barbanera and Berardi’s calculus is a 1-sided version of Curien-Herbelin-Wadler’s: terms and
continuations are merged into 1 syntax (this gives half as many cases to treat in your proofs).

Types A B,C,... := alat|AVB|AAB|3a.A|Va.A

Terms buv,... = x| pap |iny () | injg(8) | () | () | A_t
Commands p = (tew)
Typing rules:
) Lz:Abp I'kt:A  Thudt
Negation: —(x:A) el T
(aty* — o 'k ax:A 'k pxp:A Ik {tew)
1
(AnBy = AtvB: THt:A  TFubB Tk t: 4
(AV B) = At A Bt —
(Vo A)* oAl 'k (t,u):ANB Tk inj,(¢): A1 V As
i
(Fa.A) = Va.At '+ B Tk ou:{Z,}A
—a ¢ FV(D)
'FA_ .t:Va.B 'k ( ,u):Ja.A
The following reduction rules apply anywhere in terms and commands:
(uzp e t) —  lp (t e pap) —  {elp
((t1,t2) ®inj; (1)) —  (t;@1) (inj;(t) ® (t1,t2)) —> (tet;)
(A _te{  u)) — (teuw) {_,u)ye A _t) — (uet)

Let Var denote the set of term variables, and SN (resp. SN°) denote the set of strongly normalising
terms (resp. commands) for the reduction relation induced by the above rules.
Notice that the calculus does not satisfy confluence, with the obvious critical pair:
(nzpy @ puypa)
v\
{rerzetm ("t

Exercise 1 : Orthogonality and saturation
We start with a few definitions:
o ¢ L wif (teu) € SN
e A pair (U, V) of sets of terms is
— orthogonal if Vt e U, Yu € V,t L u
— saturated if the following two conditions hold
1. Var C U and Var C Y
2. {ux(teou) | Yo eV, {1t L{¥,}u} CU and
{pz(tou)y | Vv e U, {2}t L {Vu u} CV.
1. [*] Briefly justify (no full proof required) why
e (U, Var) is orthogonal if and only if &/ C SN.
Correction : Assume (U, Var) is orthogonal; for all u € U, take x € Var; since u L x we
have u € SN. Conversely for all w € i/ € SN and = € Var, (ue ) € SN°.
o If {¥,.}(t e u) € SN° then we have (t e u) € SN°.
Correction : As reduction is stable under substitution, an infinite reduction sequence
starting from (¢ @ u) would provide one starting from {7, }(t e u).
o If {¥,.}(teu) € SN° and v € SN is not of the form uzp,
then we have (v e ux.(t e u)) € SN and (uz(t e u) e v) € SN°.

Correction : If {¥,}(t e u) € SN® then from the previous point (tewu) € SN® and
pr(teu) € SN, so as v € SN as well, an infinite reduction sequence starting from (v e
ux.(t eu)) has to reduce, at some point, the top-level redex, and the only possible way is



to {Vi} (t' e u') for some reduced forms t', v/, v’ of ¢, u, v; this would provide an infinite

reduction sequence from {¥,.} (t e u).

A similar reasoning proves (uz.(t e u) e v) € SN or alternatively we can use the symetry of

the calculus: given the reduction rules, a command (uev) € SN if and only if(vew) € SN°.
2. Given an orthogonal pair (U, V) of non-empty sets, prove that &/ C SN and ¥V C SN.

Correction : For all u € U, take v the non-empty set V; since u 1. v we have u € SN. Same
argument for V.

Exercise 2 : Saturated extensions of simple pairs

A set of terms is said to be simple if it is non-empty and it contains no term of the form paxt.

In this exercise we want to build a “saturating” function satur, i.e. a function such that, for any
orthogonal pair (U, V) of simple sets, satur({/, V) is a saturated and orthogonal pair of sets (U, V")
that extends (U, V) (i.e. such that Y CU" and V C V).

1. For every set U of terms, we define a function
Oy (W) := UUVarU{pz(teu) | Vv e W, {V}t L {¥}u}
Prove that @, is anti-monotonic (i.e. if W C W' then ®,,(W) 2 &y (W')).
Correction : If W C W then for any t, u, Vo € W/, {¥; }t L {¥% }uimplies Vo € W, {¥,}t L {V% }u,
so Oy (W) C Oy (W).
2. Given two sets of terms I/ and V), prove that ®;,0®Py, admits a fixed point
(a set U’ such that Oy (dy(U")) =U').
Correction : From the previous question, ®;,0®y, is a monotonic set transformation, so it
admits the fixpoint (J,,n(Puo®y)™(0).
3. Let U’ be a fixed point of $0Py, and let V' := Py, (U’). Prove the following:
U =UUVarU {px(teu) | Yv e V' {¥,.}t L {¥}u}
V' =VUVarU{uzx(teu) |YoelU {Vs}t L {¥} u}
Correction : Just by unfolding the definitions: the first equality is the unfolding of the
fixpoint equality U’ = $y oDy, (U'); then second one is the unfolding of V' := &,(U’).
4. Prove that the pair (U’,V’) is saturated and extends (U, V).
Correction : This can be read directly on the above equations.
5. [*] Assume that (U, V) is an orthogonal pair of simple sets;
prove that the pair (U’,V’) is orthogonal.
Correction : First, notice that as & and V are assumed simple, they are in particular non-
empty and, by Ex.1-Q.2, &/ € SN and ¥V C SN.
Second, by induction on n € N, notice that (®0®y,)" (@) € SN and Py, (Py0Py,)™ () C SN
(each induction step uses Ex.1-Q.1.2).
Third, we conclude from this that &4’ C SN and V' C SN.
Now let u € U’ and v € V'. We show u L v by case analysis on the different subsets composing

U and V" T >
pa(vl e v2
u\v v Var Vu e U {% ol L {¥,}v2)
(U, V) assumed
u orthogonal 1 2
Var 1 No reduction 2
{pz({ul e u2>/ 3 3 4
| Vo e V' {¥}ul L {¥, u2}

1: By Ex.1-Q.1.1, (U, Var) and (V, Var) are orthogonal pairs.

2 and 3: By Ex.1-Q.1.3.

4: This is the interesting case: u = px.(ul e u2) and v = pax.(vl e v2).

Assume there is an infinite reduction sequence from (ux(ul e u2) e uy. (vl ev2)). As both



pa{ul eu2) € U C SN and py (vl ev2) € V' C SN, the reduction sequence must reduce the
top-level redex at some point, to either {*‘y<“’1/'“2/)/$} (ul” e u2') or {“““1/'“2/)/_,/} (vl o 12"
for some reduced forms ul’, u2’, v1’, v2’ of ul, u2, vl, v2.

We treat both cases: {“1‘(”1/'”2/)/95} (ul” @ u2') is a reduced form of {¥} (ul e u2), which is in
SN; {“““1/'“2/)/1,} (vl’ @ v2") is a reduced form of {,} (vl e v2), which is in SN.
We finally define satur(U,V) := U', V).

Exercise 3 : Semantics
The general idea: a type A is interpreted

e first as an orthogonal pair of simple sets [A], = ([A]F, [A])

e then as an orthogonal and saturated pair of sets [A], = ([[A]]j7 [A]l)

where we write P* (resp. P~) for the first (resp. second) component of a pair P.

Let H be the set of all orthogonal pairs of simple sets (of terms).
A waluation o is a mapping from type variables to H.

1. Given some sets of terms U and V, we define the following set constructions:

injy (U) = A{injy(t) [t €U} u,v) = {{wv)lucld,veV}
injo(U) = A{injy(t) [ £ € U}
(Uy = {{_,u)|luelU} AU = {A_u|luel}

Prove that those sets are always simple if &/ and V are non-empty.

Correction : None of these sets contains any term of the form pa.c, and none of them is
empty if & and V are non-empty.

We define the following semantics [_] and [_] :
o]} = o(a)” [a], = o(a)”
[Av Bl = injy([A]D) Uinip([B]Y)  [Av Bl = ([4],,[B],)
[HQ-AH = (_, UheH HA]]IQHJJ [Ha.A]; = A_~mheH [A]];QH;L
(A5 [A];) = ([AY]..[AY]))  if A of the form a*, A; A A, VoA
([ATL, [ALL) = satur([A]},[A]})  if A of the form o, A1 V Az, Ja. A
([AL,[A],) = ([A*]..[AY]D)  if A of the form o, As A Az, VoA

2. Prove that if [A] = (U,V) then [AJ-]U = (V,U), and if [A], = (U, V) then [[AJ-]}U =V, U).
Correction : If A of the form a, A; V Ay, Ja. A, the first point is by line 4 and the second
point is by line 6. If A of the form at, A; A Ay, Va.A, it is the same lines again, noticing the
involutivity of negation: ALt = A

3. Prove that [A]QOH[B]U = [{Z.}4], and [[Aﬂmw_)[B]o = [{Z.}4],.

Correction : By induction on A.

4. [*] Prove, by induction on A, that [A]_ is an orthogonal pair of simple sets and [A], is a

saturated and orthogonal pair extending [A], .

Correction : For A = «, the first point is by definition of H.

For A=A,V Ay or A=3a. A, [A], is a pair of simple sets by Q.1.

To prove that [A; V Ay], is orthogonal, let u € inj, ([A1] ) )Uinjy([A2]}) and v € ([A1], [A2] )-
We have u = inj;(ug) with ug € [A;]} for either i = 1 or i = 2, while v = (v}, vs) with
v1 € [A1], and vy € [A2], .

Now the induction hypothesis gives that [A;]_ and [As], are orthogonal pairs extending the
pairs [A;], and [As], of non-empty sets. So [A1]F, [A2]7, [A1];, [Az2], are themselves non-
empty, and by Ex.1-Q.2 they are all included in SN. Hence, v and v are in SN. So an infinite



reduction sequence starting from (u e v) must reduce the top-level redex at some point, to
(ug e v}) for some reduced forms ug, v} of ug, v;. This gives an infinite reduction sequence from
(uo ® v;) which contradicts the orthogonality of [A;], .

To prove that [Fa. A’] | is orthogonal, let v € (_, U, ey [[A]]:’OHQ and v € A_Nyep [AlL o
We have u = (_,ug) with uy € [A]}

o,a—hg
[A] for any h € H, in particular h = hg.

o,a—h
Now the induction hypothesis gives that [A’]
[A"], asp, Of non-empty sets. So [[A’}]IaHhD and [A'], .. .5, are themselves non-empty, and
by Ex.1-Q.2 they are each included in SN. Hence, u and v are in SN. So an infinite reduction
sequence starting from (u e v) must reduce the top-level redex at some point, to (u( e vj) for
some reduced forms wy), v{, of ug, vo. This gives an infinite reduction sequence from (ug ® vg)
which contradicts the orthogonality of [A’]

for some hy € H, while v = A_.vy with vy €

o.anshy 18 an orthogonal pair extending the pair

o,a—ho”

For A =at, A=A AN Ay, or A=Va.A', [4], is an orthogonal pair of simple sets because it
is ([AH]_, [AH]0).

For A=a, A=A VA or A=3a.A', [A], is a saturated and orthogonal pair extending [A]_
by Ex.2-Q.4 and Ex.2-Q.5.

For A =at, A= A; N Ay, A=Va.A', [A], asaturated and orthogonal pair extending [A],
because it is (JA*] _, [[AJ-]]:)

Exercise 4 : Proof of Strong Normalisation
A substitution p is a mapping from term variables to terms. Applying a substitution p to a term ¢
(in a capture-avoiding way) yields a term denoted tp. For each typing context I we define the set

[Tl, := {p|V(z:4) €T, plx) € [A];}
1. [*] Prove the Adequacy Lemma:
If '+ t: A, then for all valuation ¢ and all substitutions p € [I'] , we have tp € [[A]]:

Correction : By induction on the typing tree, with the following statement for commands:
If T' F ¢, then for all valuation o and all substitutions p € [I']  we have cp € SN°.

[ ]
—(z:A) el
'k ax:A
Let o be a valuation and p € [I'] . We have zp = p(x) € [[A]];r by assumption that p € [I'] .

Le:Akp

'k pap: A+
Let o be a valuation and p € [I'] . We need to show (ua.p)p € [[A]];r Let us rewrite (uz.p)p
as p1a.(pp) (avoiding variable capture). Since [A] is a saturated pair (Ex.3-Q.4), it suffices
to show that for all v € [A]_, we have {¥,} (pp) € SN°. Let v € [A], = [[Aﬂ]j (Ex.3-Q.2).
Notice that {¥,}(pp) = p(p,z — v), and that (p,z — v) € [[,z:A*]_. The induction
hypothesis concludes want we want.

T'kFt:A Tk wu: A+
L'k (tew)

Let o be a valuation and p € [I'] . The induction hypothesis gives tp € [[A]]: and up €
[[AJ-]]: = [A] . Since [A], is an orthogonal pair (Ex.3-Q.4), ({(t e u))p = (tp e up) € SN°.




'kt:A I'u:B
'k (t,u):AAB
Let o be a valuation and p € [I'] . The induction hypothesis gives tp € [[A]]: and up €
[BIF. So (tp,up) € [AAB]}, and since [A A B], extends [AA B], (Ex.3-Q.4), we have

o’

((t,u))p = (to,up) € [AA B].

'k |njl(t)A1 vV A2
Let o be a valuation and p € [I'] . The induction hypothesis gives tp € [[Ai}]:f. So inj;(tp) €
[A1 V Ao]T, and since [A; V As], extends [A; V As] , (Ex.3-Q.4), we have (inj;(t))p = inj; (tp) €
[41 v Ao]7.

T't:B

THA_tVa.B
Let o be a valuation and p € [I],. Since a ¢ FV(I), [I'], = [I'], ., for any h €
H. So we can apply the induction hypothesis to obtain tp € [[B}]:aHh for any h € H.
So A_.tp € [Va.B]}, and since [Va.B], extends [Va.B], (Ex.3-Q.4), we have (A_.t)p =
A_tpe ﬂVa.B]}:.

a & FV(T)

'kt {B/a}A

'k {( ,t):3a.A
Let o be a valuation and p € [I'] . So we can apply the induction hypothesis to obtain
tp € [[{B/Q}Aﬂ:, so by Ex.3-Q.3, tp € [[AHIQH[B]U. In other words, tp € [[Aﬂ;aHh for the
and by Ex.3-Q.4, h € H. So (_,tp) € [3a.A]T, and since

o’

particular choice of h = [B]_,
[Fa.A], extends [3a.A], (Ex.3-Q.4), we have (_,t)p = (_,tp) € [Fa. A].
. [¥] Prove Strong Normalisation: If T F ¢: A then ¢ € SN.

(Hint: choose a valuation o and a substitution p appropriately.)

Correction : Take o to map every type variable « to the orthogonal pair (Var, Var) of simple
sets. Take p to be the identity substitution mapping every term variable to itself. We have
p € [T], since for every type B, [B], is saturated (Ex.3-Q.4), so Var C [B]}, and therefore

for every declaration z:B in T', p(z) = x € HB]]U+
The Adequacy Lemma gives tp € [A]}, and as tp = ¢ and [A]} C SN we have ¢ € SN.



