Call-by-value, call-by-name, and strong normalization for the classical sequent calculus

Stéphane Lengrand PPS, Paris 8th June 2003 WRS’03, Valencia

• Calculi for Classical Logic • λξ-calculus & the strategies • Encoding into Curien & Herbelin’s calculus • The semantics • Conclusion and perspectives

Calculi for Classical Logic

CBV, CBN and classical logic

input/output, program/context, value/continuation, CBV/CBN. . .

• Hofmann, Streicher, Reus (97-98) Semantics of continuations (Parigot’s λμ). Duality CBV/CBN?

CBV, CBN and classical logic

input/output, program/context, value/continuation, CBV/CBN. . .

• Hofmann, Streicher, Reus (97-98) Semantics of continuations (Parigot’s λμ). Duality CBV/CBN?

• Selinger (99)

CBN−→ Control categories, CBV−→ Co-Control categories. The duality CBV/CBN lies within classical logic.

Syntactically?

CBV, CBN and classical logic

input/output, program/context, value/continuation, CBV/CBN. . .

• Hofmann, Streicher, Reus (97-98) Semantics of continuations (Parigot’s λμ). Duality CBV/CBN?

• Selinger (99)

CBN−→ Control categories, CBV−→ Co-Control categories. The duality CBV/CBN lies within classical logic.

Syntactically?

Curien/Herbelin (2000): Yes −→ the λμ~μ-calculus (Symmetrical syntax for proof witnesses, reductions show duality of computation).

The logical point of view

Notion of computation: the cut-elimination.

The logical point of view

Notion of computation: the cut-elimination. The cut-rule: generalization of the concept of lemma. In λx:

Γ, (x : B) ⊢ M : A Γ ⊢ N : B Γ ⊢ M⟨x = N⟩ : A

The logical point of view

Notion of computation: the cut-elimination. The cut-rule: generalization of the concept of lemma. In λx:

Γ, (x : B) ⊢ M : A Γ ⊢ N : B Γ ⊢ M⟨x = N⟩ : A . . . in natural deduction.

Nice way to express classical logic: Gentzen’s sequent calculus LK.

The logical point of view

Notion of computation: the cut-elimination. The cut-rule: generalization of the concept of lemma. In λx:

Γ, (x : B) ⊢ M : A Γ ⊢ N : B Γ ⊢ M⟨x = N⟩ : A . . . in natural deduction.

Nice way to express classical logic: Gentzen’s sequent calculus LK. A syntax of proof-witnesses: Urban’s calculus. Implicational fragment: λξ. Gentzen-like elimination procedure: a higher-order reduction system in λξ?

The logical point of view

Notion of computation: the cut-elimination. The cut-rule: generalization of the concept of lemma. In λx:

Γ, (x : B) ⊢ M : A Γ ⊢ N : B Γ ⊢ M⟨x = N⟩ : A . . . in natural deduction.

Nice way to express classical logic: Gentzen’s sequent calculus LK. A syntax of proof-witnesses: Urban’s calculus. Implicational fragment: λξ. Gentzen-like elimination procedure: a higher-order reduction system in λξ?

• Variable-binding • Local reduction rules. No implicit substitutions.

Our work

Curien/Herbelin Urban Curry-Howard for LK

with a symmetrical syntax Y es Y es Local reductions to eliminate cuts

(explicit substitutions) No Y es CBV/CBN evaluation Y es No Dual semantics Y es No Strong Normalization of the whole system ? Y es

Our work

Curien/Herbelin Urban Curry-Howard for LK

with a symmetrical syntax Y es Y es Local reductions to eliminate cuts

(explicit substitutions) No Y es CBV/CBN evaluation Y es Y es Dual semantics Y es Y es Strong Normalization of the whole system Y es Y es

The λξ-calculus and the strategies

The classical sequent calculus LK

axiom A ⊢ A

Γ ⊢ A, Δ Γ^′, B ⊢ Δ^′ → -left Γ, Γ^′, (A ⇒ B) ⊢ Δ, Δ^′

Γ, A ⊢ B, Δ → -right Γ ⊢ (A ⇒ B), Δ

Γ ⊢ A, Δ Γ, A ⊢ Δ^′ cut Γ, Γ^′ ⊢ Δ, Δ^′

Γ, A, A ⊢ Δ contraction-left Γ, A ⊢ Δ

Γ ⊢ A, A, Δ contraction-right Γ ⊢ A, Δ

Γ ⊢ Δ

weakening-left Γ, A ⊢ Δ

Γ ⊢ Δ

weakening-right Γ ⊢ Δ, A

Dealing with contraction and weakening

axiom Γ, A ⊢ A, Δ

Γ, (A ⇒ B) ⊢ A, Δ Γ, (A ⇒ B), B ⊢ Δ → -left Γ, (A ⇒ B) ⊢ Δ

Γ, A ⊢ B, (A ⇒ B), Δ → -right Γ ⊢ (A ⇒ B), Δ

Γ ⊢ A, Δ Γ, A ⊢ Δ cut Γ ⊢ Δ

Syntax and typing system

⟨x · α⟩ : (Γ, x : A ⊢ α : A, Δ) M : (Γ, x^′ : A → B ⊢ Δ, α : A) M^′ : (Γ, x^′ : A → B, x : B ⊢ Δ) M ^α [x^′] ^xM^′ : (Γ, x^′ : A → B ⊢ Δ) M : (Γ, x : A ⊢ α : B, α^′ : A → B, Δ) ^xM ^α · α^′ : (Γ ⊢ α^′ : A → B, Δ) M : (Γ ⊢ Δ, α : A) M^′ : (Γ, x : A ⊢ Δ) M ^α † ^xM^′ : (Γ ⊢ Δ)

How do we eliminate M ^α † ^xM^′?

• M is an α-value if it freshly introduces α • M^′ is an x-covalue if it freshly introduces x

How do we eliminate M ^α † ^xM^′?

• M is an α-value if it freshly introduces α • M^′ is an x-covalue if it freshly introduces x

Types of reductions

• CBV-rules propagate within M until α-value • CBN-rules propagate within M^′ until x-covalue • Logical rules: if M α-value and M^′ an x-covalue, eliminate cut (possibly creating smaller ones)

Logical rules (1):

⟨y · α⟩^α † ^x⟨x · β⟩ → ⟨y · β⟩

(^yM ^β · α)^α † ^x⟨x · γ⟩ → ^yM ^β · γ if α ∉ F V (M)

⟨z · α⟩^α † ^x(M_1 ^β [x] ^yM_2) → M_1 ^β [z] ^yM_2 if x ∉ F V (M_1) ∪ F V (M_2)

Logical rules (2):

if γ ∉ F V (M_1) and z ∉ F V (M_2) ∪ F V (M_3)

(^yM_1 ^α · γ)^γ † ^z(M_2 ^β [z] ^xM_3)

↙ ↘

M_2 ^β † ^y(M_1 ^α † ^xM_3) (M_2 ^β † ^yM_1)^α † ^xM_3

CBV propagation:

⟨y · α⟩^α †_V ^xM → ⟨y · α⟩^α † ^xM ⟨y · β⟩^α †_V ^xM → ⟨y · β⟩ if β ≠ α

(^yM^′ ^β · α)^α †_V ^xM → (^y(M^′ ^α †_V ^xM)^β · α)^α † ^xM (^yM^′ ^β · γ)^α †_V ^xM → ^y(M^′ ^α †_V ^xM)^β · γ if γ ≠ α

(M_1 ^β [z] ^yM_2)^α †_V ^xM → (M_1 ^α †_V ^xM)^β [z] ^y(M_2 ^α †_V ^xM)

(M_1 ^β † ^y⟨y · α⟩)^α †_V ^xM → (M_1 ^α †_V ^xM)^β † ^xM (M_1 ^β † ^yM_2)^α †_V ^xM → (M_1 ^α †_V ^xM)^β † ^y(M_2 ^α †_V ^xM) otherwise

CBN propagation

M ^α †_N ^x⟨x · β⟩ → M ^α † ^x⟨x · β⟩ M ^α †_N ^x⟨y · β⟩ → ⟨y · β⟩ if y ≠ x

M ^α †_N ^x(^yM^′ ^β · γ) → ^y(M ^α †_N ^xM^′)^β · γ

M ^α †_N ^x(M_1 ^β [x] ^yM_2) → M ^α † ^x((M ^α †_N ^xM_1)^β [x] ^y(M ^α †_N ^xM_2)) M ^α †_N ^x(M_1 ^β [z] ^yM_2) → (M ^α †_N ^xM_1)^β [z] ^y(M ^α †_N ^xM_2) if z ≠ x

M ^α †_N ^x(⟨x · β⟩^β † ^yM_2) → M ^α † ^y(M ^α †_N ^xM_2) M ^α †_N ^x(M_1 ^β † ^yM_2) → (M ^α †_N ^xM_1)^β † ^y(M ^α †_N ^xM_2) otherwise

Activating the cuts:

M ^α † ^xM^′

↙ ↘

M ^α †_V ^xM^′ M ^α †_N ^xM^′

M not α-value M^′ not x-covalue

The strategies

When M not an α-value & M^′ is not an x-covalue, M ^α † ^xM^′: Unjoinable critical pair =⇒ irreparable choice: CBV or CBN?

The strategies

When M not an α-value & M^′ is not an x-covalue, M ^α † ^xM^′: Unjoinable critical pair =⇒ irreparable choice: CBV or CBN?

• cut-elimination in CBV:

M ^α † ^xM^′ −→ M ^α †_N ^xM^′ only if M is an α-value. Otherwise you may CBV-activate it and propagate it until it meets one.

• cut-elimination in CBN:

M ^α † ^xM^′ −→ M ^α †_V ^xM^′ only if M^′ is an x-covalue. Otherwise you may CBN-activate it and propagate it until it meets one.

Properties

• Subject Reduction:

If M −→ N, then M : (Γ ⊢ Δ) implies N : (Γ ⊢ Δ)

Properties

• Subject Reduction:

If M −→ N, then M : (Γ ⊢ Δ) implies N : (Γ ⊢ Δ)

• Confluence:

Whole system: No Each evaluation strategy: ?

Properties

• Subject Reduction:

If M −→ N, then M : (Γ ⊢ Δ) implies N : (Γ ⊢ Δ)

• Confluence:

Whole system: No Each evaluation strategy: ?

• Normal form ⇐⇒ No cut

Properties

• Subject Reduction:

If M −→ N, then M : (Γ ⊢ Δ) implies N : (Γ ⊢ Δ)

• Confluence:

Whole system: No Each evaluation strategy: ?

• Normal form ⇐⇒ No cut

• Strong Normalization

If M is typable, then M is strongly normalizing.

Encodings & Semantics

Semantics of λμ~μ

By translation into CPS: CBV CBN M M

Semantics of λμ~μ

By translation into CPS: CBV CBN M M such that

• If M →_{CBV} N then M =_{α,β} N • If M →_{CBN} N then M =_{α,β} N

Encodings

λξ^μ−→ λμ~μ

λμ~μ^ξ−→ λξ

Encodings

λξ^μ−→ λμ~μ

λμ~μ^ξ−→ λξ

preserving typing, such that c −→λμ~μ c^′ ⇒ c^μ −→^∗λξ c^{′μ}

=⇒ λμ~μ is strongly normalizing

CBV-Validity

M −→_{CBV} M^′

M^μ M^{′μ} ↘_{∗CBV} ↙_{∗CBV} c

M^μ = c = M^{′μ}

CBN-Validity

M −→_{CBN} M^′

M^μ M^{′μ} ↘_{∗CBN} ↙_{∗CBN} c

M^μ = c = M^{′μ}

Semantics

Semantics by translation into CPS

• CBV, preserved by CBV-reductions � � � � �

V_σ := ~σ V_{A→B} := K_B → K_A K_A := V_A → R C_A := K_A → R

[[⟨x|α⟩]]_V := ~α ~x [[^xM ^α · α^′]]_V := ~α^′ (λ~α.λ~x. [[M]]_V) [[M ^α [x^′] ^xM^′]]_V := (λ~α. [[M]]_V) (~x^′ (λ~x. [[M^′]]_V)) [[M ^α † ^xM^′]]_V := (λ~α. [[M]]_V) (λ~x.([[M^′]]_V)) • CBN, preserved by CBN-reductions � � � � �

V_σ := ~σ V_{A→B} := C_A → C_B K_A := V_A → R C_A := K_A → R

[[⟨x|α⟩]]_N := ~x ~α [[^xM ^α · α^′]]_N := ~α^′ (λ~x.λ~α. [[M]]_N) [[M ^α [x^′] ^xM^′]]_N := ~x^′ (λu.((λ~x. [[M^′]]_N) (u λ~α. [[M]]_N))) [[M ^α † ^xM^′]]_N := (λ~x. [[M^′]]_N) (λ~α.([[M]]_N))

Semantics in a response category

• CBV If M : (x_1 : A_1, . . . , x_n : A_n ⊢ α_1 : B_1, . . . , α_m : B_m) then ~x_1 : V_{A1} , . . . , ~x_n : V_{An} , ~α_1 : K_{B1} , . . . , ~α_m : K_{Bm} ⊢ [[M]]_V : R which corresponds to a morphism [[M]]^K_V : (V_{A1} × . . . × V_{An} × K_{B1} × . . . × K_{Bm} ) → R

• CBN If M : (x_1 : A_1, . . . , x_n : A_n ⊢ α_1 : B_1, . . . , α_m : B_m) then ~x_1 : C_{A1} , . . . , ~x_n : C_{An} , ~α_1 : K_{B1} , . . . , ~α_m : K_{Bm} ⊢ [[M]]_N : R which corresponds to a morphism [[M]]^K_N : (C_{A1} × . . . × C_{An} × K_{B1} × . . . × K_{Bm} ) → R

Semantics in a control category

C^c = {R^A|A ∈ C}, and R^A℘R^B := R^{A×B}

• CBV If [[M]]^K_V : (V_{A1} × . . . × V_{An} × K_{B1} × . . . × K_{Bm} ) → R then [[M]]^C_V : K_{B1} × . . . × K_{Bm} → K_{A1} † . . . †K_{An} or [[M]]^C_V : K_{A1} ⊗ . . . ⊗ K_{An} → K_{B1} + . . . + K_{Bm}

• CBN If [[M]]^K_N : (C_{A1} × . . . × C_{An} × K_{B1} × . . . × K_{Bm} ) → R then [[M]]^C_N : C_{A1} × . . . × C_{An} → C_{B1} ℘ . . . ℘C_{Bm}

Conclusion and perspectives

Conclusion

• A calculus isomorphic to LK, connecting symmetry CBV/CBN to that of the classical sequent calculus.

• Encoding into λμ~μ, and back. • Strong Normalization of λμ~μ • Two evaluation strategies for cut-elimination in LK • Semantics of continuations for each of them

Perspectives

• Quantifiers and dependent types?

• Study Hofmann and Streicher’s interpretation of types for CBN

• processes: a connection between M ^α † ^xM^′ and the handshake of two programmes M and M^′?

A paradigm proofs-as-processes à la Abramsky?

Types for concurrent/mobile processes bearing logical meaning?

Herbelin’s calculus λμ~μ

Terms

c ::= ⟨v|e⟩ v ::= x|μβ.c|λx.v e ::= α|~μx.c|v · e Reductions

(→) ⟨λx.v_|v_2 · e⟩ → ⟨v_2|~μx.⟨v_|e⟩⟩ (μ) ⟨μβ.c|e⟩ → c[β := e] (~μ) ⟨v|~μx.c⟩ → c[x := v]

Translation into λμ~μ

⟨x|α⟩^μ := ⟨x|α⟩ (^xM ^α · β)^μ := ⟨λx.μα.M^μ |β⟩ (M ^α [y] ^xM^′)^μ := ⟨y|(μα.M^μ ) · (~μx.M^{′μ} )⟩ (M ^α † ^xM^′)^μ := ⟨μα.M^μ |~μx.M^{′μ} ⟩

(x)^ξ_α := ⟨x · α⟩ (α)^ξ_x := ⟨x · α⟩ (λx.v)^ξ_α := ^x(v)^ξ_β ^β · α (v · e)^ξ_x := (v)^ξ_α ^α [x] ^y(e)^ξ_y (μβ.c)^ξ_α := (c[β := α])^ξ (~μy.c)^ξ_x := (c[y := x])^ξ

⟨x| e⟩^ξ := (e)^ξ_x ⟨v| α⟩^ξ := (v)^ξ_α ⟨v| e⟩^ξ := (v^ξ_α )^α † ^x(e^ξ_x) in every other case