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Satisfiability Problem : Decide if T = 3% : ¢, where

T . theory
¢ . finite conjunctionof literals
T all the variables inp

Satisfiability Problem in Combination of Theories . T

-

Combining Decision Procedurej

= TiUT,
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Nelson-Oppen Combination Resul'

T, T . consistent, stably-infinite theories over disjoint signatures
Ti(n), To(n) : time complexity ofT';-satisfiability problem
Then,

1. T := T, UT5 is consistent and stably infinite.
2. Time complexity ofT-satisfiability isO (2" * (T} (n) + T2(n))).

3. If T; andT, are convex, then so {F and
T-satisfiability is inO(n? * (T1(n) + T>(n))) time.
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Nelson-Oppen Result: Correctness

The combination procedure:
Initial State : ¢ is overX; U Xs.
Purification : Transform¢ to ¢ A¢s S.t. ¢; IS overy;.

Interaction : Guess a partition oP(¢1) N V(g2 ). Express it ag.
E.g. partition{x1 },{x2, x3} iISzo=23 N 21 #22 N\ T1 #x3.

Component Procedures: Decide ifp; A v Is T;-satisfiable.
Return : If both answer yes, return yes. No, otherwise.

Time Complexity:0 (2" x (Ti(n) + Tx(n)))
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NO Deterministic Procedure for Convex Theories

If T¢, T, are convex, we can deduce equalities to be shared.

Purification : As before.

Interaction : Deduce an equality=y:
Ty (91 = z=y)

Updategp, := ¢ A x=y. And vice-versa. Repeat until no further changes
to geto; ..

Component Procedures: Decide if¢; . Is satisfiable.

Time Complexity:O(n3 x (T1(n) + T>(n)))
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NO: Equational Theory Version I

Equational theories are always consistent.
If £U{3z,y.x £y} is consistent, then this theory is also stably-infinite.

Equational theories are convex.

N

Often decision procedures based on standard Knuth-Bendix completion|can
be used to deduce equalities.

5. Therefore, satisfiability procedures can be combined with only a polynomial
time overhead.

- /

Ashish Tiwari, SR Congruence Closure: 7




Nelson-Oppen Combination: Constructive Variant'

Assumptions:

e Ry, Ry two convergent presentations (for two disjoint equational theoriep)
e —: Ordering overr; U K s.t. constants ik are minimal
e Com;(FE, ). Completion modulaR; of groundFE (over; U K)

Then, there is a procedureom ( E, ) that performs completion modulo
R1 U Ry of groundE over}; U X
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/ Constructive NO Procedure. \

e Purify £: E— E; U Es, E; overy; UK

e Componentwise completion:

Egl) = Comy(E1, )
Eél) = Comso(FEs, )
e Share equalities between constants and repeat above step
E{‘Hl) = C’Oml(Ey) U Eé‘j) K, )
Eéjﬂ) = COmQ(Eéj) U Eg‘j) K, >)

e The final systenfR; U Rs) U (E{° U ES°) is convergent

Ordering guarantees that equalities among constants are smallest
Qence, they are always generated by the individual completion proced@s
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Application 1: Abstract Congruence CIosureI

> . Signature consisting of function symbols and constants

R . empty theory

E . ground equation ovex

We view the problem of completing as a combination problem

>~ = |, %, disjoint union of singletory;
R = |, R;, empty background theory
We only needCom;(E, ).
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/ Abstract Congruence Closure: Examplﬂ \

a= fab, f(fab)b =10
a—c1|b—ca| feica — 3, feaco —cq | €1 = 3,04 = C2
a—c1 | b—ca| feica — c3, fegea —ca | 3 — cr,00 — 0o
a—c | b—cy| fereo — 3, feico — g | €3 — C1,04 — C2
a—c |b—ca| feica — c3 C4 = C3,C3 — C1,Cq — C2
a—c | b—cy| feica — c3 Cy = C1,C3 — C1,Cq4 — C2
a—c1|b—cy| fciea — c3 Cy — C1,C3 — C1,Cq4 — Co
a—c |b—ca| feier — c3 Co — C1,C3 — C1,C4 — C2
a—c |b—c| feier — c3 Co — C1,C3 — C1,C4 — C1

Qme Complexity:O(n log(n))
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Application 2: AC Congruence CIosureI

> . Signature consisting of function symbols and constants

iIncluding some associative-commutative symbols
R : AC rules for the AC symbols

E . ground equation ovex

We view the problem of completing as a combination problem
= |, %, disjoint union of singletory;
R = |, Ri, whereR,; has AC rulesf £, contains an AC symbol
and it is the empty background theartherwise

\We only Com;(E, ) for oneAC symbol f. /
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Completion for one AC symbol'

Example: Use notation?y for f(x, f(x,y))

Y=y,  zy’=y
Yy =y, Tyt —y
vy =y, xy —y,  yi=xy
'y =y, xy —y,  wy=y°
Yy =y, xyt—y,  xy— Yy
=y, Y=y, wy—y’
Yy =y, Y=y, xy—y°
Yo =y, Ty — Y

/
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/Application 3: UFS + AC(U) + Polynomial Rings\l

X = YpUXacUXacu Ugn
R = Convergent presentation for polynomial rings + AC rules
E = Ground equations over

We again view the problem of completidg(moduloR) as a combination
problem

We getCom (FE, =) by combining:
e abstract congruence closure for equation3gn
e AC(U) congruence closure for equations on efich X 4o (1)

e Grobner basis algorithm for equations ov&t g

Since each theory is convex and stably-infinite, we get a polynomial time
@mbination over the individual theories. /
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Grobner Basis Examplﬂ

ry — =0, 2? —z — 1=0

Ty —x, 2 —x+1

vy —x, v° —x+1, vxx=y* (x+1)

ry —x, 22 —c+1, 22 -y +vy

ry =z, 2> —c+1, v+ 1=y +vy

ry —x, 22 —x+1, a2y —xz—y+1

ry —x, 22 —x+1, r=x—y+1

ry —x, 2 —x+1, y—1

r=x, 2° —x+1, y—1

2 - zx+1, y—1

~
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/ Abstract Interpretation I \

Interpreting program over abstract values from doniaiwith partial order=
[ true ] .
DomainD:
1X =0,y =0; z = n
[ x=0] false, <0, x=0,
i *
2 while (*) { true. x>0
[ 2=0vz>0=(x>0) ]
3 it *) | Partial Order_:
4 X++; z--; | r>0 ]
5 } else { r=0 E z2>0
6 y++; z--; | r=0 ] r=0 C x<0
7 f false £ d
>
[ z=0] d C true

N /
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Logical Abstract Interpretation I

D: logical formulask theoryT

C: logical implication, & C E' iff E=1F’

Examples of logical interpretation:

e D consists of finite conjunctions of atomic facts oUér
o Linear Arithmetic
o Uninterpreted Functions

o Combination of Linear Arithmetic and Uninterpreted Functions

e D consists of universally quantified formulas or
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/ Transfer Functions for Logical Al I \

Transfer functions compute abstract facts at each program point from facts at
preceding program points

E E, l E' E
=6 True False
B e F, F,

(a) Join Node (b) Assignment Node  (c) Conditional Node

Join . E:=FE{|V|E;
Assignment : E:= 3|z’ : (F'[x'/x] Nz =¢)

KConditional . E1:=FEAp, Ey:=FEN-p /
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Logical Domain'

D . Class of formulas usin@-symbols and the program variables
ECFE . E=7F
Ei1|[V|Ey : leastupper bound df; andFEs in D

leastEF e Dst.E{1C E,Eo C F
leastE € Ds.t.E;V Es=1F

[J|lz: E : leastupperbounddfE’ | EC E' x ¢ V(E')}
leastE’ € Ds.t.dx : E=1FE'

- /
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Logical Abstract Interpreter I

Initialize : Assign an abstract fact to each program point

e true to the program entry point

e false to all other program points

Propagate : Use transfer functions to update facts at each program point

Terminate : Upon reaching a fixpoint

Require operators for over-approximating disjunction and existential
guantifier elimination, and for deciding logical implication
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/ Linear Arithmetic Logical Domain I \

The linear arithmetic logical domain:

D . conjunction of linear equations over program variables
ECFE . E=paApl’
Ei|V|Ey : leastk € Ds.t. EV Ey=1FE
Jlxz: E . leastE’ € Ds.t.dx: E=rF’
Examples:
(x=0"y=1Nz=n—-1)[Vjz=1Ay=0Az=n—-1 = z4+y=1A
z=mn—1
(x+y=1Nz=n—-1)[V]x=0Ay=0Az2=n = x+y+z=n
(TN, 2 (@ +y+2 =nrne=2"+1Nz2=2"-1) = z+y+z=n

- /
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/ Linear Arithmetic Abstract Interpreter I \

[ true ]
1xXx =0,y =0; z = n;
| =0 Ay=0Az=n ]
2 while (*) {
[ (z=0Ay=0Az=n)V(x+y=1Nz=n—1) ]

3 if(

4 X = X+1;

5 z = z-1; | (x=1Ay=0Az=n—1) ]
6 } else {

7 y = y+1

8 z = z-1; | (x=0Ay=1Nz=n—-1) ]
o}

[ (z+y=1rz=n—1) ]
\10} +y=1A 1 /

Ashish Tiwari, SR | Congruence Closure: 23




4 N

Uninterpreted Functions Logical Domain'
The uninterpreted functions logical domain:
D . conjunction of equations over UFS and program variables
ECFE : E:>UF5E/
EA ’_\/_I E> leastE € D s.t. E1V Eys=ppskE
[J|lz:E : leastE' € Ds.t.3x: E=ypskE’
Examples:
(u=chv=c)[VIu=F(c)\v=F(¢c) = u=w
[T, 0" s (' =v'Au=FW')Av=F(@®")) = u=w
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Uninterpreted Functions Abstract Interpreter I

[ true ]
1U :=¢C,V = C

| u=cANv=c ]
2 while (%) {
[ (u=cAv=2c)|[V](u=F(c)\v=F(c)) ]
3 u = F(u);
4 v = F(V);
[ (u=F(c)hv=F(c)) ]
5 }
6 [ u=uv]
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X:=0;y:=0;
u:=0;v:=0;
while (*) {
X:=u+1;
y=1+v;
u = F(x);
V= F(y);
}

assert(x=y)

2=2paUXyrs
Th=Thps+Thyrs

-

Combining Abstract Interpreters: Motivation I

X:=C;y =C;
U:=C;V:=C;
while (*) {

X :=G(u, 1);
y .= G(1, v);

u = F(x);
v = F(y);
h

assert(x=y)

X:=0;y:=0;

u:=0;v:=0;

while (*) {
X:=u+1;
y=1+v,

%
)

u
V=¥
}

assert(x=y)

2 =XrA
Th=Thra

/
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Combining Logical Lattices'

Combining abstract interpreters is not easy [Cousot76]

Given logical latticed.; and Ls:

e Direct product (L1 x Ly, =7n, X =18, )

e Reduced produc{Ly x Lo, =7h,UTh,)

e Logical+ product (Infinite* conjunctions ofAF' (31 U X2, V), =1h,uTh,)

e Logical product
(Conjunctions ofAF'(X; U X2, V), =1n,uTh, With SOme restriction

- /
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/ Different Kinds of Combinations I \

Kind Lattice elements Lattice Preorder Can verify
Logical+ | Inf conj of atm facts inly UT, | =7, ur, 1,2,3,4
Logical | conj of atm facts il U T, =7 0n 1,2, 3
Reduced| L x Lo =T, UT, 1,2
Direct L{ x Lo =1, X =1, 1
it (*)
X =1,y = FQ), z := G(2);
else
X = 4; y = F(8-x); z := G(5);
Assertionszr > 1,y = F(z), z=G(z + 1),

(I(z)—l—H(5—x):H(1)—I—H(4) /
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/ Issues in Combining Logical Latticeﬂ \

Why not use the logical+ product?

The logical+ product is undesirable for two reasons:

1. T'hy U Thy need not define kattice on finite conjunctionseven ifT'h, and
T ho definelogical lattices

Thyrr . theory of uninterpreted functions with injectivity
Thrag . theory of linear arithmetic with only equality
Now,

(x=0Ay=1) U (z=1Ay=0)
= z+y=1AC|z|+ Cly] = C[0] + C[1]

QCombination can bbard(later) /
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/ Logical Product' \

Given two logical lattices, we define thegical producias:

elements . conjunctiong of atomic formulasn Thy U T hy
E|=|FE" . FE =7h,urn B andAlienTerms(E") C Terms(F)
AlienTerms(E) = subterms inE that belong to different theory
Terms(E) = all subterms in¥, plus all terms equivalent

to these subterms ((hh; U Thy U E)
Eg.{z=F(a+1),y=a}[V{z=FO+1),y=bt={z=F(y+1)}

r=Fla+1)ANy=a = x=F(y+1)

r=F(y+1)

1)
r=Fla+1l) Ny=a y+1l=a+1
\ Fb+1) y+1l=0b+1 /
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ANy =2>b




Logical Product'

¢ Includes only those atomic facts in the least upper bouné ahd £’
whosealien terms occur semantically both elements and E’

e |s more powerful thadlirect produciandreduced product

e Allows us to combine the abstract interpretersdularlyin some cases

We will discuss how to combine the abstract interpretation operations

- /
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Combining the Preorder Test'

Required fortesting convergenaaf fixpoint

E|=|FE'"iff
1. Thi UThso IZ E=FE'
2. AlienTerms(E') C Terms(F)

So, the crucial problem is (1)
Nelson-Oppen Combination Procedgan solve (1)

Works for convex, stably-infinite, disjoirtheories

-

~

/
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Joz'nTl (El, ET)
JOinT2 (El, ET)

Example.

-

Combining Join Operator'

Given procedures

Computest; | V]| E, in theoryT;
Computest; [ V]| E, in theoryT,

We wish to compute”; | V| E,. in the theoryT; U T

{Z+1 :aay:f(a)}(\/w{zzb_1ay:f(b)} —

{y=r0+2)}

/
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/ Combining Join Operators'

Lia|[V]p B2 =
1. (L1, Ly) := Purify and Saturaté;
(R1, Rg) := Purify and Saturat®;»;
2. Dr, = N{vi = (vi,v;) | vi € V(L1,L2),v; € V(R1,R2)};
Dgr = N{v; = (vi,v;) | vi € V(L1, La),v; € V(R1, Ra)};
3. Ly :=L1ADp; R} = Ri\Dg;
b= LoADy; RS = RoADRp;
4. Ay = Joint, (L], R));
Ag = Joint, (L, RY);
5. V:=V(A;, Ay)— Program Variables;
Aqo = Eliminater,, (A1 NAs, V);

&ReturnAlz;

~

/
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/ Combining Join Operators' \

z=a—1,y= f(a) z=b—1y= f(b)

Purify+NOSat 2z =a -1 y = f(a) z=b—-1 y= f(b)
LR-Exchange  a = (a,b) a = (a,b) b= {a,b) b= a,b)

Base Joins Joiny a Jommy
(a,0) =1+ 2 y = f({a,b))

Quant Elim QEyp.ra

Return y=rf(1+2)
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/ Combining Existential Quantifier Elimination I\

Required to computgansfer functiorfor assignments

E =QEr(FE',V)Iif Eisthe least element s.t.
o F'|= | E
e VIE)NV =10

Examples:

e QELa({z <a,a <y} {a}) ={z <y}

e QEyr({z = f(a),y = f(f(a)},{a}) ={y = f(z)}

e QEraswwr({a<b<y,z=c+1la=[ffbc= fb},{a,bc}) =
{f(z—1) <y;

Qow to construct E;, o« USINQQ Er 4 andQEy p? /
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/ Combining QE Operators' \
(EI—‘TM (Elg,V) :

1. (F1, Ey) := Purify and Saturaté’; ,;

2. (D, Defs) = DefSaturate(E1, E5, V U Temp Vars);

3. V.=V U TempVars — D;
E1 = Eliminater, (E1,V');
EY, .= Eliminater, (E2, V');

4. E = (E{\Eb)[Defs(y)/yl;
5. ReturnE’;

DefSaturate(E, o, U) returns the set of all variablds that have
\definitionsDefs In terms of variables not ity as implied byE; A Es /
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/ Combining QE Operators' \

Problem a<b<y,z=c+1l,a=ffbc=fb {a,b,c}

Purify+NOSat a<b<y,z=c+1 a= ffb,c= fb

QSat — c— z—1

QSat a— fc -

Base QEs QELA QFEur
a<y,z=c+1 a= fc

Substitute c—z—1,a— fc

\Return flz—1) <y /
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Assertion Checking Probleﬂ

Verify that an assertion is an invariant in a program:

Choices for underlying theory:

Linear Arithmetic : e:=y
Uninterpreted e =y
Combination e:=1y

|

~

assert(x=y)

W

$

clel+eq|ce
F(61,62)

clel e |cel| Fley,es)

/
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Complexity of Assertion Checking Probleﬂ

With interpreted conditionals, it is undecidable

Theory Complexity | Method

Linear Arithmetic| PTime Logical Al over LAE [Karr 76]
Uninterpreted PTime Logical Al over UFS [GN 04]
Combination coNP hard

Logical Al over Logical+ product can not be combined efficiently.

- /
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coNP-hardness: Checking Disjunctive Assertionf

. boolean 3-SAT instance witth clauses andé variables

x;:=0,fore =1,2,....m
fori =1tok do
iIf (*) then
x; := 1, Vj: variable: occurs positively in clausg
else

x; := 1, Vj: variable: occurs negatively in clause
SuUm =1+ -+ Im
assertfum =0V ---V sum =m — 1)

Assertion is valid IFR) is unsatisfiable

- /
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coNP-hardness of Assertion Checkin'

Key ldea Disjunctive assertion can be encoded in the combination.

r=aVzr=b & F(a)+Fb) =F(x)+Fla+b—x)
Using thisrecursively we can write an assertion (atomic formula) which
holdsiffr =0Vva=1V---Vz=m—1holds.

For e.g., encoding far =0V x =1V x = 2 is obtained by encoding
Fr=F2VFxr=F0+ F1—-F(1—x):

F(FO+F1—F(1—2))+FF2 = FFz+F(FO+F1+F2—F(1—z)— Fx)

- /
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4 N
Conclusionﬂ

e \We can combine completion procedures using a constructive variant of NO
result

e Logical latticesare good candidates fdninking about anduilding abstract
interpreters.

o Logical producis morepowerfulthandirector reducedproduct

o Operations on logical lattices can bedularlycombined to yield
operations fotogical products

o Using ideas from the classicllelson-Oppen combination method

e Theassertion checkingroblem on logical+ product of two logical lattices
can behard even when it is in PTime for the component logical lattices
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