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Abstract.  We describe techniques to generate useful reachabilit y infor-
mation for nonlinear dynamical systems. These techniques can be au-
tomated for polynomial systems using algorithms from computational
algebraic geometry. The generatedinformation can be incorporated into
other approachesfor doing reachabilit y computation. It can alsobe used
when abstracting hybrid systemsthat contain modeswith nonlinear dy-
namics. These techniques are most naturally embedded in the hybrid
qualitativ e abstraction approach proposed by the authors previously.
They also show that the formal qualitativ e abstraction approach is well
suited for dealing with nonlinear systems.

1 Intro duction

Computing the set of states reachable from the initial states is certral to the
problem of proving that a systemis safe,that is, it doesnot erter a\bad" region.
Exact reachability set computation is, however, elusive for both discrete transi-
tion systemsand cortin uous dynamical systems.Hybrid systemscombine these
two formalisms and inherit their complexities. For purposesof proving safety,
though, the exact reachability setis not required and suitable over approxima-
tions of this setsu ce. The approachesfor computation of (over approximations
of) the readhability setcan be broadly be classi ed into two categories:(i) meth-
ods basedon explicit computation of the reachability set by forward simulating
the systemand widening [7, 13, 6], and (ii) methods basedon abstraction [1, 23].
In this paper, we present analytical results on computing over approximations
of the set of reachable states, which can be integrated with both these methods.
Despite their generality, these results are best motivated in the context of our
hybrid qualitativ e abstraction approad.

Our approadc to analyzing hybrid system is basedon constructing sound
discrete abstractions of the hybrid system [23]. The abstraction methodology
combines predicate abstraction technique [10], for abstracting the discrete com-
ponert of the hybrid system, and qualitativ e abstraction [23, 12], for handling
the cortin uous dynamics.
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The e ectiv enessof our abstraction method, as with all approades based
on abstraction, depends on the choice of abstraction predicates. The discrete
componert of a hybrid systemis \simpler", in this respect, than the cortinuous
componert. This is becausethe guard conditions, state invariants, and resetas-
signmerts immediately suggestwhat predicates are important for the discrete
logic. And in most real world problems, the discrete logic is simple enoughthat
this choiceis adequate.The choice of predicatesfor constructing good (qualita-
tive) abstractions of the contin uous componerts is not always so obvious. When
we rst described the hybrid abstraction algorithm [23], we proposedthe use of
rst, second,and higher-order derivatives of the expressionsthat occur in the
guards, property, and initialization. For example, if the dynamics is given by
X = 100 x, and interest is in the value of x, then clearly 100 x is a good
candidate expressionto monitor. But this doesnot work always. For example,
in the two-dimensional linear systemx = 2x+ vy, y = X 2y, sa initially
x = 5andy = 0, and we are interested in proving that y 5 always, given the
state invariant x 0. The (higher-order) derivativesof y 5 or x do not help
much. However, if we look at the function x + y, then we immediately notice
that (x £y) = (x+ y) and we can (just using qualitativ e reasoning)get to the
desired conclusion.

The above obsenation suggeststhat concepts,sud as Lyapunov functions,
from linear and nonlinear systemstheory can yield useful reachability informa-
tion too. In a previous article [22], we consideredlinear systemsand suggested
the useof left eigenvectorsfor generatinguseful functions for the processof qual-
itativ e abstraction. In this paper, we presert someinitial results for nonlinear
systems.

In the caseof linear systems,using simple linear algebra, we can always get
linear functions V : <" 7! < that are either (i) exponertially changing (\L =
V), (ii) oscillating (V = V), or (iii) oscillating with exponertially decaying
amplitude (V = a\_+ bV.) The exact reach set is computable (in some cases)
when there are enough(di erent) functions V of the rst kind [16, 15]. In [22],
we showed that even when there do not exist su cien tly many such V's, useful
partial reachability information can be obtained.

The functions V can be interpreted as represening the total \energy" of
the system (though V can be increasing in our case).In this paper, we are
interestedin computing linear and nonlinear functions V for nonlinear systems.
Sud functions are usedin the processof abstracting the cortin uous dynamics
inside a mode of a hybrid system. Whenewer possible, we shall explicitly show
the resulting over approximation of the readch set. We also presert methods for
computing these functions wheneer the function itself is a polynomial and the
nonlinear systemtoo is described using polynomials.

Unlik e linear systems,there are no standard concepts,lik e eigervectors, that
can be usedfor nonlinear systems. The functions V satisfying (i), (ii), or (iii)
neednot be linear, in fact they neednot even be polynomials. But we introduce
somenew conceptssuc asexact-ideal, a subsetof a polynomial ideal, to compute
polynomial V's whene\er they exist.



1.1 Preliminaries

A (nonlinear) dynamical systemsS consistsof a nite setxi;X»;:::;Xn of realval-
uedvariables,asetof di erential equationsdx;=dt = py(X1;X2;:::;Xn); dxo=dt =
P2(X1;X2; i Xn); i dxp=dt = pr(X1;X2;:::;Xn), a set Init <" of initial

states, and a setlnv <" of the invariant region. We use matrix notation to
represent the dynamics. The n variablesarerepreseried asan 1 column vector

the set of initial states Init . The theory of reals, and the set of all reals, are
both denoted by < { the intention is disambiguated by the context. The no-
tation <~  meansthat the formula (universally quanti ed) is valid in the
theory <, that is, it is true for all real valuations of the variables. For example,
<> (x2+x3 0).

The semartics [[S]] of a dynamical system S, with dynamics x = p, initial
states Init and invariant Inv, over an interval | = [tg;t;] R is a collection of
mappings x : | 7! X satisfying (i) the initial condition: X (to) 2 Init, (ii) the
continuous dynamics: for all t 2 [to; t1], x(t) = p(t), and (iii) the invariant: for
all t 2 (to;t1), x(t) 2 Inv. In casethe interval | is left unspeci ed, it is assumed
to be the interval [0;1 ). The motivation for the invariant region Inv comes
from hybrid systemsand informally, the sematrtics is given such that only those
tra jectories of the dynamical systemare valid which do not take the systemout
of the set Inv. We say that a state s 2 <" is reachablein the system S if there
exists a function x 2 [[S]] such that s = x(t) for somet 2 |. The reacth set,
Reach(S), is de ned asthe set of all reachable states of the system S.

We are interested in smooth functions V : <" 7! < satisfying certain nice
properties. A 1 n row vector of such functions will be called a 1-form . If V is
a function, then the notation dV denotesthe 1-form consisting of partial deriva-

In matrix notation, a 1-form is denotedby q' . We usesomedi eren tial geometry

terminology in this paper, but it is always backed up with detailed expansions,
and hencethe presenation may appear verboseto an expert reader.

2 Linear Invariants

We consider (time invariant) polynomial nonlinear dynamical systems,that is,
in the dynamics x = p, each componert of the vector eld p is specied by a

We will separateout the nonlinear componert from the linear componert and
represen such a dynamical systemas

x = Ax + By



wherey is the vector of non-linear power-products of state variablesin x. Here
Alisann n matrix, B isann m matrix, x isan 1vector,andy is a
m 1 vector. In the caseof linear systems,m = 0. Example 1 givesa simple
illustration of this notation.

Let ¢ be a real eigervector of AT which is alsoin the kernelof BT (that is,
the linear subspaceof zerosof BT), that is,

ATc= ¢ BTc=0;

where the componerts of ¢ are reals.
The transposec’ of the vector ¢ is a 1-form. Consider the linear function
V =c'x.

VL=c'x=cT(Ax+By)=(ATc)"x+ (BTc)'y=(c)'x+0= V:

The value of the function V will either (i) monotonically increaseor decrease
while remaining sign-invariant (if > 0), or (ii) asymptotically corvergeto O (if

< 0), or (iii) remain constart (if = 0). Thus, ¢"x can be usedto generate
useful invariants of the dynamical system and give bounds on the reach sets of
such systemsas summarizedin the following theorem.

Theorem 1. Let x = Ax + By be a nonlinear dynamical system with initial
statesInit . Let be a real eigenvalueof the matrix AT, ¢ = [c;¢p;:::5¢,]" be
a correspnding eigenvetor (of AT), andV = ¢X1 + GX2+  + ChXp = C'X
be the correspnding linear function. Suppsethat c is alsoin the kernel of BT .
If dmin and dmax denote, respectively, the minimum and maximum valuesin
the setfc™x(0) : x(0) 2 Init g, then the formula , as de ned below, is an over
approximation of the reach set of the nonlinear system:
(i) Case > O:if dwn > 0, then is V Omin » If dnax < O, then s
V  dmax, and if dmin = dmax = 0, then isV = (O
(i) Case < 0: isdenedasminfO;dnwing V *~ V  maxf0;dnax g; and
(i) Case = 0. isdenedasV = V(0).

We illustrate the above technique from an example from the sporulation
initiation network of the bacteria B.Subtilis [24].

Example 1. The proteins (Sinl ) and (SinR) are known to be crucial in the deci-
sion for committing to sporulation. High concerration of (SinR) inhibits sporu-
lation. Under conditions of stress, the production of (Sinl) increases,(Sinl)
binds with (SinR), thus reducing the concerration of free (SinR), and thus pro-
moting sporulation. The dynamics of thesetwo protein concerrations is given
by:

(Sinl)= (sm) (Sinl)  K(Sinl)(SinR)
(SiRR) = (snr)  (SINR)  K(Sinl )(SinR)

where (siniy and (sinr) are determined by the corresponding transcription
and translation rates and k is the rate of reaction that binds (Sinl) to (SinR).



In a hybrid model of the network, the dynamics of the values of (g, ) and
(sinr ) are captured through discrete mode transitions. In any given mode, the
valuesof (sin ) and (sipr) can be assumedconstarts.
In matrix notation, let x = [(Sinl); (SinR);z]", and let y = [(Sinl )(SinR)],
we have x = Ax + By, where

2 3 2 3
0 (sinl ) K

(SR ) 5 B=4 k5
0 0 0

A=40
0
Considerc = [ ; ; (sinl) (SinR )]T. This vector is an eigervector of AT
with corresponding eigenvalue and it is alsoin the kernelof BT,

Dene V = c'x. If the cell is stressedand (sin) = (sinr), and the cell
goesinto the state where (Sinl)  (SinR), then (in all subsequetly reachable

states) it will always be the casethat (Sinl) (SinR). Thus (Sinl)  (SinR)
would be a stable region.

The above method can be implemented since it only involves computing
eigervectors and testing if an eigervector is in the kernel of another matrix.
This can be e cien tly donewhen the eigervalue is a rational (asin the above
example). If not, then we will needto represer and compute with algebraic
numbers.

This method can be e ectiv ely usedon most of the hybrid modelsthat result
from modeling of genetic regulatory networks. However, for other more general
classesof systems, it is not quite as e ectiv e, sinceit can only generatelinear
functions V. We next discussapproaciesto discover nonlinear functions V.

3 Polynomial Invariants

We are interested in polynomial invariants of nonlinear systems. We generate
such invariants using various computational techniquesfrom the eld of algebraic
geometry, most notably Grebner basesand Syzygy basescomputations [5], and
the Frobeniustheorem [27].

Considerthe dynamicsgivenby x = p, wherep is avector eld. The syzygies,
Syz, of the vector eld p is de ned asthe setof all 1-formshT s.t. hTp = 0:

Syz(p) := fhT :hTp = 0g

A 1-form hT is exactif there exists a smooth function (polynomial, in our case)
V such that h™ = dV.

Supposethere is a syzygy q' of the vector eld p which is also exact. Con-
sequettly, there is a polynomial V such that

Q=@ = 1, =@2= p, :::;, =@, = ¢, and
QP+ P2+ + Ghpn =0



Under these assumptions, it is easyto note that the Lie derivative of V with
respect to the vector eld p vanishes,that is,

d_V:de:g%+g%+ +@/an
dt @q dt = @ dt @, dt
= hprt P2t t Ghpn = 0
Hence, the value of the expressionV (x1;X2;:::;X,) remains invariant through

the time ewolution of the nonlinear system.

Theorem 2. Let x = p be a nonlinear dynamical system. Supmse the 1-form
hT is a syzygyof p and is exactsuchthat hT = dV.

If x(0) is someinitial state, then the formula V = V(x(0)) denotesan over
approximation of the set of statesreachablefrom x (0).

Given a polynomial vector eld p, the set of generatorsfor the set Syz(p) is
computable using well-known techniques from computational algebraic geome-
try. Frobenius theorem can be usedto ched if a given syzygy is exact.

Example 2. Consider the nonlinear dynamical system:
X1 = X1X2 X2 = X1

It is the casethat 1xi1x, + X2( X1) = 0 and hence (1;x2) is a syzygy of the
polynomials x1X2; Xxi. A solution for V that satis es both @/=@; = 1 and
@/=@; = X2,isV = X1 + x3=2. It is easily obsenedthat \. = 0 and henceV is
an invariant of the above dynamical system.

Example 3. Considerthe rotational motion of a rigid body in three-dimensional
space.In the absenceof external torques, the motion can be described by

X1 = axzX3 X2 =  bXiX3 X3 = CX1X2

in a suitably chosencoordinate axes.A syzygyfor the vector eld p = [axaX2; bxix3;cxix2]"
is [a%q; b%2; %3] whenewer a%a b+ c% = 0. Thus, we are constrained to

nd an V sud that @/=@; = a%;, /=@, = b%,, and @=@3 = Xs.

By Frobenius theorem, we know these constraints are satis able and indeed

V = a%3=2+ bx%3=2+ c%3=2 is the desiredinvariant function.

Details of the computability issuesare postponedto a later section. We move
on to more generalforms of polynomial invariants.

3.1 Exponentially Changing Functions

A set of functions that we have successfullyused for computing approximate
reachability for linear systemsare polynomials V such that dv=dt = V , for
somereal constart . In the caseof linear systems,it is known that the exact
reachability setis computablewhenewer n sud linear functions exist [15]. In [22],



we shaved that approximate reachability setscan be computedin the casewhen
fewer than n sudh functions exist. Computation of sud (linear) functions for
linear systemsreducesto eigervector computation.

For a systemwith dynamicsx = p, it is the casethat

dv . _
H_V [ dvp=V

De ne the ideal, Ideal (p), generatedby a polynomial vector eld p as
Ideal(p) := fr :r = q"p;q" is any polynomial 1-formg

The statemert dVp = V is equivalert to saying that (i) V 2 Ideal(p), that is,
there exists a polynomial 1-form q" sudch that V = q"p and (i) dVv = 1qT.

Ideal membershipis e cien tly decidedby Grebnerbasiscomputation [5]. The
details of computability are relegatedto a later section. If we have computed
a polynomial V and constart  satisfying the above two conditions, then we
immediately get the following upper-bound on the set of reachable states of the
nonlinear system.

Theorem 3. Let x = p be a nonlinear dynamical systemand Init denote the
set of initial states of the system. SupmseV is a (nonlinear) polynomial such
that

{ V 2 Ideal(p), that is, V = q"p, and
{dv= 1q'.

If dmin and dmax denote, respectively, the minimum and maximum valuesin the
setfV(x(0)) : x(0) 2 Init g, then the formula , as de ned helow, is always an
over approximation of the set of reachablestates of the system:

(i) Case > O if dnwn > 0, then is V Omin » If dnax < O, then s
V  dmax, and if dmin = dmax = 0, then isV = 0;

(i) Case < 0: isminfO;dming V * V  maxf0;dnax 9; and

(i) Case = 0. isV = V(x(0).

Proof. The Lie derivative of the function V with respectto the vector eld p is
V , and henceV (x(t)) = V(x(0))e' . The conclusionsfollow.

We note herethat for linear systems,the 1-form q' can be chosento be the
left eigervector of the A matrix [22] and hencesud q" 's can be easily computed.
For nonlinear systems,q' can be seenasa suitable generalizationof the concept
of an (left) eigervector, but computing such anq" is not sosimple, seeSection4.

3.2 Nondecreasing Functions

Theorem 3 makesstrong assumptionswhich restrict its applicability. We weaken
the conditions by noticing that neednot be a constart, it can be any nonpos-
itiv e or nonnegative de nite function. We say that a function r (from <" to <)



is nonnegative de nite relative to  if it is the casethat the formula  implies
r  0in the theory of reals, that is, < ° ) r 0. The formula would
represen the state invariant of the mode of the hybrid systemwhosedynamics
are being studied.

A minor variant of the method of Section3.1 considersfunctions V such that
the Lie derivative of V with respectto the vector eld p of the nonlinear system
is (relativ ely) nonnegative de nite. In other words, the function V satis es the
equation

dav _

dt
where the polynomial r is nonnegative de nite (relativ e to the state invariant).
Note that evenwhen no state invariant is given (that is, isjust True), we can

still have nontrivial p's which are nonnegative de nite. In particular, these will
be sums of squaresof polynomials.

Theorem 4. Letx = p beanonlinear dynamical systemwith initial statesInit
and state invariant . If r is nonnegative de nite relativeto and such that

{ r 2 Ideal(p), thatis, r = q" p, and
{ the 1-form q" is exact, that is, dV = g,

then the formula V dmin is an over approximation of the set of reachable
states of the system, where dmin = minfV (x(0)) : x(0) 2 Init g.

We can weaken the conditions of Theorem 4 and require the polynomial
function r to be nonnegative de nite relativeto either "~ V > 0or ~ V < 0.
The conclusionis correspondingly weakened.

Corollary 1. Letx = p be anonlinear dynamical systemwith initial statesInit
and state invariant . Letr and V be suchthat

{ r=dVp and
{ r is nonnegative de nite relativeto ~ V > O (alternatively, relative to
NV <)

De ne dmin = minfV(x(0)) : x(0) 2 Init g. If dmin > O (alternatively, dmin <
0), thenthe formula V. dmin is an over approximation of the set of reachable
states of the system.

Proof. If V and r are de ned asabove,then L. = dVp=rand< ' NV
0) r > 0.If dnin > O, then in all initial states,r 0, and hencethe value of
V is always nondecreasing,and henceV  dmin -

Alternativ ely, considerthe casewhen < ° ANV <O0) ro 0. In this
case,wheneer the value of the function V drops below zero, its derivative r
becomesnonnegative. In particular, whenV = dmin < 0,then\. 0, and hence
V  dmin always.

We illustrate the two results by someexamples.



Example 4. Consider the following nonlinear system
X1 = Xo + 2 - 2
(1 = X2+ X1X5 X2 = X1+ X7X2

Let us assumethe state invariant x; 0~ x» 0. Greobner basiscomputation
reveals that x;x, 2 ldeal(pi;p2) and we get Xx1X3 X2X2 = 2X3X2 = r. A
suitable function V sudh that r = dVp is x2=2 x3=2. Clearly, by construction,
\L= 2x1xo andr Owhenewrx; O0andx, 0.Hence,we concludethat V
is always nondecreasing.In particular, this meansthat if x; > X5 initially , then
X1 > X2 always.

Example 5. Considerthe nonlinear system

X1= X1 X2+ X1X2 X2= Xz X3
The nonnegative de nite polynomial x3 is in the ideal generatedby the x; X+
X1X2 and X, x3 and correspondingly, we have x3 = Xa(X1 X2 + X1X2)
x1( X2 x3). Now, we notice that @ x2)=@, = @ X1)=@; = 1 and we
get the corresponding V as  x;X». In all, we concludethat xgx» = x3. Since
x% 0 is always true, we can infer that the value of x3x, is nondecreasing
(Theorem 4).

Example 6. Consider another nonlinear system
X1 = Xg+ X2 + X1X3 X2 = 2X1+ X2 X2X3

Assumethat we are given the state invariant x; 0Oandx, O.

We note that the polynomial r = (X1 + X2)2+ 2x1X» is in the ideal of the two
polynomials above and that dVp = r for V = x2=2+ x3=2. Now, r is nonnegative
de nite relativeto the state invariant x4 0" x> 0. Hence,we concludethat
V is nondecreasing.

A dierent choiceofr in the idealisr = x? x5+ 2x2x3, wherer = dVp for
V = x2=2  x%=2. The polynomial r can be expressedas 2V + 2x2x3 and hence
<>V >0) r O0.Thus,if V> 0in the initial states of the system, then
V > 0 always subsequetly. Note that we do not needthe state invariant in this
case.

New tools for e ectiv e sum of squaresdecomposition of polynomials are now
available, which can be usedto determine if a particular polynomial is positive
or negative de nite [20].

3.3 Oscillating Functions

Another useful classof functions that yield interesting reachability information
are functions V whosevalue oscillates as the dynamical system ewolves. If the
frequencyof oscillation wasa constart, then such a vV would satisfy the equation

V= KkV



But the frequency of oscillation is often not a constart and hence, nding V
that satis es the above property usually ends in failure. However, oscillating
functions satisfy another very interesting property, which can be usedto detect
such behavior.

functions. De ne the extendel monoid of a V asthe minimal set Mon(V) such
that (i) V Mon(V), (i) ViV. 2 Mon(V) whenewr Vi;V, 2 Mon(V), and
(i) rVy 2 Mon(V) whenewer Vi 2 Mon (V) and r is nonpositive or nonnegative
de nite. In other words, the setMon (V) is the monoid over V and all nonpositive
and nonnegative de nite functions.

derivative computation with respect to p upto multiplication if for every function
Vi, the Lie derivative of V; w.r.t p isin Mon(V).

For a given dynamical system x = p, any set of functions that is closed
under Lie derivative computation w.r.t p can provide useful information about
oscillation or divergenceof the system. We cannot state a formal theorem since
the exact reachable setsdepend on how the Lie derivativesare related, but we
illustrate the method with a few examples.

Example 7. The Volterra predator-prey model [27] is given by
X1 = Xit X1Xz X2 = X2 X1X2

wherex; indicates the number of predators and x, indicates the number of prey.
It is an easyexerciseto note that the set of four polynomials V = fxy;X2; (X2
1);(x2  1)gis closedunder Lie derivative computation. To seethis, just factor
the polynomials in the vector eld p as follows:

X1=Xi(X2 1) Xp= Xa(x1 1)

The qualitativ e abstraction of this model [23] over the four polynomials in V
shows the possibleoscillatory behavior of the systems.Another choice of a closed
setisfXp+ Xo; X2  Xp;X1+ X2 2X1X2;1  2x31X2g and this can be usedto re ne
the above abstraction [23].

Example 8. Considerthe pendulum equations
X1 = Xo X2 = X1+ X3=6

Factoring the polynomial x;+ x3=6 asx;( 1+ x3=6), we note that the deriva-
tive of the factor 1+ x2=6 is 2x1X,, which is a product of x; and x,. Hence,
the setV = fxi;xp; 1+ x2=6g is closedunder Lie derivative computation. A
qualitativ e abstraction over these three polynomials exhibits oscillatory behav-
ior [23].

Example 7 also shows a weaknessof the polynomial-based qualitativ e ab-
straction approad. If we only usepolynomials, then any qualitativ e abstraction
of the systemin Example 7 would have tra jectories that allow the dynamics to



collapseonto one of the axes(x; = 0 or x, = 0) ewven if the initial state has
x1 6 0 and x, 6 0. In this example,we really neednonpolynomial functions (in
particular, In(x1) X1+ In(X2) X2) to show that the system oscillates. Note
that Theorem 2 can be usedto determine such nonpolynomial invariants, but
the computability issuesare a challenge.

4 Computabilit y Issues

The real value of the results preseried in the preceding sections arises from
the fact that the interesting functions V can be computed in the domain of
polynomials. We describe some techniques that can be used for this purpose.
Grobner basesis a canonical represeration for the ideal generatedby a set of
polynomials. They are also usedfor computing the basesfor the set of syzygies
of a set of polynomials.

4.1 Greobner bases computation

work by generating new polynomials p in the ideal of thesen polynomials by re-
peatedly eliminating highest degreepower-product terms from the polynomials

then Greobner basiscomputation generatesthe polynomial p3 = x1p1 X2p2 be-
causethis way the highest power-products in p; and p, are canceled.The new
polynomial p; = 2x;X» is added to the original set of polynomials f p1; p20.
The new polynomial can be usedto delete p; from this set and replaceit by
p1  X2p3=2 = Xp. Similarly, p, can be replaced by x;. The polynomial x, can
be usedto delete p3. Thus, the setfxi;Xx2g is a Grebner basis of f p;; p2g. It is
routine to generatethe 1-form q' s.t. q" p is equalto the polynomials generated
in this procedure.For example,x; = ( X1X2=2+ 1)p1  X2p2.

We are interestedin r 2 Ideal(p) s.t. if r = " p, then the 1-form qT is exact.
The polynomials r in the nal Grebner basis need not satisfy this condition.
But ead of the intermediate polynomials generatedduring the computation of
a Grebner basiscan be tested. In the above example, the 1-form corresponding
to the intermediate polynomial ps is indeed exact. This is the form used in
Example 4. It is also obsened that all the polynomials usedin other examples
in this paper can be similarly generated.

It should be emphasizedthat the method outlined above is not complete
that is, there could be elemeris in Ideal(p) which correspond to exact 1-forms
which are not tested by the procedure.lt is a very interesting problem for future
work to determine if the set of ideal members generated by exact 1-forms is
computable. De ne

Exactldeal(p) = fq' p : q" is exactg

As far as the authors know, computability of this set is open. But as in sev-
eral other practically useful real algebraic geometry computational procedures,
polynomials of bounded degreein Exactldeal(p) can be generatedand used.



4.2 Syzygy computation

In our methods, interest wasin syzygieswhich werealsoexact. The Grobner basis
method can be usedto construct a basisfor the set of syzygiesfor polynomials

Each of the syzygiesgeneratedneedsto be tested for being exact. This test
can be done using the Frobenius theorem. The corresponding polynomial can
then be easily generated by simple symbolic integration routines. Again note
that the method described hereis not complete. Just asin the caseof Grobner
basis, we can de ne the set ExactSyzygyp) and a challenge for future work is
to determine if this setis computable.

4.3 Linear constrain t solver

A secondtechnique for generating the functions V with the required properties
is to assumethat V is of a bounded degree,say it is quadratic with unknown co-
e cien ts. The properties required to be satis ed by V imposelinear constraints
on the unknown coe cien t variables. Using a linear arithmetic solver, thesecon-
straints can be tested for satis abilit y. Note that this method, though attractiv e,
cannot be usedfor the techniquesin Section3.2 becausehey additionally involve
unknown positive or negative de nite functions.

Example 9. Considerthe four-dimensional nonlinear system

X1 = X2 X2 = X1=2 X
X3 = X4 X4 = X3+ KiXp 2X3

If we guessthat a function V of the form x? + bx;x3 + cx; + dxs satis es the
equation V = V , then we get the following constraint:

F 2X1( X1=2 X2) + ZXE + 2bxox4 + bX]_( X3+ 2X1X>2 2X%) +
bxs( X172 Xz)+ ¢( X172 Xp)+ d( X3+ 21Xz  2x3)

= F

This givesrise to the following linear constraints over the variables a; b;c;d and

1= 2+2d=0 2 2d=0 2b=0
b b®2=0 2b=0 2b=10 b=10
c=2= ¢ c=0 d=d
A satisfying assignmenis = 1,d= 1,and b= c= 0. Thus, x2 + x3 is the

required function.



5 Related Work and Conclusion

Thereis alot of work in the theory of nonlinear systems[27, 21]. Energy functions
are usedto get analytical descriptions of tra jectories and provide argumerts for
stability or periodicity. However, the problem of generating these functions and
issuesabout computability have not been addressed.Moreover, such functions
have not beenusedto get over approximations of the reach sets. Thesefeatures
distinguish this work from the well establishedtheory of nonlinear systems.

Tedhniques from algebraic geometry, mainly Greobner basis methods, have
beenused for generating switching surfaces[28], and generating constraints on
parameters and bounds for determining Lyapunov functions for local stability
regions[9, 8]. In most of theseapplications, Greobner basisis usedasa quanti er
elimination procedure { a simpler alternative to quanti er elimination in the
theory of reals [4].

This paper preserts some rst results on computing interesting polynomial
functions for nonlinear systems.Thesefunctions can be usedin one of two ways:
they can generateover approximations of the reach set and this information can
be usedinside any tool for computing reachability such as[11], or they can be
used as predicatesin an abstraction framework to generategood abstractions,
such as[2]. In particular, they can be usedin the hybrid qualitativ e abstraction
approach [23].

This work opens seeral interesting directions for future work. On the the-
oretical side, one can ask the question if we can get decidability of reachability
for certain classesof nonlinear systems,wheneser su cien tly many suc energy
functions V's exist. In the linear case,we know the answer is positive [16]. Fur-
thermore, as in the linear case,can we extend the computational methods to
richer decidabletheoriesthan the theory of reals? These decidability results can
then be usedto get newer classesof hybrid systemswith decidable reachabil-
ity problem [15, 14, 3]. In the eld of computational algebraic geometry, the
challengeis to nd if the setsexact-ideal and exact-syzygyare computable.

The theory outlined in this paper is useful even when the answers to the
above questionsare unknown. Construction of useful polynomial functions can
be automated using bounded degreeapproximations as described in this paper.
And it can be made more powerful using other existing tools, such asthe sum of
squarestool [20], which also shaws how incomplete techniques can still be very
e ectiv e in solving real and challenging problems [19, 18].
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