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Predicate Logic —
Semantical notions, equality & conclusion
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Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)

— particular elements of U{ interpreting constants & free variables

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)
— particular elements of {/ interpreting constants & free variables

— particular functions from 4™ to U interpreting function symbols

(with correct arity n)

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)
— particular elements of {/ interpreting constants & free variables

— particular functions from 4™ to U interpreting function symbols

(with correct arity n)

— particular n-ary relations on {4
(= subsets of 4™ / functions from U™ to booleans)

interpreting predicate symbols (with correct arity n)

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)
— particular elements of {/ interpreting constants & free variables

— particular functions from 4™ to U interpreting function symbols

(with correct arity n)

— particular n-ary relations on {4
(= subsets of 4™ / functions from U™ to booleans)

interpreting predicate symbols (with correct arity n)

A collection of such data is denoted M

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)
— particular elements of {/ interpreting constants & free variables

— particular functions from 4™ to U interpreting function symbols

(with correct arity n)

— particular n-ary relations on {4
(= subsets of 4™ / functions from U™ to booleans)

interpreting predicate symbols (with correct arity n)

A collection of such data is denoted M

We now define when it is considered a model of a wff.

JHM+SL: CS3202 Lecture 6 Slide 1



Semantics of predicate logic

e \We need
— a set of elements U to interpret terms

(i.e. the universe whose objects are what the syntax is meant to denote &

speak about)
— particular elements of {/ interpreting constants & free variables

— particular functions from 4™ to U interpreting function symbols

(with correct arity n)

— particular n-ary relations on {4
(= subsets of 4™ / functions from U™ to booleans)

interpreting predicate symbols (with correct arity n)

A collection of such data is denoted M

We now define when it is considered a model of a wff.

JHM+SL: CS3202 Lecture 6 Slide 1



Models of predicate logic

e M gives interpretation of constants and variables.
Extended to terms in the obvious way, using interpretation of functions

given in M

JHM+SL: CS3202 Lecture 6 Slide 2



Models of predicate logic

e M gives interpretation of constants and variables.

Extended to terms in the obvious way, using interpretation of functions

given in M

e an (applied) predicate p(t1,...,t,) is interpreted as
true if the interpretations of ¢1, . . . , ¢, are in the relation interpreting p
false if not.

JHM+SL: CS3202 Lecture 6 Slide 2



Models of predicate logic

e M gives interpretation of constants and variables.

Extended to terms in the obvious way, using interpretation of functions

given in M

e an (applied) predicate p(t1,...,t,) is interpreted as
true if the interpretations of ¢1, . . . , ¢, are in the relation interpreting p
false if not.

e Wff are interpretated as in propositional logic, using truthtables for
propositional connectives A\, V, =

...+ new case of quantifier

JHM+SL: CS3202 Lecture 6 Slide 2



Models of predicate logic

e M gives interpretation of constants and variables.

Extended to terms in the obvious way, using interpretation of functions

given in M

e an (applied) predicate p(t1,...,t,) is interpreted as
true if the interpretations of ¢1, . . . , ¢, are in the relation interpreting p
false if not.

e Wff are interpretated as in propositional logic, using truthtables for
propositional connectives A\, V, =

...+ new case of quantifier

JHM+SL: CS3202 Lecture 6 Slide 2



Models of predicate logic

e Vx, Aisinterpreted as
true if for all object ¢ of the universe U/, A is interpreted as true in the
structure that extends M by interpreting x as ¢

false if not.

JHM+SL: CS3202 Lecture 6 Slide 3



Models of predicate logic

e Vx, Aisinterpreted as
true if for all object ¢ of the universe U/, A is interpreted as true in the
structure that extends M by interpreting x as ¢

false if not.

e dx, Ais interpreted as
true if there exists an object ¢ of the universe {/ such that A is

interpreted as true in the struct. that extends M by interpreting x as ¢

false if not.

JHM+SL: CS3202 Lecture 6 Slide 3



Models of predicate logic

e Vx, Aisinterpreted as
true if for all object ¢ of the universe U/, A is interpreted as true in the
structure that extends M by interpreting x as ¢

false if not.

e dx, Ais interpreted as
true if there exists an object ¢ of the universe {/ such that A is
interpreted as true in the struct. that extends M by interpreting x as ¢

false if not.

e M is amodel of a formula A, written M |= A, if the interpretation of A
in M is true

JHM+SL: CS3202 Lecture 6 Slide 3



Models of predicate logic

e Vx, Aisinterpreted as
true if for all object ¢ of the universe U/, A is interpreted as true in the
structure that extends M by interpreting x as ¢

false if not.

e dx, Ais interpreted as
true if there exists an object ¢ of the universe {/ such that A is
interpreted as true in the struct. that extends M by interpreting x as ¢

false if not.

e M is amodel of a formula A, written M |= A, if the interpretation of A
in M is true

Again, notion of semantic entailment: Aq,..., A, = A

JHM+SL: CS3202 Lecture 6 Slide 3



Models of predicate logic

e Vx, Aisinterpreted as
true if for all object ¢ of the universe U/, A is interpreted as true in the
structure that extends M by interpreting x as ¢

false if not.

e dx, Ais interpreted as
true if there exists an object ¢ of the universe {/ such that A is
interpreted as true in the struct. that extends M by interpreting x as ¢

false if not.

e M is amodel of a formula A, written M |= A, if the interpretation of A
in M is true

Again, notion of semantic entailment: Aq,..., A, = A

JHM+SL: CS3202 Lecture 6 Slide 3



Models of predicate logic

e The universe U in M can have infinitely many elements.

JHM+SL: CS3202 Lecture 6 Slide 4



Models of predicate logic

e The universe U in M can have infinitely many elements.
Because of quantifiers, there is no finite check that the interpretation of a

formula is true or false.

JHM+SL: CS3202 Lecture 6 Slide 4



Models of predicate logic

e The universe U in M can have infinitely many elements.
Because of quantifiers, there is no finite check that the interpretation of a

formula is true or false.

In fact, this is undecidable.

JHM+SL: CS3202 Lecture 6 Slide 4



Models of predicate logic

e The universe U in M can have infinitely many elements.
Because of quantifiers, there is no finite check that the interpretation of a

formula is true or false.
In fact, this is undecidable.

The syntactic notion of proof (e.g. Classical natural deduction) is sound &

complete w.r.t. semantics
A, ..., A, FAiffAy,..., A, E A

... hence, it cannot get round undecidability,

JHM+SL: CS3202 Lecture 6 Slide 4



Models of predicate logic

e The universe U in M can have infinitely many elements.
Because of quantifiers, there is no finite check that the interpretation of a

formula is true or false.
In fact, this is undecidable.

The syntactic notion of proof (e.g. Classical natural deduction) is sound &

complete w.r.t. semantics
A, ..., A, FAiffAy,..., A, E A
... hence, it cannot get round undecidability,

but proofs are finite objects that can capture infinite behaviour/properties.

Advantage on semantics.

JHM+SL: CS3202 Lecture 6 Slide 4



Models of predicate logic

e The universe U in M can have infinitely many elements.
Because of quantifiers, there is no finite check that the interpretation of a

formula is true or false.
In fact, this is undecidable.

The syntactic notion of proof (e.g. Classical natural deduction) is sound &

complete w.r.t. semantics
A, ..., A, FAiffAy,..., A, E A
... hence, it cannot get round undecidability,

but proofs are finite objects that can capture infinite behaviour/properties.

Advantage on semantics.

JHM+SL: CS3202 Lecture 6 Slide 4



The case of equality

e One particular binary predicate: —

JHM+SL: CS3202 Lecture 6 Slide 5



The case of equality

e One particular binary predicate: —
Usually comes with extra axioms / rules:

JHM+SL: CS3202 Lecture 6 Slide 5



The case of equality

e One particular binary predicate: —
Usually comes with extra axioms / rules:

e Reflexivity:

P (no premiss: leaves ¢ = { are discharged)

JHM+SL: CS3202 Lecture 6 Slide 5



The case of equality

e One particular binary predicate: —
Usually comes with extra axioms / rules:

e Reflexivity: (no premiss: leaves ¢ = ¢ are discharged)

t=1
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Questions?
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