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The Combination Problem

Verificationconditionstypically arein combinationof
mary theories.

e Theoryof equality
e Arithmetic constraints
e Lists, Arrays,Bitvectors,. ..

Examples.
e r+2=yk flalz:=3|ly-2]) = fly—z+1)
o fly=1)-1=y+1, f(z)+1=2—-1, 2+1 =y I false

']J:(lf() fW)# [z, y<zyza+2z2>00
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West-CoastTheorem Proving

Theoremproverswhichrely heavily ondecision
procedureg$or automatingproofs.
Historical.

o StanfordPascalVerifier
e Boyer-Moore TheoremProver
e Shostaks TheoremProver (STP)

Curr ent. (Outline)

o Simplify, Java/ESC

o StanfordTemporalProver (STeP)
o StanfordValidity Checler (SVC)
e PVS
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Backend DecisionProcedures

e Decisionproceduresisedasprover baclkend
e Logical contect storedin adatabase
o Communicatiorvia ask/tellinterface

e Decisionprocedurdor equalityin a combinationof
theorieshasedn
NelsonandOppens [1979]
Shostaks [1984]

e Thesecombinationalgorithmsusevariantsof
congruencelosurealgorithms
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Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
ShostaKlheories

e ShostakKCombination
e Commentedibliography
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Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
ShostaKlheories

e ShostakKCombination
e Commentedibliography
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Language: Signatures

A signatue, X, Is afinite setof
FunctionSymbols : Xp={f,9,...}
PredicatéSymbols : Xp={P,Q,...}

alongwith anarity functionarity : > — N.

Functionsymbolswith arity 0 arecalledconstantsand
denotedoy a, b, . . ., with possiblesubscripts.

A countablesetV of variablesis assumedlisjoint of >..
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Language: Terms

Theset7 (2, V) of termsis thesmallestsets.t.
o )V C T(Z,V),and

o f(ty,...,t,) € T(X,V)when&er
t1,...,tn € T(X,V)andarity(f) = n.

Thesetof groundtermsis definedas7 (%, 0).
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Language: Atomic Formulas
An atomicformulais anexpressiorof theform
P(ty,...,t,)

whereP is apredicatdn X s.t. arity(P) = n and
t1,...,t, € T(Z,V)

If t1,...,t, aregroundterms,thenP(¢y,...,%,) is calleda
ground(atomic)formula.

Mostly, we assumea special binary predicate= to be
presenin ..
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Language: Logical Symbols

Thesetof quantifierfreeformula(overY), QF F (X, V), is
thesmallestsets.t.

o Everyatomicformulaisin QFF (X%, V),
o If € QFF(X,V), then—¢ € QFF(X,V),
o If ¢1,00 € QFF(X,V), then

P1 N ¢ € QFF(X,V)
o1 V ¢ € QFF(X,V)
p1 = ¢ € QFF(X,V)
P11 & ¢ € QFF(X,V).

An atomicformulaor its negationis aliteral.
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Language: Sentence,l'heory

Theclosureof Q F F'(3,V) underexistential(d) and

universal(V) quantificationdefineshe setof (first-order)
formulas

A sentencas a FO formulawith no freevariables.

A (first-order) theory7 (overasignature:) is asetof
(deductvely closed)setof sentencegover > and))).

A theoryT is consistentf false & T .

Dueto completenesef first-orderlogic, we canidentify a
aFOtheory7T with theclassof all modelsof T.
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SemanticCharacterization

A modelA is definedby a
e DomainA: setof elements
o Interpretationf® : A" — A for eachf € X with

arity(f) = n
o InterpretationP® C A" for eachP € ¥ p with
arity(P) =n

o Assignment:® € A for eachvariablez € V

A formula¢ is truein amodelA if it evaluatedo true
underthegiveninterpretation®verthedomainA.

If all sentences) a7 aretruein amodelA, thenA is a
modelfor thetheoryT.
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Satisfiability and Validity

A formula¢(z) is satisfiablein atheory7 if thereis a

modelof 7 U {3dZ.¢(%)}, i.e., thereexistsamodelM for T
In which ¢ evaluatedo true,denotedy,

M =7 ¢

Thisis alsocalled7 -satisfiability.

A formula¢(z) is valid in atheoryT if VZ.¢(%) € T, i.e.,
¢ evaluatedo truein every modelM of 7. 7 -validity is
denotedoy =+ ¢.

¢ I1s T -unsatisfiablaf it is notthecasethat =1 ¢.
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Getting Started
el ¢ in atheory7y:

To-satisfiabi
To-satisfiabi
T{-satisfiabi
T1-satisfiabl
T{-satisfiabi
T1-satisfiabl

e I I | (T T

ity of —¢y

ityof QF.¢; (PNF)

ityof Vx.¢; (Skolemize)
ityof ¢35 (Instantiate)
ityof \/. 1; (DNF)

ity of 1),

conjunctionof literals
ToU Theoryof equalityover UIFs
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Pure Theory of Equality

>, = Y (uninterpreted)
T = Deductve closureof axiomsof equality

Theorem 1 Satisfiabilityof (quantifierfree)conjunction
of literalsis decidablein O(n log(n))-time
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Pure Theory of Equality

>, = Y (uninterpreted)
T = Deductve closureof axiomsof equality

Theorem 1 Satisfiabilityof (quantifierfree)conjunction
of literalsis decidablein O(n log(n))-time

Example. LetX = {f(1) ¢ 4 p01 Consider
a=gab N fffa=fgab N fffa #fa.
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lllustration: D-rules and C-rules

D

l
T
7
@

T

A
®

D-rulesrepresenillililiii DAG:

a — 1 fer — o
fca — c3 feg — ¢y

b — ¢35 gcics — ¢
fcg — cr

Equationsarerepresenteds:

a = gab N fffa = fgab

I N

C1 — Cg Cq4 — Cy
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lllustration: D-rules and C-rules
D-rulesrepresenillililiii DAG:

04@ a — 1 fer — o
l \ fca — c3 feg — ¢y
b — ¢35 gcics — ¢

S D je e

! 1 C-rulesrepresenain

c2@ @06 equwvalencerelationon vertices:
,//‘ Ci = G C = (7

|
Cl@ @65
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lllustration: D-rules and C-rules
D-rulesrepresenillililiii DAG:

64@ a — C fCl — C9
l \ fca — c3 feg — ¢y

b — ¢35 gcics — ¢

Do s
1 C-rulesrepresenén
@06 equialencerelationon vertices:
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lllustration: D-rules and C-rules
D-rulesrepresenillililiii DAG:

64@ a — C fCl — C9
l \ fea — c3 fes — ¢
b — ¢35 gcics — ¢
D0 .l
1 C-rulesrepresenain

@c6 equialencerelationon vertices:

‘@ O% quusiita £ ga

l.e.,cy4 # co IS acontradiction.
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Abstract CongruenceClosure

Formalizingthe procedure:

U . setof new constantsgdenotedoy c, d

K . Subsebf U useduntil now

>~ . orderingonU

E R . Finite setsof groundequation®over>: U U
(K,E,R) . Stateof deriation

(0, Ey,®) : Initial state

(K, EU{s|f(c1,...,cn)] =u}, R)
(KUA{c}, EU{slc]=u}, RU{f(c1,...,cm) — ¢

Extension:

if feX,ceU— K,andey,...,c, € K.
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Other Infer enceRules

(K, EU{s|t|]=u}, RU{t — c})
(K, EU{slc]=u}, RU{t — c})

Simplification:

| | (K,EU{c=d}, R) _
Orientation: If ¢ = d
(K, E,RU{c— d})

(K,EU{t=1},R)
(K, E, R)

Deletion:
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Other Infer enceRules

| (K,E,RU{t — ¢, t—d})
Deduction: If ¢ - d
(K,E,RU{c—d, t —d})

(K, E,RU{s|c] = d, c—}) .
Collapse: if s|c|] Z c
(K, E,RU{s|c] = d, c— })

(K,E,RU{t — ¢, c—d})
(K, E,RU{t — d, ¢ — d})

Composition:
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Definition

A groundrewrite systemR = D U C' Is an(abstiact)
congruencelosuie (over Y andK C U) for E If
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Definition

A groundrewrite systemR = D U C' Is an(abstiact)
congruencelosuie (over Y andK C U) for E If

1. For everyconstant € K, thereexistsaterm
teT(X)stt+hc
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Definition

A groundrewrite systemR = D U C' Is an(abstiact)
congruencelosuie (over Y andK C U) for E If

1. For everyconstant € K, thereexistsaterm
teT(X)stt+hc

2. R 1s aterminatingandconfluentrewrite system,
thereis no infinite rewrite sequencesing iz, and
wheneer s <} ¢, It Is alsothe casethat
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Definition

A groundrewrite systemR = D U C' Is an(abstiact)
congruencelosuie (over Y andK C U) for E If

1. For everyconstant € K, thereexistsaterm
teT(X)stt+hc

2. R 1s aterminatingandconfluentrewrite system,

3. F andR inducethe sameequationatheoryover 3,
l.e.,for all termss, t € T(X), we have:

s <>y tif andonlyif s <5 .
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Example: Abstract Closure

Let
Ey={a=gab, fffa= fgab}.
.

a=gab, fffa= fgab
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Example: Abstract Closure

Let
Ey={a=gab, fffa= fgab}.
.

a=gab, fffa= fgab

a — c1, fer — ca, fea — c3, fes — ¢4y b —
C5, gcics — Cg, JCo — C7,

InferenceRule Used:Extension Simplification,
Orientation
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Example: Abstract Closure

Let
Ey={a=gab, fffa= fgab}.
.

a=gab, [[fa= fgab

a — c1, fcr — ca, fea — c3, fes — ¢4y b —
C5, gC1C5 — Cg, JCg —> C7, C1 — Cg, C4 — C7

Jcg — ¢

InferenceRule Used:Collapse
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Example: Abstract Closure

Let
Ey={a=gab, fffa= fgab}.
.

a=gab, [[fa= fgab

a — c, Jc — Co, fea — c3, feg —> cay, D —
C5, gC1C5 — Cg, JCo — C7, C1 — Cg, C4 — C7

fce — ¢

Co — Cr

InferenceRule Used:Deduction
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Example: Abstract Closure

Let
Ey={a=gab, fffa= fgab}.
.

a=gab, [[fa= fgab

a — c, Jc — Co, fea — c3, feg —> cay, D —
C5, gCi1C5 — Cg, JCg —> C7, C1 — Cg, C4 — C7

Jcg — ¢

Co — Cr

Thefinal abstractongruence&losure
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Correctness:Statement

If £ I1s afinite setof equationf sizen, then

1.

Any derwvationstartingfrom (0, Ey, () reachesa

saturatedstate( K, 0, R ) in afinite number?’(n) of
steps.

. ThesetR,, Is anabstractongruencelosurefor E.
. [Ks| = O(n)andif ¢; > co > --- > c¢sisthelongest

chaininducedby >~ over K, thenT'(n) = O(nJ).

Usinga standardrick, 6 canbeboundedby
O(log(n)).

. For specialcasesy = O(1).

Pfq ||r h'% SS ngctgg;urllygﬂ rﬁa‘?lsgegrtllenl%%ecéquatlons
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Corr ectness:Soundness/Completeness

o Extension:f (K U{c}, E', R') is obtainedfrom
(K, E, R) usingExtensionthen

VS,tG T(ZUK) SH*Eijt |ff SH*E’,R’ L.
e All otherrulesarestandad Knuth-Bendicompletion

rules.

e Equationan £ canalwaysberemovedby extension,
orientation,or deletion.

e Everyrewrite rulein R Is decreasingn asuitable
reductionordering.

e By correctnessf completion, R, IS corvergent.
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Correctness$Proof: Complexity

e Numberof >-symbolsin E neverincreasesind
Extensionalwaysdecreases.

C | K] < n.

e |E U R|isincreasedy Extensioralone.
. afterall Extensionsteps,|F U R| = O(n).
S Es| = O(n).

e Considerarewriterulein E.

fler,...,cm) — ¢

SuperpositionCollapse Compositionnferencerules
simplify oneof ¢, o, . . ., ¢, ¢, OF rewrite the LHS.
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Correctness$Proof: Complexity

e Numberof >-symbolsin E neverincreasesind
Extensionalwaysdecreases.

C | K] < n.
e |E U R|isincreasedy Extensioralone.

. afterall Extensionsteps,|F U R| = O(n).
S Es| = O(n).
o Considerarewrite rulein E.
F(ety-sem) = ¢

If & inferencesareappliedateachposition,then

Ci,~C>=C3~...CL1 k<o
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Correctness$Proof: Complexity

e Numberof >-symbolsin E neverincreasesind
Extensionalwaysdecreases.

C | K] < n.
e |E U R|isincreasedy Extensioralone.

. afterall Extensionsteps,|F U R| = O(n).
S Es| = O(n).
o Considerarewrite rulein E.
F(ety-sem) = ¢

This rule contributesat most(m + 2)J inferences.
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Correctness$Proof: Complexity

e Numberof >-symbolsin E neverincreasesind
Extensionalwaysdecreases.

C | K] < n.

e |E U R|isincreasedy Extensioralone.
. afterall Extensionsteps|E U R| = O(n).
S Es| = O(n).

e Theset|E| cancontributeatmostnd Superposition,
CollapseandCompositionnferences.
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Correctness$Proof: Complexity

e Numberof >-symbolsin E neverincreasesind
Extensionalwaysdecreases.
C | K] < n.

e |E U R|isincreasedy Extensioralone.

. afterall Extensionsteps,|F U R| = O(n).
S Es| = O(n).

e Theset|E| cancontributeatmostnd Superposition,
Collapse andCompositionnferences.

o Numberof Extension Simplification,Orientation,and
Deletionstepss O(n).

. derwvationlength= O(nd) = O(n?).
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
C1 = C2,
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
C1 = C2, C3 —=C(3,

Co C7

C1 X3 C4 Cp C]
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
C1 = C2, C2=1C3, C5—= Cg,

€2
C1 Xg C4 Cs C]
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
C1 =C2, C2=C3, C5=Cg, C7T=Cg,

C6
Co / C7
C1 X Cy Cs Xg

3
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
€1 =C2, C2=C3, C5=Cq, C71=1Cg, Ce—=Cr,

qfx@%/xx
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Efficient Variants

Choosing- atrun-timesothato is small:

o ConsidetthesetK = {c¢, ..., cs} of eightconstants.

e Saywe generateequationsyhich needto beoriented,
In thefollowing order:
C1—0C, Cp—1~C3, C5F==Cq, C7r—1Cg, Cg—2C7, Co—=—Cg-

N
NN

Thereforep = O(log(n)).

Shostaks Combination(p.250f 121)



SpecializedAlgorithms

e Shostaks dynamiccongruence&losure:
Shos = [(Sim™-Ext*)* - (DelUOri) - (Col-Ded”)*|*

e Downey-Sethi-Tarjans Algorithm: usesthe
O(nlog(n)) trick with

DST = [(Col-(DedU{e}))" - (Sim™-(DelUOri))"["
e NelsonandOppens Algorithm:
NO = [(Sim" - (OriU Del) - NODed"|*

whereNODedrule correspond$o superposition
moduloC.
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Example: Shostak'sCC
Ey = {a=gab, f{fa= fgab}

a=gab, fffa= fgab



Example: Shostak'sCC
Ey = {a=gab, f{fa= fgab}

a=gab, fffa= fgab
a— c1, b— cs5, geiecs — ¢
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Example: Shostak'sCC
Ey = {a=gab, f{fa= fgab}

a=gab, fffa= fgab
a— c1, b—cs5, geiecs — ¢

frfa=fa
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Example: Shostak'sCC
Ey = {a=gab, f{fa= fgab}

a=gab, | ffa= fgab
a— c1, b—cs5, geiecs — ¢

fifa=Ja

jcr — ca, fea — c3, feg — c2

Shostaks Combination(p.27of 121)



Example: Shostak'sCC
Ey = {a=gab, f{fa= fgab}

a=gab, [ | Ja= fgab
a— c1, b—cs5, geiecs — ¢

fffa=Tfa

jcr — ca, fea — c3, feg — ¢

Final congruencelosure

{a — c1,b = ¢5,9c105 = 1, fer — ¢, fea — 3, feg — 2}
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Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, fffa= fgab



Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, [[fa= fgab

a—Cy, ..., [Ce — C7, C1 =Cg, Cy = Cr
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Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, [ | Ja= fgab

a—Cy, ..., [Cq —> C7,C1 = Cg, C4=C7

c1 — Cg, fCg —> C2, C2 = C7, gCeC5 — Cg
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Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, [ | Ja= fgab

a—Cy, ..., [Cq —> C7,C1 = Cg, C4 = C7

c1 — Cg, |Co — C2, C2 = C7, gCeC5 — Cg

Cq4 — C7
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Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, [ | Ja= fgab

a—Cy, ..., [Cq —> C7,C1 = Cg, Cy = C7

c1 — Cg, |Co — C2, C2 = C7, gCeC5 — Cg

Cq4 — C7

co — c7, fcr — c3
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Example: DST CC
Fo = {a=gab, ff fa= fgab}

a=gab, [ | Ja= fgab

a—Cy, ..., [Cq —> C7,C1 = Cg, Cy = C7

c1 — Cg, |Co —+ Co, C2 = C7, gCaC5 — Cg

Cq4 — C7

co — c7, fcr — c3

Final congruencelosurels:
{a = a1, fer — 3, fes = ca, b — c5, feges — cs, feg —
C7,C1 — Cg,Co —> C7,Cq — C7}

Shostaks Combination(p.280of 121)



Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
Shostakl'heories

e ShostakKCombination
e Commentedibliography
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Combination of Theories

2. = 21 U2
T1,7T> : Theoriesover>; andX,
T = Deductve closureof 7; U 75

Probleml.|s 7 consistent?

Problem2. Givensatisfiabilityproceduresor
(quantifierfree) conjunctionof literalsin 7, and/,, how to
decidesatisfiabilityin 772

Problem3. Whatis the compleity of thecombination
procedure?
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Stably-Infinite Theories

A theoryis stably-infinitelf every satisfiableQFFis
satisflablan aninfinite model.

Example.Theorieswith only finite modelsarenot stably
infinite. Thus,theoryinducedby the axiom

Va,y,z.(x =y Vy =2V z=ux)Iis notstably-infinite.

Proposition. If £ Is anequationatheory then

E U{3dz,y.x #y} is stably-infinite.

Proof. If M isamodel,thenM x M is amodelaswell.
Hence by compactnesghereis aninfinite model.

Proposition. Theunionof two consistentdisjoint,
stably-infinitetheoriess consistent.
Proof. Later!



Convexity

A theoryis convex if wheneaer a conjunctionof literals
iImpliesadisjunctionof atomicformulas,it alsoimplies
oneof thedisjuncts.

Example.Thetheoryof integersover asignature
containing< iIs notcorvex. Theformulal <z AN z <4
impliesz =2 VvV x =3, butit doesnotimply eitherx = 2
or x = 3 independently

Example.Thetheoryof rationalsover the signature
{+, <} is convex.

Example.Equationakheoriesarecornvex, but neednotbe
stably-infinite.

Shostaks Combination(p.320f 121)



Convexity. Observation

Proposition. A corvex theory7 with notrivial modelsis
stably-infinite.

Proof. If not,thenfor someQFF ¢, T U ¢ hasonly finite
models.Thus,¢ impliesadisjunctionV; ;z; = z;, without
Implying ary disjunct.

Example.lf £ Isanequationatheory then
FE U{dx,y.x Ay} hasnotrivial modelsandhencet is
stably-infinite.
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Nelson-OppenCombination Result

Theorem1 Let7; and/; beconsistentstably-infinite
theoriesover disjoint (countable)signatues. Assume
satisfiabilityof (quantifierfree)conjunctionof literals can

bedecidedn O(717(n)) andO(15(n)) timerespectively
Then,

1. Thecombinedheory7 Is consistentindstably
infinite.

2. Satisfiabilityof (quantifierfree)conjunctionof literals
in 7 canbedecidedn O(2"  (T1(n) + Ty(n))) time

3. If 71 and7; are convex, thensois 7 andsatisfiability
in 7 isin O(n* * (T1(n) + Ta(n))) time

Proof. IIIEGN.
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Examples

Corvexity Is importantfor point (3) above.
T To TiUTs
Signature  Yg {Z,<} {Z,<}UXp
Satisfiability O(nlog(n)) O(n?) NP-complete!

Notethat7, IS not convex.

We canallow a“add constantoperatonn signatureof 7.
Atomic formulaeareof theform x — y < ¢, for some

constant, andsatisfiabilitycanbetestedoy searchindgor
negative cyclesin a“differencegraph”.

For NP-completenessf theuniontheory see[Pratt7/7].
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Nelson-OppenResult: Corr ectness

B, Thecombinationprocedure:
Initial State : ¢ Is aconjunctionof literalsover >; U Y.

Purification : Preservingsatisfiability transforme to
1 A ¢9, S.1. ¢; iS overy;.

Interaction : Guessa partitionof V(¢;) N V(¢p9) into
disjoint subsets.
EXxpresgat asa conjunctionof literals.
Example. Thepartition{z,}, {x2, x5} IS represented
asro =1x3 N T1 ATy N T1 #x3.

ComponentProcedures : Useindividual procedureso
decideif ¢; A v Is satisfiable.

Return : If bothanswelyes,returnyes.No, otherwise.
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SeparatingConcems: Purification

AN P(...,s|t],... _ _
Purification: ¢ ( t- ) if s|t]isnot

¢ N P(...,slz],...) AN t=1 gvariable.

Proposition. Purificationis satisfiabilitypreservingif ¢’
IS obtainedirom ¢ by purification,thenq Is satisfiablan
theuniontheoryiff ¢’ is satisfiablan theuniontheory

Proposition. Purificationis terminating.

Proposition. Exhaustwe applicationresultsin conjunction
whereeachconjunctis over exactly onesignature.
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Purification: llustration

U1
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Purification: llustration

U1

flu) =1 =z+1 flyy+1 =y—-Ly+1l =2z
<~

Uz

r—1=1u
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Purification: llustration

U1

flu) =1 =z+1 flyy+1 =y—-Ly+1l =2z
<~

Uz

~

us

z—1=w,f(u)=u
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Purification: llustration

U1

flu) =1 =z+1 flyy+1 =y—-Ly+1l =2z
<~

Uz

~

us

u—1=ax+1L,us+1 =9y—-1,y+1 =12

r—1=uy,f(u) =us,f(y) =us
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NO Procedure Soundness

Eachstepis satisfiabilitypreserving.
Say¢ Is satisfiablg ).
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NO Procedure Soundness

Eachstepis satisfiabilitypreserving.
Say¢ Is satisfiablg ).

1. Purification: ... 1 A ¢ IS satisfiable.
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NO Procedure Soundness

Eachstepis satisfiabilitypreserving.
Say¢ Is satisfiablg ).

1. Purification: ... 1 A ¢ IS satisfiable.

2. Interaction: .. for somepartitiony, o1 A ¢ A P IS
satisfiable.

Shostaks Combination(p.390f 121)



NO Procedure Soundness

Eachstepis satisfiabilitypreserving.
Say¢ Is satisfiablg ).

1. Purification: ... 1 A ¢ IS satisfiable.

2. Interaction: .. for somepartitiony, o1 A ¢ A P IS
satisfiable.

3. Component®rocedues: .., ;1 A Y andgy A Y are
both :

Therefore,if the procedurereturnsunsatisfiablethenthe
formula¢ Is indeedunsatisfiable.
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NO Procedure Corr ectness

Supposehe proceduraeturnssatisfiable.
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NO Procedure Corr ectness

Supposehe proceduraeturnssatisfiable.

o Lety bethepartitionandA andB be modelsof
Ti N o1 AN yandTa A @2 A 2.
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NO Procedure Corr ectness

Supposehe proceduraeturnssatisfiable.

o Lety bethepartitionandA andB be modelsof
Ti AN o1 A yandTy A g2 A 9.

o Componentheoriesarestably-infinite,.-. assume
modelsareinfinite (of samecardinality).

o Leth beabijectionbetweend andB s.t. h(z*) = 2®
for eachsharedvariablexz. We candothis .- of .
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NO Procedure Corr ectness

Supposehe proceduraeturnssatisfiable.

o Lety bethepartitionandA andB be modelsof
Ti AN o1 A yandTy A g2 A 9.

o Componentheoriesarestably-infinite,.-. assume
modelsareinfinite (of samecardinality).

o Leth beabijectionbetweend andB s.t. h(z*) = 2®
for eachsharedvariablexz. We candothis .- of .

» ExtendB to B by interpretation®f symbolsin X;:

FB(by, ..., bg) = (AR b)), ..., h (by))
SuchanextendedB is a modelof

Tt NTa N1 N @2 AN 9
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Model Construction Picture
Consider/;-modelsA andB of ¢; A ¢:

X1

L9

X3, Ly

=
w
=
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Model Construction Picture
Consider/;-modelsA andB of ¢; A ¢:
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Model Construction Picture
Consider7;-modelsA andB of ¢; A -

: 0 < S
@—®
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X3, L4




NO Procedure Complexity

Proposition. The non-deterministiprocedurecanbe

determinisedo giveaO(2" x (Ti(n) + T»(n)))-time
algorithm.
Proof.
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NO Procedure Complexity

Proposition. The non-deterministiprocedurecanbe

determinisedo giveaO(2" x (Ti(n) + T»(n)))-time
algorithm.
Proof.

1. Numberof purificationsteps< n andsizeof resulting
»1 N\ Qo IS O(n)
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NO Procedure Complexity

Proposition. The non-deterministiprocedurecanbe

determinisedo giveaO(2" x (Ti(n) + T»(n)))-time
algorithm.
Proof.

1. Numberof purificationsteps< n andsizeof resulting
¢1 N\ ¢2 1S O(n)

2. Numberof partition of a setwith n variables:
B(n) < 2.
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NO Procedure Complexity

Proposition. The non-deterministiprocedurecanbe

determinisedo giveaO(2" x (Ti(n) + T»(n)))-time
algorithm.
Proof.

1. Numberof purificationsteps< n andsizeof resulting
1 N g IS O(n)

2. Numberof partition of a setwith n variables:
B(n) < 2.

3. ForeachB(n) choicesthecomponenprocedures
take T1(n) andTs(n)-time respectrely.
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NO Deterministic Procedure

Insteadof guessingwe candeduceheequalitiesto be
shared.Thenew combinationprocedure:

Purification : As before.
Interaction : Deduceanequalityx = v:

TiF(p1=2=y)

Updateg, := ¢9 A x =y. Andvice-versa.Repeat
until no furtherchangeso get¢; ..

ComponentProcedures : Useindividual procedureso
decideif ¢, Is satisfiable.

Note,7; F (¢; = x = y) iff 1 A x = y is not satisfiablan

T
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Deterministic Version: Corr ectness

Eachstepis satisfiabilitypreserving,-. soundnesfllows.
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Deterministic Version: Corr ectness

Eachstepis satisfiabilitypreserving,-. soundnesfllows.

Assumethatthetheoriesarecorvex.
o Let ;. besatisfiable.
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Deterministic Version: Corr ectness

Eachstepis satisfiabilitypreserving,-. soundnesfllows.

Assumethatthetheoriesarecorvex.
o Let ;. besatisfiable.

o If {x1,...,2,} isthesetof variablesnotyet
identified,7; }7[ ¢ioo — (ZIZJ' = ij)
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Deterministic Version: Corr ectness

Eachstepis satisfiabilitypreserving,-. soundnesfllows.

Assumethatthetheoriesarecorvex.
o Let ;. besatisfiable.

o If {x1,...,2,} isthesetof variablesnotyet
identified,7; }7[ ¢ioo — (ZIZJ' = ij)

o By corvexity, T; t/ ¢io, = V11 (2j = Tk).
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Deterministic Version: Corr ectness

Eachstepis satisfiabilitypreserving,-. soundnesfllows.

Assumethatthetheoriesarecorvex.
o Let ;. besatisfiable.

o If {x1,...,2,} isthesetof variablesnotyet
identified,7; }7[ ¢ioo — (ij = SEk)

o By corvexity, T; t/ ¢io, = V11 (2j = Tk).
° i N Nju(T; #xp) IS Satisfiable.
e Theproofis now identicalto the previouscase.
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Deterministic Version: Complexity
For convex theoriesthe combinationproceduraunsin
O(n* x (T1(n) + Tz(n))) time:
1. ldentifyingif anequalityz = y Is implied by ¢, takes
O(n? * Tj(n)) time.

2. SincethereareO(n?) possibleequalitieshetween
variablesfixpoint is reachedn O(n?) iterations.

Modularity of convexity: Unsatisfiabilityis signaledwhen
any oneproceduresignalsunsatisfiable.
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NO: Equational Theory Version

1. Equationakheoriesarealwaysconsistent.

2. If EU{dx,y.x #y} is consistentthenthistheoryis
alsostably-infinite.

3. Equationakheoriesarecorvex. (If £+ ¢ = (I1 V [y),
thenconsidertheinitial algebranducedby £ U ¢ over
anextendeadsignature.)

4. Oftendecisionprocedure®asedon standard
Knuth-Bendixcompletioncanbe usedto deduce

equalities.

5. Therefore satisfiabilityprocedureganbe combined
with only a polynomialtime overhead.
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Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
Shostakl'heories

e ShostakKCombination
e Commentedibliography
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Application: Theory of Equality

>, = Y (uninterpreted)
T = Deductve closureof axiomsof equality

e 7 Is astably-infiniteequationatheory
e Congruencelosuredecidessatisfiabilityof QFFin 7.

e .. congruencelosurefor disjoint>;; canbecombined
iIn polynomialtime.

e |f congruencelosurealgorithmoverasingletony; is
describedusingcompletion we getanabstract
congruencelosurefor thecombination.
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Commutative Semigroup
{f}

Axioms of equality+ AC axiomsfor f.

)
T

e Treatf asvariablearity

f(...,z,y,...) = f(...,y,z,...) (P)

o Flattenall equationanddo completionmodulo P

flci,c1) = c fle1,c2) = flez, c2)

f(C1, 02) — f(Ch C2, 02)
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Commutative Semigroup

o All rulesareof theform f(...) — f(...).

e Collapseguaranteegerminationof completionvia
Dicksonslemma.

flci,c1,62) = f(ci,c2) = ¢

f(claclacQ) = (1

e Usinganappropriateorderingon multisets,we geta
algorithmto constructtonvergentsystemganddecide
satisfiabilityof QFF).
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Example: Commutative Semigroup

If By = {cics =c3, cic5 = cica}, We canuseorientation,
superpositiorfmodulo AC'), collapseto geta cornvergent
(modulo AC) rewrite system

C%CQ — C3, clc% — C1C9

CoC3g — C%CQ

C%CQ — C9C3

C3 — C2C3

CoC3 — C3

cicy — C4
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Application: Ground AC-theories

> = XpUXac
7 = Axiomsof equality+ AC axiomsfor eachf € > 4¢.

o UseExtensionnferencerule to purify equations
e Useabstractongruencelosureon — X 4¢

o UsecompletionmoduloAC oneach{f}, f € Xac
o Combineby sharingequationetweerconstants

Time Complity: O(n? * (Tac(n) + nlog(n))).
Similarly, ACU-symbolscanbeadded.
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Grobner Bases

>, = {0,1,+,°,X1,...,Xn}UQ
T = Polynomialring K[ Xy, ..., X,] overfield K

e Givenafinite setof polynomialequationsnew
equationgbetweenvariables)canbededucedising
Grobnerbasisconstruction.

e Main inferencerulesis superpositionFor e.g.,

cica — 0 cics — 1

co-0=rcy-1

Theequationsaresimplifiedandorienteds.t. the
maximalmonomialoccurson LHS, for e.g.,c; — 0.
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Grobner Bases:Contd

e CollapsesimplifiesLHS of rewrite rules.

cit — 0 clcgél
0-c5=1

which simplifiesto 0 = 1, a contradiction.

e Usingsuitableorderingon monomialsandsumsof
monomialsa cornvergentrewrite system(modulothe

polynomialring axioms),calleda Grobnerbasis can
be constructedn finite steps.

e Terminationis establishedisingDicksonslemmaas
before.
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Application: Grobner BasesPlus. ..

> = XpUX4acU 2oy U 2XeB
7 = Unionof therespectre theories

UseNO combinationwith thefollowing decision
procedureso deducesqualities:

e Useabstractongruencelosureon — > 4¢

e UsecompletionmoduloAC oneach{f}, f € ¥ 4¢

e UsecompletionrmoduloACU oneach{f}, f € Ycu
o UseGrobnemasisalgorithmon equationsver >ap

Sinceeachtheoryis corvex and stably-infinite, we get a
polynomialtime combinationover theindividual theories.
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Summary

TheNelson-Oppertheoremcombinessatisfiability
proceduregor conjunction=of literalsin disjointand
stably-infinitetheories.

e Thisis equvalentto decidingthevalidity of clauses

T = VZ.(p1 = ¢9) Wherep, /¢, areAND/OR of
atomicformulas.

e UsingPurification,it is easyto seethatwe canrestrict
®o to containatomicformulaeover variables.

o By definition,if 7 Is corvex and= Is theonly
predicatesymbol,thenvalidity above Is equvalentto
hornvalidity: 7+ VZ.(¢1 = 21 = ). Thismotivates
thedefinition of corvexity.
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Summary

e Corvexity allows optimization

Corvexity Is alsonecessarfor completenesef
deterministicversionof the NO procedure.

In t

ne secondart,additionalassumptiongrouped

underthenameShostakheorieswill allow for

furt

neroptimizedimplementation®f the

deterministidNO procedure.

o Stably-infinitenesss requiredfor completeness.e., if
thecomponenprocedureseturnsatisfiablejt allows
constructiorof thefusionmodel.
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SpecialCase: Theory with UIFs

Theorem1 Let7; beatheoryoverasignatue .. LetXp
bea disjoint setof functionsymbolswith pure theory7; of
equalityoverit. If satisfiabilityof (Quantifierfree)
conjunctionof literals canbedecidedn O(71(n)) timein
T, then,

1. Thecombinedheory7 is consistent.

2. Satisfiabilityof (quantifierfree)conjunctionof literals

in 7 canbedecidedn O(2" * (Ti(n) + nlog(n)))
time

3. If 71 and7; are corvex, thensois 7 andsatisfiability
in 7 isin O(n* x (T1(n) + nlog(n))) time
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Single Theory with UlIFs

o We modify thedeterministicandnon-deterministic
proceduressfollows:

purificationis applieduntil all disequationsver
termsin 3., arereducedo disequation®etween
variables

all variablesntroducedby purificationare
consideregharedetweerthetwo theories

restis identicalto the NO procedure
o Stably-infinitenessvasrequiredto getabijection
betweernthetwo models.Sincethereexist modelsof

any cardinality abose aminimumwhichis
communicatedo 77, in 75, completeneskolds.
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Combination for the Word Problem

Theword problemconcernsvith validity of anatomic
formula.

e NO resultcanbe modifiedto give a modularityresult
for this case.

e NO resultcannotbeusedassuch,becauséhe
generatedatisfiabilitychecksmaynot be equvalent

to word problems.

e If £ andFEsy arenon-trvial equationatheoriesover
disjoint signaturesvith decidablevord problemsthen
theword problemfor E; U E5 Is decidablewith a
polynomialtime overhead.
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Non-Di

sjoint Signatures

Word problemin theunionmaynot bedecidable
E . semigrouresentationvith undecidablevord proble

Ey o T

neoryinducedby F, with - uninterpreted
ecidedby congruencelosure).

neoryof semigroups

ecidedby flattening).

(C

Ey T
(C
Satisfiabi

Ityin theunionmay not bedecidable

By oo Af(z, f(y,2) =9(z,y,2)}
> Az, y),2) =g(z,y,2)}

E . Theoryof semi-groups
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Non-Disjoint Sighatures

o If A isamodelfor theory7; U 73, thenA** andA>? is
amodelfor 7; and7; respectrely.

e Definefusionof modelsA; andA, s.t. corversehold
aswell.

e Defineabijectionbetweend; and A; andgive
Interpretationgccordingly

e Generalizé'stably-infiniteness”ldentify conditions
underwhich two modelscanbefused

e Kinds of assumptions:

- T.217*2 s identicalto 7,1

- Y31 N X9, or asubsethereof,generatepoth A, and
Ao

- Examples.Theorieswhich admitconstructors
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Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
Shostakl'heories

e ShostakKCombination
e Commentedibliography
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Shostaktheories

e A canonizableandsolvabletheoryis a Shostaktheory

e A canonizero mapstermsto normalform termss.t.
equaltermsin thetheoryaremappedo sameform.

e A solver solve mapsanequationto anequvalent
substitution.

e e.g.lineararithmetic
Canonizereturnsorderedsum-of-monomials

Rationalsolverisolates say largestvariable
throughscalingandcancellation.

Integral solver basedon Euclid’s algorithm
euclid(3x +b5y=1) ={x=-3+5k, y=2 — 3k}

Wherek IS frESh Shostaks Combination(p.64of 121)



CanonizableTheories

e A theory7 is saidto becanonizablaf thereis a

computabler(a) suchthat
—ra="0iff 0(a) = o(b)
vars(o(a)) C vars(a)
o(b) = b for every subtermb of o (a)
e Aterma is saidto becanonicalif

o(b) =b

e Canonizeffor lineararithmetic

cAlyt+tr+x)=20+1y
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Equality Sets
e AnequalitysetF isof theform{a; =b1,...,a,=0b,}
e Fisfunctional if a =by,a=0by € E impliesb; = by

Lookup: FE(a) ::{b - a=bel

a . otherwise
Apply: Elx] = E(x) ‘
E|f(ay,...,a,)] = E(f(FElail,..., Ela,))

e A solutionsetis afunctionalequalitysetof theform

{$1:b1,...,$n:bn}
with z; & vars(b;) for1 <i,5 <mn
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Presewrvation

o A variableassignmenp’ extendsp if

dom(p) C dom(p') and

p(z) = p'(x) forall z € dom(p)
o Letvy, ¢ besetsof literals;then: v’ T-presenesy if

vars(y) C vars(y')

for all 7-interpretationd¥l andassignments
thereis somep’ extendingp suchthat

M, p =7 o iff M,p =79

e Inthiscase:=1 v = ¢ Iff

=7 ' = ¢

e Thisnotionof preserationis sufficientfor our
purposessinceno new functionsymbolsintroduced.
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Solvable Theories

e A theory7T Is calledsolvableif thereis acomputable
proceduresolve(a = b)

solve(a = b) = L iff a = bis T -unsatisfiable

Otherwisesolve(a = b) = S, whereS is a
(functional)solutionsetsuchthat

dom(S) C vars(a = b)

S T-preseresa = b

e Noticethatfreshvariablesthatis, variablesnotin
vars(a = b) mightbeintroducedon right-handsides.

Shostaks Combination(p.68of 121)



Theory of Lists
e Signature.
Y :={cons(.,.), car(.), cdr(.)}

e Theory L of lists containgheinitial modelsof:

car(cons(a,b)) = a
cdr(cons(a,b)) = b
cons(car(a), cdr(a)) = a

e Canonizer

or(a) isthenormalform of theterminatingand
confluentTRSabove.
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List Solver

A configuration( £, .S) consistf anequalityset £ anda
solutionsetsS

(cons(a,b)=c U E, S)

Decom (Ta=car(c), b=cdr(c)}UE, 5)

Sohe <a(i‘?;f3£,%f£é> <§iiifs)@b£§f]§)s> k fresh
VarElim o é@fj%%@%za}) z ¢ vars(a)
Triv (“:?EL)J SE) )

Bot a=bU B, 5) a2 b be [a]

whereS o 8" := ' U {z = o.(S'b)) | z = b € S}
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Booleans

e Signature.
Y. = {true, false, ITE(.,.,.)}

e Canonizeropg returns,e.g.,abinarydecision
diagramgqorderingon variablesneeded)

o Solwer.
process: < binsteadofa = b

solve(true) = {}
solve(false) = L

solve(ITE(x,p,n)) = {z=((@PA(n=19))}
U solve(p V n)

wherethed’s arefresh
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Example: BooleanSolver

solve(x Ny = —x)
= solve(ITE(x, ITE(y, false, true), false))
= {x = true} U solve(ITE(y, false, true))

= {x = true, y = false}
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Deciding a ShostakTheory

o Let7 beaShostaktheorywith canonizew(.) and
solver solver(.)

e We considerthevalidity problem

:TE:>a:b

o Templatefor decisionprocedure

1. Build asolutionsetsS := process(idg, E') usinga
finite numberof 7 -preservingransformations.

2. Computecanonicaformsa’ := S{(a)), b’ := S{(b))
3. If «’ = b thenYeselseNo
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Deciding a ShostakTheory (Cont.)

e Canonization.

e Fusion.
S>R:={a=R{b) |la=be S}
e Composition.
Sol = L
oS = L
SoR := R U (S>R)

e Forsolvedforms,SoS =95

Shostaks Combination(p.740f 121)



Deciding a ShostakTheory (Cont.)

o Configuration(S, ') consistof anequalityset £ and
asolutionsetS

e Building asolutionset

process(S,0) = S
process(L, F) = L
process(S, a=b U E) = process(assert(a=">b, S), E
assert(a =05, S) = S o solve(S{a)) = S{b))

o For S’ = process*(F, idg)

—T (E — a = b)
Iff
eitherS’ = L olr S {{a)) = S’{(b))
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Soundnessand Completeness
Let S’ := process(idg, F);

o S’ T-presereskF, thatis for every T -interpretationVI
andanassignmenp

M, p = FE iff thereis a p’ extendingp (to the
variablesn vars(S’)) suchthatM p' = S’

o Soundnesslf g7 (5'|a]) = o7 (S5’[b]), then

M, p" | 5" = a = S5'a] = o7 (5'[a]) = o7 (5[b]) = S[b] = b

Thus,M, p = E = a = b.

o CompletenessBy contrapositionConstructa model
M, 6 suchthatM, 8 = E butM, 0 = a = b.
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Soundnessaand CompletenesgCont.)

Whenor(5'[a]) # o7(5"[b])
o thereisa7-modelM, 0 s.tM, 6 = S’'|a] = S'[b]
o x # S'(x) for variablesr in S'[.]

o Extendd to anassignment’ s.t
0 (z) .= M[S"(x)]0 if z #£ S (z)

MO =
M,0" = a=S'[a], S'[b] =b

o SinceS’ T-preseres(idg, F), M, 0 = FE but
M, 8 = a = b.
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ShostakTheoriesin a NO Loop

e Thesolverandcanonizercanbeusedto decide
satisfiabilityof £ U D of equalitiest and
disequalitiesD in corvex Shostakheories.

e Onewayto dothis:
let S = process(id yors(E)Uvars(D), &)
If S’ = 1 thenreturnunsatisfiable
If thereis adisequalitya#b in D s.t.
S’ {(a)) = S"{(b)) thenreturnunsatisfiable

Returnsatisfiable(andsetof newly inferred
variableequalities).

e Thus,cornvex andstably-infiniteShostakkheoriescan
beintegratedwith otherdisjoint, convex,
stably-infinitetheoriesusingthe NO result.
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Outline

e AbstractCongruenceélosure

e Nelson-OpperCombination(NO)
VariousApplicationsof NO
ShostaKlheories

e ShostakCombination
o Commentedibliography
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Combining ShostakTheories

e Problem. Combinationof thetheory/, of equality
over UIF with severaldisjoint Shostakheories

Tise s Tn.
e Leto; andsolve; bethecanonizemandsolver for
theory,.

o Atermf(aq,...,a,)Iisani-termif f € %,.

e Aterma isapure:-termif every subtermb of a is an
1-term.
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ComposableShostakTheories

Resole possiblesemantiancompatibilitiesbetween
Shostakkheories.

Canonical Term model

Dy :={a|or(a) = a}

Mr(f)(a,...,a,) :=or(fla,...,ay))
Example.T¢eps :=={a # b,Vr.x =aV x =b}is
canonizabl€o(a) = a, o(b) = b, o(x) = z) and
sohable.Its canonicakermmodelis {a, b, z1, . . .} but
it Is only satisfiablan atwo-elemenimodel.

A Shostakheory7 is composablaf thecanonical
modelM+ is (isomorphicto) a7 -model.

7 -validity is corvex for composablé&hostakheories
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Convexity of ComposableTheories

For acomposablé&hostakkheory

=7 E=c=dV...Vc,=d,Implies
—7 I = ¢, = dj, for somek.

o LetS := process(idg, ) (T-preserving)

o (wlog S # 1)assumersr E = ¢, = di, for all &

® th@ﬂI#T S = ¢, = d;

e Construcipg(z) := {

¢ MT7 Ps
¢ M’Tu pPs
¢ M’T? Ps

Mr[S(z)lps S(z) #

T S(x) ==

= S

L ¢, = dy, for all k (becaus®l[ci]ps = o(S]c]))

# S — Cr, = dk for a” k Shostaks Combination(p.820f 121)



Is this goodor bad news?

Shostaks algorithmis completefor Shostakheories
7T but a Shostak-like algorithmis not completefor the
combinationof 7 U Tyrr.

Considera Shostaktheorywith noncowvex 7 -validity.
Then=r F=a;=0V...Va, =0,

but

#TEiazzbszrlglgn

Consider:

:TE, f(al):c,..., f(an)zcjiC:d

flb)=d ..., flbn) =d

Canbeshaowvn to hold by case-splittingyhich Shostak
doesnotdo...
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Combining Canonizers

e ...Iseasy Treatalientermsasvariablesandapplyo;
to canonizef(a) whenf € 7T,.

e Letm; beachosenijective equalitysetbetweerthe
setof variablesX and{a|(3j : j #iNa € T;)}.

e Individual canonizerdor impureterms

oi(a) = mo;(a’)], whend' : m;[a'] = a

Thecombinedcanonizer

olr) = x

J(fi(ala e 7an)) — Og(fi(a(al)v e 7U(an)))
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Combining Solvers: The Problem

...alreadyshavs up whencombiningShostakheories
e Consider
b+ car(x +2) =cdr(z+1) + 3

INT4U7,.

e TheindividualtheoriesT 4 (arithmetic)and7 (lists)
have solversandcanonizers.
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The Problem (Cont.)

e Assumeacombinedsolverwhichtreatsalientermsas
variablesandappliescomponensolverssolve 4 or
solve accordingo thetop-level symbol.

e Example

b+car(z + 2) = cdr(x + 1)
(solvey) ~~» car(zx+2)=cdr(z+1) —
(solveg) ~» xz+2 = cons(cdr(z+1) — 2, k)
(solvey) ~» = = cons(cdr(z+1)—2,k) —

e butthisis notasolvedform: x occursontheright.
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The Solution

e Shostakheoriescanbe combinedwithout combining
solvers
e Keyideas
Maintaintheory-wisesolutionsets
Communicatevariableequalitiesasin NO
Constructcombinedcanonizelasrequiredin a
Shostakcombination)
e For 74U 7T, configurationsS := (Sy, S4,S1) consist
of
variableequalitiesSy in canonicaform
asolutionsetS4 for thetheory7 4
asolutionsetS;, for thetheory7,
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Process
process(S;0) = S
process(S;{a =b}UT) := process(assert(S;a =1b);T)
assert(S;a =0) := close™(merge(abstract™(S;S|a = b])))

1. Canonizen = bw.rt. Stogeta’ = V.

2. Variableabstracu’ = b': Replacef(zq,...,z,) by afreshx, and
addingz = z to Sy andz = f(x4,...,z,) t0 S;. Iterationyields
r=yfroma =V.

3. Mergex = y into S toyield Sy, o {x = y}, assumingr < y.

4. CloseS: Whenz, y suchthat

o Si(x)= S;(y) but Sy (z) # Sy(y), megex = y into S.

o Sy(x)= Sy(y) but S;(x) # S;(y), melge
SOZUe(Si (x) — SZ (y)) Into SZ Shostaks Combination(p.88of 121)



Example

e Variableabstrach + car(x + 2) = cdr(x + 1) + 3 to
Vs = Vg

( {x = 2,01 = V1,02 = V2,03 = Vg, V4 = V4, V5 = Vs,V = Vg } \

{vi =2+ 2,v3 =vy+ 5,4y =2+ 1,v5 = v5 + 3}
\ {vg = car(vy),vs = cdr(vs)} )

e Sincevs anduvg arememgedin Sy but notin Sy, solve
SA(Ug) = SA(UG) In A.

solve g(vy +5 =v5 +3) = {vy = v5 — 2}
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Example (Cont.)
... Resultof solvewas{v, = v5 — 2}

e Composeaesult

( {2 = 2,01 = v1,v2 = V2,03 = Vg, V4 = V4, U5 = VU5, Vs = Vg}

{”Ul:CI3—|—2,’03:’05—|—3,U4:£E—|—1,U6=U5—|—3,’02:’05—2}
\ {ve = car(vy),vs = cdr(vy)}

e No new variableeqgualitiesto be propagted.

o Thedifferentsolvedformsof bothv, andvs are
tolerated sincecanonizelpicksasolutionthatis

appropriateo the context.
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Example (Cont.)

o Canonicaktate

( {x =1x,v1 = v1,v3 = V2, V3 = Vg, Vg = Vg, V5 = Uy, Vg = Vg }
{’Ul :CL'—|-271}3:U5—|—3,’U4:$—|-1,’U6:’U5—|—3,U2:U5—2}
\ {ve = car(vy),vs = cdr(vy)}

o S+ car(x+2) ~ 5+ car(vy) ~ 5+ vg ~> 3+ v5 ~ Ug
o cdr(x+ 1)+ 3~ cdr(vy) + 3~ v5+ 3~ vg
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Canonizer

e ¢; IS only definedfor pure:-terms.

o 0, istheextensionof ¢; thatdealswith alientermsby
treatingthemasvariables.

e Canonizeffor thecombinationof Shostakheoriesy..

Slfi(at,...,a,)] = Sy(x), when
z = o;(fi(Si(S[a]), - - ., Si(S[an]))) € Si

Slfilay, .., an)] oi(fi(Si(S[ar]), - .., Si(S[an])))
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CongruenceClosure Revisited

>, = Y (uninterpreted)
T = Deductve closureof axiomsof equality

o Validity problem= E = a =0

e Stateconsistf (Sy; Sy; F)
Sy containghevariableequalitiesr = y
Sy containsequalitiesr = f(x1,...,z,)
E containgtheunprocessethput equalities.
o (Sy; Sy) togetherform the solutionstateS
e Sy partitionsthevariablesnto eguvalenceclasses

e z,y arein thesameequvalenceclassif Sy (x) and
Sv(y)
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Templatefor ShostakCC

o StartstateS, := (idg; 0; E)
o ComputeS* = process(Sy) by iterating
process(S;0) = S

process(S;{a =b} U FE) = process(assert(S;a =10b); E)
assert(S;a =b) = close™(merge(abstract™(S;S[a =1]))

o Checkcanonicaforms: S*[a] = S*[b]
e Presentreatmentspecificstratgy of abstractCC.

Shostaks Combination(p.94of 121)



CongruenceClosure Revisited (Cont.)

For eachinputequalitya = b andstates:.
1. Canonizen = bw.r.t. Stogeta’ = V.

2. Variableabstract’ = b": Replacef(zy,...,z,) by a
freshx, andaddingz = x to Sy and
r = f(x1,...,z,) t0 Sy. Iterationyieldsx = y from
a=1".

3. Mergex = y into S to yield
Sy od{x =y}, Syrv{xr =y}, assuminge < .

4. CloseS: Whenz, y, suchthat Sy (x) = Sy (y) but
Sy(x) # Sy(y), melgexr = y into S,
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Example
e Validity problem

= {f(f(f(@) =z, 2= f(f(2)}= flz) =2

e Startstate

So = ({z =2} 0:{/(f(f(2)) =z, z = f(f(2))}

e Abstraction

abstract({x = z}; 0; f(f(f(z))) = x)
{x =z, vy = vy, V3 = vy, V3 = V3}
N {vr = f(z), v2 = f(v1), v3 = f(v2)}

U3 =T
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Example (Cont.)

{$ — X, U1 — U1,V = V2, U3 = 713}
( {v1 = f(x), va = f(v1), v3 = f(v2)} )
U3 =X

{x =x, v1 =v1, v9 =19, V3 =1} )

merge ~~ ( {’Ul _ f(;,;)7 Vg = f(vl), VU3 = f(v2)}



Example (Cont.)

e Variablesr, y areincongruentf
Sv(z) # Sy (y) and
Sv(z) = Su(y)
e Therearenoincongruencesi ourrunningexample.

o Fe s oy )
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Example (Cont.)

(o o e )

Processingf z = f(f(x)). Canonizatiorandorientation
yield v, = z, whichis memged

(e )

Theincongruencédetweern, vs IS fixedby close

S* 1= ( glzzsz)(?)’:v;t ;Uj"(j;)lj: :33 _ Jf (}:1:)} )
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Example (Cont.)

e Canonicaform S|a| of aterma with respecto S

Slz] = Sv(z)
Slflai,...,a,)] = Sy(z), whenz :z = f(S[a{],...,S[a,]) € £
Slf(ai,...,a,)] = f(Slai],...,S[ay]), otherwise.
e Example

s (frnmmn mennz )

o Now, S*[f(z)] =z = S*|x]
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Multi-Shostak

o ConsidertheunionT = |J;_, 7; of theequalitytheory
of 7, for UIF anda setof disjoint,composable
Shostakheories/; (: =1,...,n)

e An /-modelof 7 i1samodelM whosereductw.r.t 7; IS
a‘J;-modelfor every: =1,... n.

e Validity problem=; £ = a =10
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Multi-Shostak: Process

Decisionprocedure
1. ComputeS* := process(idg; F)

) S
process(S; F) 1, wheni: S; = L
process(S; {a=b}UFE) = process(assert(S;a =05); F)
assert(S;a = b)

process(S; ()

= close*(mergey (abstract™(S; o' = b))

wherea' = S[a], b = S[V]
2. If S[a] = S|[b] thenYeselseNo
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Canonical Solution States

e |nvariants
Sy Is functionalandidempotent
Sy iIs functionalandnormalized(Sy > Sy = Sy)
S; (¢ > 0) are(functional)solutionsets,
idempotentpormalized(S; > Sy = S;)

e A solutionstateS is confluentif for all
z,y € dom(Sy)and0 < < N:

Sv(z) = Sv(y) < Si(z) = Si(y)

e A canonicalsolutionstateS Is confluentandsatisfies
theinvariantsabove.
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Multi-Shostak: Process

e abstract

Replaceanaximalpure:-termc with fresh
variabler, addingz = cto S;.

* mergey

Sy; Sy; x =y ~ Syof{x =y}, Syr{r =y}
* merge,

Si; x =y ~ S;0; solve(S;(z) = S;(y))
o close(S)

Apply merge; or mergey, to restorecanonicity
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Multi-Shostak: Abstraction

abstract(S; x =y) = (S; z=1y),

abstract(S; a =0b) = (5'; {c =x}a] = {c=x}b]) whenS’ ¢, x,i:
(¢ = folx1,...,2,) Orc € mazx(|a=b];)(z > (
r & vars(SUa = b),
S, = Sy U{x =z},
S: =5, U{x = c},
Sy =5;, for i # j

e max(|a = b|;) iIsamaximalpure:-term

o If g(x)in f(g(x)) isreplacedwith y and f(y) by z
then{ y = g(x),z=1(y) } isnotidempoten(z > 0).
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Multi-Shostak: Close

close(S) = S, wheni:S; = 1;
close(S) = S', whenS’ i, z,y :
z,y € dom(Sy),
(i >0,5v(z) = Sv(y), Si(z) # Si(y), and
S = merge,(S; @ = y))
or
(1> 0,5v(z) # Sv(y),Si(z) =S
S = mergey (S; Sv(z) = Sv(y)))

close(S) = mnormalize(S), otherwise.

i(y), and

normalize(S) = (Sy; Sp; S1>Sy; ...; Sy>Sy).
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Multi-Shostak: Merge

merge,(S;x =y) = S', where i > 0,
S! = S; 0; solve(S;(x) = S;(y)),
Si = 5;, fori # j,
S, = Sy.

mergey (S;x =x) = S

mergey (S;x =1y) = (SyoR; So> R; S1; ...; Sn)

whereR = orient(x = vy).
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Multi-Shostak: Canonizer

GivenacanonicalstateSy; Sy;...; S,, acombined
canonizercanbedefinedas:

Slz] = Sy(x)
Slfi(ai,...,a,)] = Sy(z), when
z = 0;(fi(Si(S[a]), ..., Si(S[an]))) € S;
S[filar, ... an)] = oi(fi(Si(Sla1]), ..., Si(S[an])))

with o¢(a) = a andSy(a) = a.
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Termination
e Sla = b] isterminating
o abstract™(S;a = b) is terminating

o close™(S) terminatesbecausé¢he sumof the number

of equialenceclasse®ver variablesn dom(Sy )
decreasem eachiteration.
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Soundnessand Completeness

Theorem. Let T with signhature>. betheunion of
e thetheory’7/, of UIF

e and7; (z = 1,...,n) bedisjoint,composablé&hostak
theories.

Furthermorelet
o S* := process*(idg; /) and
o [ ={1...,n};
then:
—r EF=a=0
iff
eitherS* = 1 or S*|a] = S*(b]
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Proof Outline

o If S":= process(idg; F), thenS’ I-preseresk.
e Soundnessif S[a] = S[b], then

—, S’ = a =5[] = S'[bt] = b

Thus,=;1 F =a=15»
e Completenessby contraposition:
if S'|a] Z S'[b] thenker S"=a =10
for canonicals’.

e Constructan/-modelMg/, pg' S.1.
MS/,,OS/ — S’ but MSI,,OS/ 7é a=>
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Canonical Term Model

o Definition
Dg :={e € T(3,vars(S")) | S'|e] = e}
Mg (f)(er, ..., en) = S"[fle1, ..., en)]
pS/(x) = Sv(ili)

e Properties
Mg [c]ps = S'[(]
Mg, ps = S

M Is anl-model,sinceMyg IS iIsomorphicto M
for each: (1 <+ < n) and: iscomposable.

e Corollary: I-validity is convex.
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Canonical Term Model (Cont.)

ThecanonicakermmodelMg Is iIsomorphicto the
canonicak-modelM;

e Theisomorphismu; is definedbetweenDg (all
S-canonicaterms)and D; (all -canonicakerms)so
that

ni(r) = o wherem;(a') = S;(x)
pi(fi(b)) = fz(Mz( )2
uilF50) = 7 (i0) G

o Needto shaw thaty;(Ms(fi)(a)) = M;(fi)(pi(a)) for
a € Dg
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Summary

Decisionprocedurdoasedon Shostaks ideasfor the
combinationof equalityover UIF anddisjoint,
composablé&hostaktheories.

Key idea: separatesolutionsetsfor individual theories.
Variabledependenciesanbecyclic acrossheories.
Shostakcombinatiomaninstanceof NO combination.
Addedadwantagas aglobalcanonizer
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ICS: Integrated Canonizerand Solver

e A variantof the Shostakcombinationdescribecdherels
Implementedn ICS.

e Thetheorysupportedy ICS currentlyincludes:
Equalityanddisequality
Rationalandintegerlineararithmetic.

Theoryof tuples,S-expressions
Booleanconstants.

Array theory

Theoryof bitvectors

e Availablefreeof chagefor noncommercial
applicationaundertheICS licenseagreement.

]
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ics.csl.sri.com
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