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Multi types—aka non-idempotent intersection types—have been used to obtain quantitative bounds on higher-
order programs, as pioneered by de Carvalho. Notably, they bound at the same time the number of evaluation
steps and the size of the result. Recent results show that the number of steps can be taken as a reasonable
time complexity measure. At the same time, however, these results suggest that multi types provide quite lax
complexity bounds, because the size of the result can be exponentially bigger than the number of steps.

Starting from this observation, we refine and generalise a technique introduced by Bernadet & Graham-
Lengrand to provide exact bounds. Our typing judgements carry counters, one measuring evaluation lengths
and the other measuring result sizes. In order to emphasise the modularity of the approach, we provide
exact bounds for four evaluation strategies, both in the A-calculus (head, leftmost-outermost, and maximal
evaluation) and in the linear substitution calculus (linear head evaluation).

Our work aims at both capturing the results in the literature and extending them with new outcomes.
Concerning the literature, it unifies de Carvalho and Bernadet & Graham-Lengrand via a uniform technique
and a complexity-based perspective. The two main novelties are exact split bounds for the leftmost strategy—
the only known strategy that evaluates terms to full normal forms and provides a reasonable complexity
measure—and the observation that the computing device hidden behind multi types is the notion of substitution
at a distance, as implemented by the linear substitution calculus.
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1 INTRODUCTION

Type systems enforce properties of programs, such as termination, deadlock-freedom, or produc-
tivity. This paper studies a class of type systems for the A-calculus that refines termination by
providing exact bounds for evaluation lengths and normal forms.

Intersection types and multi types. One of the cornerstones of the theory of A-calculus is that
intersection types characterise termination: not only typed programs terminate, but all terminating
programs are typable as well [Coppo and Dezani-Ciancaglini 1978, 1980; Krivine 1993; Pottinger
1980]. In fact, the A-calculus comes with different notions of evaluation (e.g. call-by-name, call-by-
value, call-by-need, etc) to different notions of normal forms (head/weak/full, etc) and, accordingly,
with different systems of intersection types.

Intersection types are a flexible tool and, even when one fixes a particular notion of evaluation
and normal form, the type system can be formulated in various ways. A flavour that became quite
convenient in the last 10 years is that of non-idempotent intersection types, where the intersection
AN Ais not equivalent to A. They first appeared in [Gardner 1994; Kfoury 2000; Neergaard and
Mairson 2004] but it is the seminal work of de Carvalho [2007, 2018]*, who found fundamental uses
of non-idempotency to characterise quantitative properties of A-calculus, stressing their importance.
Roughly, distinguishing A N A from A allows counting resource consumption. A survey can be
found in [Bucciarelli et al. 2017].

1de Carvalho’s work published in 2018 is based on the well diffused technical report [de Carvalho 2009].
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Non-idempotent intersections can be seen as multi-sets, which is why, to ease the language, we
prefer to call them multi types rather than non-idempotent intersection types. Multi types have two
main features:

(1) Bounds on evaluation lengths: they go beyond simply qualitative characterisations of termina-
tion, as typing derivations provide quantitative bounds on the length of evaluation (i.e. on the
number of f-steps) and on the size of normal forms. Therefore, they give intensional insights
on programs, and seem to provide a tool to reason about the complexity of programs.

(2) Linear logic interpretation: multi types are deeply linked to linear logic. The relational
model [Bucciarelli and Ehrhard 2001; Girard 1988] of linear logic (often considered as a
sort of canonical model of linear logic) is based on multi-sets, and multi types can be seen as a
syntactic presentation of the relational model of the A-calculus induced by the interpretation
into linear logic.

These two facts together have a potential, fascinating consequence: they suggest that denotational
semantics may provide abstract tools for complexity analyses, that are theoretically solid, being
grounded on linear logic.

Various works in the literature explore the bounding power of multi types. Often, the bounding
power is used qualitatively, i.e. without explicitly counting the number of steps to characterise
termination and / or the properties of the induced relational model. Indeed, multi types provide
combinatorial proofs of termination that are simpler than those developed for (idempotent) intersec-
tion types (e.g. reducibility technique). Several papers explore this approach under the call-by-name
[Bucciarelli et al. 2012; Kesner and Ventura 2015; Kesner and Vial 2017; Ong 2017; Paolini et al.
2017] or the call-by-value [Carraro and Guerrieri 2014; Diaz-Caro et al. 2013; Ehrhard 2012] opera-
tional semantics, or both [Ehrhard and Guerrieri 2016]. Sometimes, precise quantitative bounds are
provided instead, as in [Bernadet and Graham-Lengrand 2013b; de Carvalho 2018]. Multi types can
also be used to provide characterisation of complexity classes [Benedetti and Ronchi Della Rocca
2016]. Other qualitative [de Carvalho 2016; Guerrieri et al. 2016] and quantitative [de Carvalho
et al. 2011; de Carvalho and Tortora de Falco 2016] studies are also sometimes done in the more
general context of linear logic, rather than in the A-calculus.

Reasonable cost models. Usually, the quantitative studies define a measure for typing derivations
and show that the measure provides a bound on the length of evaluation sequences for typed terms.
A criticism that could be raised against these results is, or rather was, that the number of S-steps
of the bounded evaluation strategies might not be a reasonable cost model, that is, it might not
be a reliable complexity measure. This is because no reasonable cost models for the A-calculus
were known at the time. But the understanding of cost models for the A-calculus made significant
progress in the last few years. Since the nineties, it is known that the number of steps for weak
strategies (i.e. not reducing under abstraction) is a reasonable cost model [Blelloch and Greiner
1995], where reasonable means polynomially related to the cost model of Turing machines. It is only
in 2014, that a solution for the general case has been obtained: the length of leftmost-outermost
evaluation to normal form was shown to be a reasonable cost model in [Accattoli and Dal Lago
2016]. In this work we essentially update the study of the bounding power of multi types with the
insights coming from the study of reasonable cost models. In particular, we provide new answers to
the question of whether denotational semantics can really be used as an accurate tool for complexity
analyses.

Size explosion and lax bounds. The study of cost models made clear that evaluation lengths are
independent from the size of their results. The skepticism about taking the number of -steps as a
reliable complexity measure comes from the size explosion problem, that is, the fact that the size of
terms can grow exponentially with respect to the number of -steps. When A-terms are used to
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encode decision procedures, the normal forms (encoding true or false) are of constant size, and
therefore there is no size explosion issue?. But when A-terms are used to compute other normal
forms than Boolean values, there are families of terms {t,},en Where t,, has size linear in n, it
evaluates to normal form in n f-steps, and produces a result p,, of size Q(2"), i.e. exponential in n.
Moreover, the size explosion problem is extremely robust, as there are families for which the size
explosion is independent of the evaluation strategy. The difficulty in proving that the length of a
given strategy provides a reasonable cost model lies precisely in the fact that one needs a compact
representation of normal forms, to avoid to fully compute them (because they can be huge and
it would be too expensive). A gentle introduction to reasonable cost models and size explosion is
[Accattoli 2018a].

Now, multi typings do bound the number of f-steps of reasonable strategies, but these bounds
are sometimes too generous since they bound at the same time the length of evaluations and the
size of the normal forms. Therefore, even a notion of minimal typing (in the sense of being the
smallest derivation) provides a bound that in some cases is exponentially worse than the number
of B-steps.

Our observation is that the typings themselves are in fact much bigger than evaluation lengths,
and so the widespread point of view for which multi types—and so the relational model of linear
logic—faithfully capture evaluation lengths, or even the complexity, is misleading.

More precisely, multi typings do measure part of the size of the normal form, namely, the part
concerned by the notion of evaluation that the typings are meant to measure. In the case of head
evaluation, for instance, they measure the size of the spine, that is, the left branch of the term syntax
tree, because head evaluation never enters arguments and so their size is not taken into account.
Notably, the size of the spine never explodes, even on families of terms whose size explodes via
head evaluation. In the case of leftmost evaluation, however, multi typings measure the whole size
of the term, which does explode. Therefore, the inaccuracy of the measurement depends on the
notion of evaluation under study.

Contributions

The tightening technique. Our starting point is a technique introduced in a technical report
by Bernadet and Graham-Lengrand [2013a]. They study the case of maximal evaluation, and
present a multi type system where typing derivations of terms provide an upper bound on the
number of S-steps to normal form. More interestingly, they show that every strongly normalising
term admits a typing derivation that is sufficiently tight, where the obtained bound is exactly
the length of the longest f-reduction path. This improved on previous results, e.g. [Bernadet and
Graham-Lengrand 2013b; Bernadet and Lengrand 2011] where multi types provided the exact
measure of longest evaluation paths plus the size of the normal forms which, as discussed above,
can be exponentially bigger. Finally, they enrich the structure of base types so that, for those typing
derivations providing the exact lengths, the type of a term gives the structure (and hence the size)
of its normal form. This paper embraces this tightening technique, simplifying it with the use of
tight constants for base types, and generalising it to a range of other evaluation strategies, described
below.

Modular approach. We develop all our results by using a unique schema that modularly applies
to different evaluation strategies. Our approach isolates the key concepts for the correctness and
completeness of multi types, providing a powerful and modular technique, having at least two

2To be precise, size explosion may happen also when the normal form is a boolean: a term may make arguments grow
exponentially in size and then erase them. Such a form of size explosion is an issue for implementations, but not for the
topic of this paper.
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by-products. First, it reveals the relevance of neutral terms and of their properties with respect to
types. Second, the concrete instantiations of the schema on four different cases always require
subtle definitions, stressing the key conceptual properties of each case study.

Head and leftmost-outermost evaluation. The first application of the tightening technique is
to the head and leftmost evaluation strategies (we often say simply leftmost instead of leftmost-
outermost). The head case is the simplest possible one. The leftmost case is the natural iteration of
the head one, and the only known strong strategy whose number of steps provides a reasonable cost
model [Accattoli and Dal Lago 2016]. Multi types bounding the lengths of leftmost normalising terms
have been also studied in [Bucciarelli et al. 2017; Kesner and Ventura 2014], but the exact number
of steps taken by the leftmost strategy has not been measured via multi types before—therefore,
this is a new result, as we now explain.

The study of the head and the leftmost strategies, at first sight, seems to be a minor reformulation
of de Carvalho’s results about measuring via multi types the length of executions of the Krivine
abstract machine (shortened KAM)—implementing weak head evaluation—and of the iterated
KAM—that implements leftmost evaluation [de Carvalho 2018]. The study of cost models is here
enlightening: de Carvalho’s iterated KAM does implement leftmost evaluation, but the overhead of
the machine (that is counted by de Carvalho’s measure) is exponential in the number of S-steps,
while here we only measure the number of f-steps, thus providing a much more parsimonious
—and yet reasonable— measure. The machine overhead is actually reflected by the size of the normal
form, that can be exponential, but it is measured separately.

Another work that is closely related to ours is de Carvalho et al. [2011], where the relational
model of linear logic is used to measure evaluation lengths in proof nets. They do not however
split the bounds, that is, they do not have a way to measure separately the number of steps and the
size of the normal form. Moreover, their notion of cut-elimination by levels does not correspond to
leftmost evaluation.

Shrinking. The study of leftmost evaluation via tight typings is then compared with traditional
multi types for leftmost evaluation without tight constants. Traditional type systems characterise
leftmost termination using a shrinking constraint: no negative occurrences of the empty multi-set
in the final judgement of the type derivation [Bucciarelli et al. 2017; de Carvalho 2018; Kesner and
Ventura 2014; Krivine 1993]. The comparison is instructive. First, it shows that tightness and being
shrinking are predicates formulated following similar principles. Second, it allows us to provide
a new proof technique for the shrinking case, by adapting the one for the tight case. Third, we
provide a detailed study producing exact bounds starting from traditional derivations, revisiting
the study in [de Carvalho 2018].

Maximal evaluation. We also apply the technique to the maximal strategy, which takes the
maximum number of steps to normal form, if any, and diverges otherwise. The maximal strategy
has been bounded in [Bernadet and Lengrand 2011], and exactly measured in [Bernadet and
Graham-Lengrand 2013a] via the idea of tightening, as described above. The differences with
respect to [Bernadet and Graham-Lengrand 2013a] are:

(1) Uniformity with other strategies: The typing system in [Bernadet and Graham-Lengrand
2013a] uses a form of sub-typing to deal with erasing A-abstractions. Here, we align the
type grammar with the one used for all the other evaluation strategies, which in turn allows
the typing rules for A-abstractions to be the same as for head and leftmost evaluation. This
makes the whole approach more uniform across the different strategies that we treat in the
paper. Moreover, our completeness theorem for the maximal strategy bears quantitative
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information (about evaluation lengths and size of normal forms), in contrast with [Bernadet
and Graham-Lengrand 2013a].

(2) Quantitative aspects of normal forms: while Bernadet and Graham-Lengrand encode the shape
of normal forms into base types, we only use two (tight) constant base types. We measure
typing derivations with two indices: the first one matches the maximal evaluation length of
the typed term, and the second one matches the size of its normal form together with the
size of all terms that are erased by the evaluation process.

(3) Neutral terms: we emphasise the key role of neutral terms in the technical development by
describing their specificities with respect to typing. This is not explicitly broached in [Bernadet
and Graham-Lengrand 2013al].

Linear head evaluation. Last, we apply the tightening technique to linear head evaluation [Danos
and Regnier 2004; Mascari and Pedicini 1994] (lhd for short), formulated in the linear substitution
calculus (LSC), a A-calculus with explicit substitutions introduced by Accattoli and Kesner [Accattoli
2012; Accattoli et al. 2014] that is strongly related to linear logic proof nets [Accattoli 2018b], and
can also be seen as a minor variation over a calculus by Milner [Milner 2007]. The literature contains
a characterisation of [hd-normalisable terms [Kesner and Ventura 2014]. Moreover, [de Carvalho
2018] measures the executions of the KAM, a result that can also be interpreted as a measure of
lhd-evaluation. What we show however is stronger, and somewhat unexpected.

To bound lhd-evaluation, in fact, we can strongly stand on the bounds obtained for head evalua-
tion. More precisely, the result for the exact bounds for head evaluation takes only into account the
number of abstraction and application typing rules. For linear head evaluation, instead, we simply
need to count also the axioms, i.e. the rules typing variable occurrences, nothing else. It turns out
that the length of a linear head evaluation plus the size of the linear head normal form is exactly
the size of the tight typing.

Said differently, multi typings simply encode evaluations in the LSC. In particular, we do not
have to adapt multi types to the LSC, as for instance de Carvalho does to deal with the KAM. It
actually is the other way around. As they are, multi typings naturally measure evaluations in the
LSC. To measure evaluations in the A-calculus, instead, one has to forget the role of the axioms.
The best way to stress it, probably, is that the LSC is the computing device behind multi types.

Journal vs conference version. This paper is the journal version of [Accattoli et al. 2018]. In
the conference paper the head and leftmost cases were presented at the same time, while here
we present them sequentially: first the simple head case, to introduce the main concepts in an
easy setting, and then the leftmost case, stressing its subtleties. Moreover, the study of shrinking
derivations has been considerably extended, adding in particular exact bounds via the study of
unitary shrinking derivations.

In this paper we include the key cases of the proofs of the important properties, which were
not included in the conference version proofs. We also revisited the whole technical development,
correcting a number of minor bugs in some statements and proofs. Some key notions have slightly
changed, without any technical impact but only for a presentation purposes: the index counting
the number of S-steps (in the conference version the index was twice the number, while we now
make them equal, as suggested by Pierre Vial), for instance, or the definition of size of a derivation
(before it was parametric, now it is unique for all the systems).

Proofs. For the sake of readability, the details of many proofs are in the Appendices.
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Other Related Works

Apart from the papers already cited, let us mention some other related works. A recent, general
categorical framework to define intersection and multi type systems appears in [Mazza et al. 2018].

While the inhabitation problem is undecidable for idempotent intersection types [Urzyczyn
1999], the quantitative aspects provided by multi types make it decidable [Bucciarelli et al. 2014].
Intersection type are also used in [Dudenhefner and Rehof 2017] to give a bounded dimensional
description of A-terms via a notion of norm, which is resource-aware and orthogonal to that of
rank. It is proved that inhabitation in bounded dimension is decidable (EXPSPACE-complete) and
subsumes decidability in rank 2 [Urzyczyn 2009].

The quantitative approach yielding upper bounds for evaluation lengths has also been extended
to classical logic [Kesner and Vial 2019], which does not only capture pure functional programming,
but also control operators.

Bounds for evaluation lengths are also studied by Dal Lago and Gaboardi [Lago and Gaboardi
2011] and Dal Lago and Petit [Lago and Petit 2013, 2014] using linear dependent types rather than
intersection types.

Other works propose a more practical perspective on resource-aware analyses for functional
programs. In particular, type-based techniques for automatically inferring bounds on higher-order
functions have been developed, based on sized types [Avanzini and Lago 2017; Hughes et al.
1996; Portillo et al. 2002; Vasconcelos and Hammond 2004] or amortised analysis [Hoffmann and
Hofmann 2010; Hofmann and Jost 2003; Jost et al. 2017]. This led to practical cost analysis tools like
Resource-Aware ML [Hoffmann et al. 2012] (see raml.co). Intersection types have been used [Simdes
et al. 2007] to address the size aliasing problem of sized types, whereby cost analysis sometimes
over-approximates cost to the point of losing all cost information [Portillo et al. 2002]. How our
multi types could further refine the integration of intersection types with sized types is a direction
for future work

Finally, in between the publication of the conference paper and the submission of this journal
extension, the main ideas of our work were adapted to obtain exact bounds for open call-by-
value [Accattoli and Guerrieri 2018], call-by-need [Accattoli et al. 2019], and pattern-matching
calculi [Alves et al. 2019].

2 ABIRD’S EYE VIEW

Our study is based on a schema that is repeated for different evaluation strategies, making most
notions parametric in the strategy —¢ under study. The following concepts constitute the main
ingredients of our technique:

(1) Strategy, together with the normal, neutral, and abs predicates: there is a deterministic eval-
uation strategy —¢ whose normal forms are characterised via two related predicates,
normalg(t) and neutralg(t), the intended meaning of the second one is that ¢ is S-normal
and can never behave as an abstraction (that is, it does not create a redex when applied
to an argument). We further parametrise also this last notion by using a predicate absg(t)
identifying abstractions, because the definition of deterministic strategies requires some
subterms to not be abstractions®.

(2) Typing derivations: derivations, denoted by ®, are trees constructed by means of different
typing rules. The following features deserve to be highlighted.

3For the head, leftmost, and maximal systems, the abss(¢) predicate is trivial, it simply hold when ¢ is an abstraction. In
the linear head system of Sect. 8, however, we use another predicate, which is why, for the sake of uniformity, we prefer to
also make our approach parametric with respect to a absgs(#) predicate.
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o Tight constants: there are two new type constants, neutral and abs, and new rules in-
troducing them. As their name suggests, the constants neutral and abs are used to type
terms whose normal form is a neutral term or an abstraction, respectively.

o Tight derivations: there is a notion of tight derivation that requires a special use of the
constants.

e Indices: typing judgements have the shape I' ")t : A, where b and r are indices meant to
count, when the derivation is tight, the number of steps to normal form and the size of the
normal form, respectively.

Sizes of normal forms: the notion of normal forms depends on the strategy, and so do their

notions of size, noted |¢|s. A fact that may seem counter-intuitive is that these sizes do not

count all the constructors in a term, but only some of them—often variables are ignored—and
only those appearing in some specific positions, typically the head sizes do not count the size
of arguments but only their presence. The reasons are explained precisely where the sizes
are defined. Different type system inspect different aspects of (different notions of) normal
forms and thus account for different quantitative aspects. The basic idea is that our notions
of size measure the cost of checking that a term is normal, with respect to the given strategy.

Additionally, there is a notion of size of typing derivations |®| that gives an upper bound to

the sum of the indices associated to the last judgement of ®.

(4) Characterisation: we prove that T F?")t : A is a tight typing relatively to — s if and only if

there exists an S normal term p such that ¢ —>§ pand |pls =r.

(5) Proof technique: the characterisation is obtained always through the same sequence of in-

termediate results. Correctness follows from the fact that all tight typings of normal forms
precisely measure their size, a substitution lemma for typing derivations and subject reduc-
tion. Completeness follows from the fact that every normal form admits a tight typing, an
anti-substitution lemma for typing derivations, and subject expansion.

(6) Neutral terms: we stress the relevance of neutral terms in normalisation proofs from a typing

perspective. In particular, correctness theorems always rely on a lemma about them. Neutral
terms are a common concept in the study of A-calculus, playing a key role in, for instance,
the reducibility candidate technique [Girard et al. 1989].

The proof schema is illustrated in the next sections on two standard reduction strategies, namely
head and leftmost(-outermost) evaluation. It is then slightly adapted to deal with maximal evaluation
in Sect. 7 and linear head evaluation in Sect. 8. A similar schema is also followed in Sect. 5, where we
study leftmost evaluation once again, this time with respect to multi types that are not necessarily

tight.

Evaluation systems. Each case study treated in the paper relies on the same properties of the
strategy — and the related predicates normals(t), neutrals(t), and abss(t), that we collect
under the notion of evaluation system.

Definition 2.1 (Evaluation system). Let 7s be a set of terms, —¢ be an evaluation strategy and
normalg, neutralg, and absg be predicates on 7s. All together they form an evaluation system S if
forall ¢, p, p1,p2 € Ts:

(1) Determinism of —¢ :if t—¢ p; and t — ¢ p, then p; = p,.

(2) Characterisation of S-normal terms: t is — ¢ -normal if and only if normals(t).

(3) Characterisation of S-neutral terms: neutralg(t) if and only if normalgs(t) and —abss(z).

Given a strategy —¢ we use —>’§ for its k" iteration and — for its reflexive-transitive closure.
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neutraly (t) neutraly (t) normalyg(t)
neutraly (x) neutralyy(tp) normaly (t) normaly (Ay.t)

Fig. 1. Head neutral and head normal terms

t—>hdp —absp () t—)hdp

(Ax.u)q —hd u{x<q} Ax.t—>hd Ax.p tu—, ., pu

Fig. 2. Head strategy

(xha:=0  |Axplua = pha+1  lpulna = lplua+1 |

Fig. 3. Head size of terms

Summary. The following table clearly indicates the figures defining the key concepts needed to
capture the essence of the evaluation strategies and the typing systems. Correctness and complete-
ness theorems for each evaluation strategy with respect to the corresponding typing system is also

indicated.
Head Leftmost Shrinking Maximal Linear Head

Neutral/Normal Terms Fig. 1 Fig. 6 Fig. 6 Fig. 6 Fig. 11
Size of Terms Fig. 3 Fig. 5 Fig. 5 Fig. 5 Fig. 13
Evaluation Rules Fig. 2 Fig. 7 Fig. 7 Fig. 9 Fig. 12
Typing Rules Fig. 4 Fig. 8 Fig. 8 Fig. 10 Fig. 14
Correctness Thm. 3.7 Thm.4.7 Thm.510 Thm.?7.8 Thm. 8.7
Completeness Thm. 3.11 Thm. 4.11 Thm.5.13 Thm.7.12  Thm. 8.11

3 HEAD EVALUATION

In this section we consider the head evaluation system, which is the simplest one, and gradually
introduce the main concepts for multi types and for the tight technique.
The set of A-terms A is given by ordinary A-terms:

A-TERMS Lp = x|Axt|tp
Normal, neutral, and abs predicates. The predicate normaly, defining head normal terms is
in Fig. 1, and it is based on an auxiliary predicate neutralyy defining neutral terms, that are

simply terms of the form xt; ...t with k > 0. The predicate absp,(t) is true simply when ¢ is an
abstraction.

Small-step semantics. The head strategies —, ; is defined in Fig. 2.

ProprosiTioN 3.1 (HEAD EVALUATION SYSTEMS). (A, —. ,neutralyy, normalyy, absyy) is an
S
evaluation system.

The proof is routine, and it is then omitted also from the Appendix.

Size of normal forms. The notions of head size |t|p4 of a (head normal) term ¢ is defined in Fig. 3
(for simplicity we define it over the structure of terms and not of head normal forms).
There are two unusual points:
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(1)

Arguments: in the application case the argument u does not contribute (1 accounts for the
application constructor itself, that is, just the existence of an argument). Head evaluation
does not enter arguments and so it is natural to not account for them. Another point of view
is considering |t|p4 as measuring the part of ¢ that an algorithm has to explore in order to
check that it is head normal.

Note that head evaluation does suffer of size explosion, but only if the size of arguments is
also taken into account—see Grabmayer [2018] for details.

Variables: variables may be counted for the size of normal forms, but we do not count them
for uniformity. In general, the first counter on typing judgements shall measure the dynamic
aspect (the number of steps) of the computation, while the second counter is devoted to the
static aspect (the size of normal forms). Counting variables for normal forms corresponds
to counting axioms in the typing system, which in turn accounts for the number of single
(linear) variable replacements done by the strategy—this shall be done in Sect. 8, where we
deal with linear head evaluation. But head evaluation is based on meta-level (non-linear)
substitution and thus does not account for single variable replacements—thus variables must
not be counted at the dynamic level. To be uniform, we do not count variables for the static
aspect either, thus excluding them from the size of normal forms. Note that the same point
applies for the leftmost and maximal strategies of the next sections, whose size of normal
forms shall not count variables either.

Multi types. We define the following notions about types.

Multi types are defined by the following grammar:

TIGHT CONSTANTS tight := neutral | abs
TYPES AB == tight|X|M— A
MULTI-SETS M == [Ajlies (I afinite set)

where X ranges over a non-empty set of atomic types and [. . .] denotes the multi-set con-
structor.

Multi-sets: We use [ | to denote the empty multi-set, & for multi-set union, C for multi-set
inclusion, and \ for multi-set difference. An example of multi-set is M = [A, A, B], which
contains two occurrences of A and one occurrence of B. Then for example M v [A] =
[A, A A B]and M \ [A] = [A, B].

A typing context T' is a map from variables to finite multi-sets M of types such that only
finitely many variables are not mapped to the empty multi-set [ ]. The empty typing context
is written €. We write dom(T') for the domain of T, i.e. the set {x | T'(x) # [ ]}.

Tightness: we use the notation Tight for a multi-set containing only tight constants. Moreover,
we write tight(A)if Ais of the form tight, tight(M) if M is of the form Tight, and tight(T')
if tight(I'(x)) for all x, in which case we also say that I is tight.

The multi-set union @ is extended to typing contexts point-wise, i.e. ' & A maps each variable
x to T'(x)WA(x). This notion is extended to several contexts as expected so that W;<;T; denotes
a finite union of contexts (when I = () the notation is to be understood as the empty context).
When dom(T") N dom(A), then I' W I'” may also be written I'; I'". We write x : M for the typing
context assigning M to x and [ ] to all the other variables. Then the notation I'; x : M combines
the two previous ones.

The restricted context I' with respect to the variable x, written I'\\x is defined by (T'\x)(x) := [ ]

and (T'\ x)(y) :=T(y) ify # x.

Head typing system. The typing rules of the head system hd are presented in Fig. 4. Roughly, the
intuitions behind the typing rules are (please ignore the indices b and r for the time being):
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Fig. 4. Type system for head evaluation

e Rules ax, funy, and appy: this rules are essentially the traditional rules for multi types for
head and LO evaluation (see e.g. [Bucciarelli et al. 2017]), modulo the presence of the indices.

® Rule many: this is a structural rule allowing typing terms with a multi-set of types. In some
presentations of multi types many is hardcoded in the right premiss of the app,, rule (that
requires a multi-set). For technical reasons, it is preferable to separate it from app;. Morally,
it corresponds to the !-promotion rule in linear logic.

e Rule fun,: t has already been tightly typed, and all the types associated to x are also tight
constants. Then Ax.t receives the tight constant abs for abstractions. The consequence is
that this abstraction can no longer be applied, because there are no rules to apply terms of
type abs. Therefore, the abstraction constructor cannot be consumed by evaluation and it
ends up in the (head) normal form of the term, that has the form Ax.t’, where t’ is the (head)
normal form of t.

e Rule app"?: t has already been tightly typed with neutral and so morally it head normalises
to a term ¢’ having neutral form xu; . . . ux. The rule adds a further argument p that cannot
be consumed by evaluation, because ¢ shall never become an abstraction. Therefore, p ends
up in the head normal form t’p of tp, that is still neutral—correctly, so that tp is also typed
with neutral. Note that there is no need to type p because head evaluation never enters into
arguments.

o Tight constants and predicates: there is of course a correlation between the tight constants
neutral and abs and the predicates neutraly, and abs,y. Namely, a term ¢ is hd-typable
with neutral if and only if the hd-normal form of ¢ verifies the predicate neutralyy, as we
shall prove. For the tight constant abs and the predicate absj4 the situation is similar but
weaker: if the hd-normal form of ¢ verifies absy,y4 then t is typable with abs, but not the other
way around—variables are typable with abs without being abstractions.

e Presentation of abstraction rules: the presentation of the abstraction rules may seem unusual.
We explain the relationship with the usual presentation in the vacuous abstractions paragraph
below.

o The type systems is not syntax-directed, e.g. given an abstraction (resp. an application), it can
be typed with rule fun, or fun, (resp. app"? or app},), depending on whether the constructor
typed by the rule ends up in the normal form or not. Thus for example, given the term II,
where I is the identity function Az.z, the second occurrence of I can be typed with abs using
rule fun,, while the first one can be typed with [abs] — abs using rule fun,.
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We write ®>4g T Hb)t: A, to stress that @ is a head typing derivation ending in the judgement
I+t : A when, in the next sections, we discuss also other type systems. .

Indices. The roles of b and r can be described as follows:

e b and f-steps: b counts the abstraction rules of the derivation that may be used to form
(head) p-redexes, i.e. the number of fun, rules, because it is the only rule introducing an
arrow type. The index b is at least the number of -steps to normal form because typing a
p-redex requires a funy, rule. It may be greater than such a number if some of the abstractions
typed with funy, are never applied, and therefore end up in the normal form. For tight typing
derivations (introduced below), we are going to prove that b is exactly the length of the head
evaluation of the typed term to normal form. Essentially, tightness shall force abstractions
typed with fun, to be applied.

e r and size of the result: r counts the rules typing constructors that cannot be consumed by
P-reduction according to the head evaluation strategy, and that therefore shall end up in
contributing to the normal form. It counts the number of fun, and app/“. These rules type
the result of the evaluation, according to the head strategy, and measure the size of the result.
Note that the type abs given by rule fun, is not an arrow type and cannot therefore be
composed. Essentially, tightness shall force all abstractions ending in the normal form to be
typed with fun,.

For system hd, the indices on typing judgements are not really needed, as b can be recovered as
the number of fun, rules, and r as the number of fun, and appi‘d rules. We prefer to make them
explicit because 1) we want to stress the separate counting, and 2) for linear head evaluation in
Sect. 8 the counting shall be more involved, and the indices shall not be recoverable.

Note that only some rules contribute to the indices b and r. The fact that ax is not counted shall
change in Sect. 8, where we show that counting ax rules corresponds to measure evaluations in the
linear substitution calculus. The fact that many is not counted, instead, is due to the fact that it does
not correspond to any constructor on terms. A further reason is that the rule may be eliminated by
absorbing it in the app,, rule, that is the only rule that uses multi-sets—it is however technically
convenient to separate the two. The fact that app,, is not counted is because we already count funy
for B-redexes, and counting app;, would provide a number twice the measure we are interested in®.

Typing size. We define the size |®| of a typing derivation ® as the number of rules in @, not
counting the occurrences of rule many. The size of a derivation gives an upper bound to the sum
of the indices (b, ) on its final judgement: whenever ® >,y T "t : A we have b+ r < |®|.

Subtleties and easy facts. Let us overview some peculiarities and consequences of the definition

of our type systems.

(1) Relevance: no weakening is allowed in axioms. An easy induction on typing derivations shows
that a variable declaration x : M # [] appears explicitly in the typing context I of a type
derivation for t only if x occurs free and typed in t. In system hd, arguments of applications
might not be typed (because of rule app/¢), and so there may be x € fv(t) but not appearing
inT.

(2) Vacuous abstractions: our presentation of abstraction rules in Fig. 1 precisely accounts for the
case in which the abstraction binds a variable x not appearing in the type context I'. Indeed,
in the fun, rule, if x ¢ dom(T'), then I" \\ x is equal to I' and T'(x) is [ ], while in the fun,
rule, if x ¢ dom(T'), then I'(x) is [ ] and thus tight([ ]) holds. The alternative and equivalent
presentation of these rules is

“In the conference version of this paper we actually counted app;, rules and then obtained that b counted twice the number
of B-steps. We believe that it is cleaner to not count app,, rules, as suggested by P. Vial.
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L;x: ME®Dt: A I;x: Tight H®7r : tight
b+l fun, b.r+l
T L xt: M > A THE™ D)yt : abs

In the proofs we rather use this alternative formulation (that requires that x does appear in
the type context, and implicitly assumes that I';x : [ ] = T') but we prefer to adopt the precise
presentation in the formal definition, to avoid ambiguities.

(3) Head typings and applications: note the app”? rule types an application tp without typing the
right subterm p. This matches the fact that ¢p is a head normal form when ¢ is, independently
of the status of p.

fun,

Tight derivations. A given term t may have many different typing derivations, indexed by different
pairs (b, r). They always provide upper bounds on head evaluation lengths and lower bounds on
the size of head normal forms. The interesting aspect of our type systems, however, is that there is
a simple description of a class of typing derivations that provide exact bounds for these quantities,
as we shall show. Their definition relies on tight constants.

Definition 3.2 (Tight head derivations).
A derivation ® »q T +®7¢ : Bis tight if tight(B) and tight(T).

Remarkably, tightness is expressed as a property of the last judgement only. This is however not
unusual: characterisations of weakly normalising terms via intersection/multi types also rely on
properties of the last judgement only, as discussed in Sect. 5.

In Sect. 5, in particular, we show the size of a tight derivation for a normal term t is minimal
among derivations for t. Moreover, it is also of the same size of the minimal derivations making
no use of tight constants nor rules using them. Therefore, tight derivations may be thought as a
characterisation of minimal derivations for normal terms—for non-normal terms the question is
subtle and it is discussed at the end of Sect. 5.

Let us also refine the intuitions about tightness of the paragraph indices above, where we explain
in particular how tightness forces the partitioning of abstractions. Dually, tightness also forces
a partitioning of application rules. At some point of the evaluation, the left sub-term of every
application typed with app, shall turn into an abstraction, forming a redex whose firing shall
consume the appj, rule. Therefore, all applications in the normal form are typed with app”.

Example. Let ty = (Ax;.(Axg.x0%1)x1)I, where I is the identity function Az.z. The head evaluation
of ty to hd normal-form is:
(Ax1.(Ax0.x0x1)x1)I =, , (Ax0.%0I1)I—, , IT—, T
The evaluation sequence has length 3. The head normal form has size 1. To give a tight typing for

the term t, let us write abs®®s for [abs] — abs. Then,

x1 : [abs] +O00, : abs

xo : [abs®S FOVxg : abs?®s  xp : [abs] F OV x; : [abs]

xo : [abs®], x; : [abs] F®Pxox; : abs x1 ¢ [abs®S] FOVx; : abs?®s

abS]

x1 : [abs] F0 Axg. x0x; : [abs?®] — abs x1 ¢ [abs?®5] KOO, : [abs?S]

x1 : [abs, abs?®S] F1-0(Axq.x0x1 ), : abs

F®O dxy . (Ax9.X0x1 )% : [abs, abs®®$] — abs +D1: [abs, abs®*]

FOD(Axy (A x0x1)x1)1 : abs
Indeed, the pair (3, 1) represents 3 evaluation steps to hd normal-form and a head normal form of
size 1.
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3.1 Tight Head Correctness

Correctness of tight typings for head evaluation is the fact that whenever a term is tightly typable
with indices (b, r), then b is exactly the number of head evaluation steps to head normal form while
r is exactly the head size of the head normal form. The correctness theorem is always obtained via
three intermediate steps.

First step: tight typings of normal forms. The first step is to show that, when a tightly typed term
is a head normal form, then the first index b of its type derivation is 0, so that it correctly captures
the number of steps, and the second index r coincides exactly with its head size. An interesting
auxiliary lemma relating hd-neutral terms and tight typings is required.

LEMMA 3.3 (TIGHT SPREADING ON NEUTRAL TERMS). Let t be such that neutralyy(t) and ® »pg
T +&"t : A be a typing derivation such that tight(T). Then tight(A) and the last rule of ® is not
appPp-

Proor. By induction on neutralyg(t). Cases:

e Variable, i.e.t = x. ThenT = x : [A], and A is tight because T is tight by hypothesis.

e Application, i.e.t = pu and neutraly(t) because neutraly (p). The last rule of ® can only be
app;, or app"?. In both cases the left subterm p is typed by a sub-derivation &’ > L, F>p . B
such that all types in T, appear in T, and so they are all tight by hypothesis. Since neutralyq(p),
we can apply the i.h. and obtain that B is tight. The only possible case is then B = neutral
and the last rule of ® is then app?. Then A = B = neutral.

O

The lemma expresses the fact that tightness of neutral terms only depends on their contexts.
Morally, this fact is what makes tightness expressible as a property of the final judgement only.
We shall see in Sect. 5 that a similar property is hidden in more traditional approaches to weak
normalisation (see Lemma 5.6). Such a spreading property appears repeatedly in our study, and
we believe that its isolation is one of the contributions of our work, induced by the modular and
comparative study of various strategies.

PROPOSITION 3.4 (PROPERTIES OF hd TYPINGS FOR NORMAL FORMS). Lett be such that normalpy(t),
and ®>pg T FODt: A be a typing derivation.

(1) Size bound: |t|pg < |®],

(2) Tight indices: if @ is tight then b = 0 and r = |t|pq,

(3) Neutrality: if A = neutral then neutraly,(t).

Proor. By induction on ¢. Note that neutraly, implies normaly,; and so we can apply the i.h.
when neutraly, holds on some subterm of t. The proof is mostly straightforward, there is only
one interesting case, the one using the tight spreading on neutral terms (Lemma 3.3). The case is
when normaly,(t) because neutraly,(t) and ¢ = pu, that in turn implies neutraly (p). If the last
rule of @ is app,, then @ has the form

q)p >hd I“p I-(bp,rp)p M—>A ®,5py T, l-(b“’r“)u ‘M
T, wT, Frtburstrapy . A

appp

withb = b, + by, r =1y +ry,and T =T, W T,.
(1) Size bound: by i.h., |plng < |®,|, from which it follows |t|pg = |plrg + 1 <in [Dp| + 1 < |D].
(2) Tight size bound: we show that the pre-condition for this case is impossible. If ® is tight then
I' = T, W T, is a tight typing context, and so is T},. Since neutralpg(t), the tight spreading
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on neutral terms (Lemma 3.3) implies that the type of p in ®, has to be tight, while it is
M — A—absurd.
(3) Neutrality: neutralyy(t) holds by hypothesis.
If the last rule of ® is appfd the statement follows easily from the i.h. ]

Note that Proposition 3.4.2 indirectly shows that all tight derivations of a same term carry the
same indices, and essentially have the same size (it can be easily shown that they all have the same
number of axioms). The only way in which two tight derivations can differ, in fact, is whether
the variables in the type context are typed with neutral or abs, but the structure of different
derivations is necessarily the same, which is also the structure of the head normal form itself.

Second step: substitution lemma. Then one has to show that types, typings, and indices behave
well with respect to substitution, which is essential, given that f-reduction is based on it.

LEMMA 3.5 (SUBSTITUTION AND TYPINGS FOR hd). Let ®; »q A;x : M+t 2 A and @, »pg
r l-(b/’r/)p : M. Then there exists a derivation ®;(x.p) >pa T WA I-(b+b/”+’/)t{xep} : A where
1Dt (xpy| = |Pe] + [@p] — [M].

Note that the lemma also holds for M = [], in which case T' is necessarily empty. As already
pointed out, in system hd it can be that M = [ ] and yet x € fv(t) and t{x<p} # t.

Proor. Easy induction on the derivation of A;x : M +®-"t : A, see Appendix A.1. O

Third step: quantitative subject reduction. Finally, one needs to shows a quantitative form of type
preservation along evaluation. When the typing is tight, every evaluation step decreases the first
index b by exactly 1, accounting for the abstraction constructor consumed by the firing of the redex.

PROPOSITION 3.6 (QUANTITATIVE SUBJECT REDUCTION FOR hd). If®»py T &N A and t —pa P
then b > 1 and there exists a typing ® such that ® spq T O 17p 2 A and |®| > |@/].

Proor. By induction on ¢t —, , p. The only case not following immediately from the ih. is
the one of reduction at the root of the term, that is when t = (Ax.u)q—, , u{x<q} = p. Assume
Oopg T I-(b’r)()tx.u)q : A. The derivation ® must end with rule appy, and the derivation of its premiss
for (Ax.u) must end with fun,. Hence, there are two derivations ®, >pq L;x : M Fbw’«)y - A and
Oy ena Iy +lara)g . M, with (b, r) = (b, + bg+1,r,+rg)and I' = I, WT,. Applying the substitution
lemma (Lemma 3.5), we obtain ®’»p,4 T Fbutba-ru*ray{x g} : Asuch that |®'| = |®, |+ |Pg| = M| <
|Dy| + [Dg| +2 = |D]. O

Summing up. The tight correctness theorem is proved by a straightforward induction on the
evaluation length relying on quantitative subject reduction (Proposition 3.6) for the inductive case,
and the properties of tight typings for normal forms (Proposition 3.4) for the base case.

THEOREM 3.7 (TIGHT CORRECTNESS FOR hd). Let ® >y T+t : A be a derivation. Then there
exists p and k such thatt—)’h‘d p, k < b, normalyg(p), and |plna + k < |®|. Moreover, if ® is tight,
then b =k, |plna = r and (A = neutral implies neutraly (p)).

Proor. By induction on |®[. If t isa —, , normal form—that covers the base case |®| = 1, for
which t is necessarily a variable—then by taking p := t and k := 0 the first statement follows from
Proposition 3.4.1, the tight statement follows from the tight indices and neutrality properties of
tight typings of normal forms (Proposition 3.4:2-3).

Otherwise, t —, , u and by quantitative subject reduction (Proposition 3.6) there is a derivation

@ bpg THE"Ly A such that |@'| < |®|. By i.h., there exists p and k’ such that normalyq(p) and
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u—>Z;l pandk’ < b—-1and |plpg + k" < [®|pg. Just note that t —, , u—)ﬁld p, that is, t—>ﬁ:i“ P,
where k' + 1 < (b — 1) + 1 = b. Therefore |p|pg + k' +1 < |®'| +1 < |D].

For the tight statement we know by the i.h. that k¥’ = b — 1 so that k := k’ + 1 verifies k = b. The
i.h. also gives |p|pg = r and (A = neutral implies neutralyy(p)), which concludes the proof. O

3.2 Tight Head Completeness

Completeness of tight head typings expresses the fact that every head normalising term has a
tight derivation in system hd. As for correctness, the completeness theorem is always obtained
via three intermediate steps, dual to those for correctness. Essentially, one shows that every head
normal form has a tight derivation and then extends the result to head normalising terms by pulling
typability back through evaluation, using a subject expansion property.

First step: normal forms are tightly typable. A simple induction on the structure of normal forms
proves the following proposition.

PROPOSITION 3.8 (NORMAL FORMS ARE TIGHTLY TYPABLE FOR hd). Let t be such that normalyy(t).
Then

(1) Existence: there exists a tight derivation ® >pq T+ lthhalg : A,

(2) Structure: moreover, if neutraly,(t) then A = neutral, and if abspq(t) then A = abs.

In contrast to the proposition for normal forms of the correctness part (Proposition 3.4), here
there are no auxiliary lemmas, so the property is simpler.

Proor. Easy induction on normaly,(t), see Appendix A.2. O

Second step: anti-substitution lemma. In order to pull typability back along evaluation sequences,
we have to first show that typability can also be pulled back along substitutions.

LEMMA 3.9 (ANTI-SUBSTITUTION AND TYPINGS FOR hd). Let ®>py T O t{x<p} : A. Then there

exist:

o a multi-set M;

o a typing derivation ®; >pg Ii;x: M rlerdt . A and

e a typing derivation ®, vpq T, +loo1o)p o M
such that:

e Typing context: ' =T} W I};

e Indices: (b, 1) = (b; + by, s + 1p).

o Size: || = |D;| + |D,| — |M].

Proor. Easy induction on @, see Appendix A.2. O

Let us point out that the anti-substitution lemma holds also in the degenerated case in which x
does not occur in ¢ and p is not hd-normalising: rule many can indeed be used to type any term p
with F%9p : [] by taking an empty set I of indices for the premisses. Note also that this is forced
by the fact that x ¢ fv(t), and so I;(x) = [ ]. Finally, this fact does not contradict the correctness
theorem, because here p is typed with a multi-set, while the theorem requires a type.

Third step: quantitative subject expansion. This property guarantees that typability can be pulled
back along evaluation sequences.

PROPOSITION 3.10 (QUANTITATIVE SUBJECT EXPANSION FOR hd). Let ®»py T I-(b”)p :Abea
derivation. If t —, , p then there exists a typing ¥ such that ¥ >pg T FOHLDE A and |¥] > | D).
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Proor. By induction on ¢t —, , p. The only case not following immediately from the i.h. is the
one of reduction at the root of the term, that is when ¢ = (Ax.u)qg —, , u{x<q} = p. Assume

®opg T H®Du{x—q} : A By applying the anti-substitution lemma (Lemma 3.9) we obtain the
premisses of the following derivation ¥:

Dy >pg Ty x s MGy o A
L, POt brad )y M — A Oy ppa Ty Hlr g M
I, Wl FutbatLratra) (Qx u)g - A

with (b, r) = (b, +bg, 1y, +rg) and T = T, WT,. By the same Lemma 3.9 we have |®,|+|Dq|—|M]| = |D].
Then |¥] = |[®y] + |[®g] + 2 > |®,| + |®g4| — M| = |®]. Note that the difference between the sizes of
¥ and ® is indeed between 2 and 2 + |M]|. |

Summing up. The tight completeness theorem is proved by a straightforward induction on the
evaluation length relying on quantitative subject expansion (Proposition 3.10) for the inductive
case, and the existence of tight typings for normal forms (Proposition 3.8) for the base case.

THEOREM 3.11 (TIGHT COMPLETENESS FOR hd). Lett —>’h‘d p withnormalyg(p). Then there exists

a tight typing ® »pg T F&IPIka)t - A Moreover, if neutralyg(p) then A = neutral, and if absyq(p)
then A = abs.

Proor. By induction on t—>’;l 4 - If k = 0 the statement is given by the existence of tight

typings for normaly, terms (Proposition 3.8), that also provides the moreover part. Let k > 0
(k=1,1plpa)
tight

expansion (Proposition 3.10) there exists a typing derivation ® of u with the same types in the

ending judgement of ¥—then ® is tight—and with indices (k, |p|nq)- O

andt—,  u _)];151 p. By i.h., there exists a tight typing derivation ¥»> F u. By subject

4 LEFTMOST-OUTERMOST EVALUATION

In this section we slightly modify the system for head evaluation to provide tight bounds for
leftmost-outermost (shortened leftmost in the text and lo in mathematical symbols) evaluation,
the iteration of head evaluation into arguments. Lo evaluation is an important strategy for two
main reasons. First, it is a normalising strategy, that is, it reaches a normal form, whenever it exists.
Second, its number of steps can be taken as a reasonable time cost model.

The development follows the same lines of the head case. There are however subtle and important
differences. Essentially, the typing system is tweaked, as discussed below, so that arguments of
typed applications are always typed, and the tight hypothesis has to be added to various properties,
that would otherwise not hold. In particular, it has to be added to subject reduction (and, of course,
subject expansion) whose proof then becomes subtler, because tightness has to somehow spread to
sub-derivations, while it is defined as a property of the final judgement only.

Basic definitions. The predicates normal;, and neutral;, defining normal and neutral terms are
in Fig. 6—note the case neutral;,(¢p) which is the one distinguishing the leftmost case from the
head one. As in the head case, the predicates abs,(t) is true simply when t is an abstraction. The
leftmost-outermost strategy —,  is defined in Fig. 7—note the case ut —, up.

PROPOSITION 4.1 (LEFTMOST EVALUATION SYSTEM). (A, —,, »heutral;,, normaly,, absj,) is an
evaluation system.

The proof is routine, and it is then omitted also from the Appendix.
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(Iho=0  Wxplo=lpho+1  Ipulio = Ipho+ lulio+1 |

Fig. 5. Leftmost size of terms

neutral;,(t) normalj,(p) neutraly,(t) normalj,(t)

neutraly,(x) neutral;,(tp) normalj,(t) normal;,(Ay.t)

Fig. 6. Leftmost-outermost neutral and normal terms

L=, P —absy,(t) t— p neutralj,(u) t—; p

(Axu)g—, u{xeqt  Axt—, Axp tu—, pu ut—,, up

Fig. 7. Leftmost-outermost strategy

Size of normal forms. The notion of leftmost(-outermost) size |t|;, of a term ¢ is defined in Fig. 5—
the difference with the head size is on applications. Note that |t|;, counts the number of internal
nodes of the syntax tree of t. Variable occurrences—that are ignored—are the leaves of the syntax
tree and thus are at most |t|;, + 1, that is, the size of the syntax tree of ¢ is bound by 2|¢|;, + 1.
Therefore, the considerations about size explosion in the introduction are unaffected by considering
|t|;o rather than the size of its syntax tree.

The leftmost type system. The typing rules are in Fig. 8, where the only difference with the head
case is in rule applro, that replaces rule app’;d: leftmost evaluation enters into arguments and so the
added argument p now also has to be typed, and with a tight constant. Note also a key difference
between app!® and app,: in the former the argument p is typed exactly once (that is, the type is
not a multi-set), because its leftmost normal form p’ appears exactly once in the leftmost normal
form t'p’ of tp (where t’ is the leftmost normal form of ¢), while in the latter it can be typed any
number of times, depending on the cardinality of M.

We write ® >;, T b7t : A to stress that the type derivation is built out of the rules of the
leftmost type system.

As in the head case, the size of a typing derivation |®| is the number of rules in @, not counting
the occurrences of rule many. Here again, |®| gives an upper bound to the sum of the indices (b, r)
on its final judgement: whenever ®»;, T +®7)t: A we have b +r < |®|.

Definition 4.2 (Tight and traditional derivations). A derivation ®»;, I'+(®-"t : Bis tight if tight(B)
and tight(T'). A derivation ¥ is traditional if it is tight-free, i.e. no tight type occurs in ¢ (and
therefore it does not use rules fun, nor appl,").

Traditional derivations do not really play a role in this section, only in the next one. We introduce
them here because the two sections share the same anti-substitution lemma.

4.1 Tight Leftmost Correctness

The proof of tight correctness of the type system follows exactly the same structure in sub-properties
than for head evaluation. There are however two relevant differences. The first one is that without
the tight hypothesis there is no bound on the leftmost size of normal forms—this shall be refined in
Sect. 5. The second one is that quantitative subject reduction also holds only for tight derivations.
Moreover, its proof is subtler and more involved.
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WierAy KO TT  [A e

—————a
x: [A]F%0x: A

Te®e: A tight(T(x)) T +®"r:tight
b+l fun, ) fun,
T\ x %t : T(x) > A T\ x k& D)yt : abs
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Fig. 8. Type system for leftmost evaluation

LEMMA 4.3 (TIGHT SPREADING ON NEUTRAL TERMS). Let t be such that neutralyy(t) and @ >,
I +&1t . A be a typing derivation such that tight(T'). Then tight(A) and the last rule of ® is not
appPp-

Note that the lemma assumes neutralyg(t) and not neutral;,(t), and this is not a typo: as
neutralj,(t) implies neutralyy(t), the lemma is stronger than if stated with neutral;,(t). The
proof of this lemma is the same of that of Lemma 3.3, but for the fact that applr" replaces appfd.

PROPOSITION 4.4 (PROPERTIES OF [0 TYPINGS FOR NORMAL FORMS). Let t be such that normal;,(t),
and ® >y, T+t A be a tight type derivation. Then

(1) Tight indices: b = 0 and r = |t|;,. As a consequence |t|;, < |D|.

(2) Neutrality: if A = neutral then neutral,(t).

Proor. The proof follows the same lines of the one for the head case. In particular, it uses the
tight spreading on neutral terms exactly in the same way. See Appendix B.1. O

The substitution lemma also follows the same pattern of the head case.

LEMMA 4.5 (SUBSTITUTION AND TYPINGS FOR lo). Let ®; »;, A;x: M vt 0 A and @, >0
T+®")p . M. Then there exists a derivation Qs (xpiPloT W AR+ ) e pY - A where D (xpy| =
|| + |®p| — |M|. Moreover, if ®; and ®, are traditional, then ®; () is traditional too.

Proor. See Appendix B.1. O

Shrinking Subject Reduction. What is “shrinking doing there? this is not a section about shrinking,
is it? To obtain the quantitative version of subject reduction, for which the b index decreases of
exactly one, we are now forced to add the tight hypothesis. Basically, when reduction takes place
in the argument, tightness ensures that the argument is typed only once. An example of argument
that may go untyped is given by the following non-tight derivation ®:

————— many
y:[[1=X]1F0:[]-x  F%99:[]
y:[[1- X]+%0y0: x
Note that yQ —, yQ and so the reduct is typed again by the derivation ® and nothing has changed.
Incidentally, this example shows that the type system is not even correct for —, = termination.
We then need a predicate restricting the set of derivations. Tightness is one such predicate, but in
Sect. 5 we shall see another possible predicate.

appy
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Arguments may also be typed more than once. Consider the following non-tight derivation.

(z: [X]FO0Iz: X)ioy,

man
v [[X.X] - X]FO%%: X, X] - X z: [X, X]F?VIz: [X, X] Y
app
y: [DGX] - Xz : [ X]FEOy(1z) - X ’
Now, y(Iz) =, yz and the corresponding derivation for yz is:
(Z : [X] F(O’O)Z 5X)i:1,2
many

y: [X,X] = X]F%: [X,X] » X z:[X,X]+%0z: [X, X]
Y [X,X] - X, z: [X, X]F 0z : X
Both sub-derivations inside the many rule have been reduced, and so the first counter on the final
judgement decreases by 2 and not by 1.

In both examples, if the derivation were tight then y would be typed with neutral and the last
application rule would be app!?, which requires the argument to be typed only once, avoiding both
examples of inaccurate counting.

Adding the tight hypothesis impacts on the proof of subject reduction. The inductive cases of
the proof change, because to apply the i.h. on a sub-derivation ® one now needs to show that  is
tight. In fact, since tightness is a global property not necessarily true for all sub-derivations, the
proof actually proves a strengthened statement. Moreover, the last case relies crucially on the tight
spreading on neutral terms (Lemma 4.3).

PROPOSITION 4.6 (QUANTITATIVE TIGHT SUBJECT REDUCTION FOR lo). If® v, T F&)t: A is tight
andt—, pthenb > 1 and there exists a typing @ such that ®' >, T FO=Lp A and || > @]

Proor. We prove the following stronger statement (tightness is decomposed in two predicates
tight(T) and tight(A), and the second is paired together with a further assumption):
Lett—, p,@v», T &t A tight(T), and (tight(A) or —abs;y(¢)). Then b > 1 and there
exists a typing &’ »;, TP Lp: Aand |®| > |@'].
By induction on t —, p. Cases:
e Rule

(Ax.u)qg—,;, u{x—q}
Assume >, T ()x.u)q: Aand tight(T). The derivation ® must end with rule app;, and
the derivation of its premiss for Ax.u must end with fun,. Hence, there are two derivations
Oy >0 Dusx : MECwTwy » Aand Ogri0 Ty I-(bq’rq)q : M, with (b,r) = (by +bg + 1,1, + 1) and
I = I, WI,. Applying the substitution Lemma 4.5, we obtain &', T +utba-rutrdy{xq}: A
and '] = [y | + D] — [M]| < [Dy] + |g] + 2 = |D].
e Rule
U=,9

Ax.u—,; Ax.q

Assume @ >;, T ) )x.u : A and tight(T). Since abs;,(Ax.u) we must have hypothesis
tight(A). Then, the last rule of ® has to be with fun,, and we must have a subderivation
@, > Ix: Tight H& Dy tight. As tight(I, x : Tight) we can apply the i.h. and get the
premiss of the derivation &’ below:
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Dy vpp Tox: Tight KO g tight
I +~17)x g : abs

We conclude |®| = [®,] + 1 > |®4] + 1 = |®’| thanks to the ik [D,] > |Dg].
e Rule

—abs(u) u—;, q

t=um—, qm=p

Assume ® 5, T F®ym : A and tight(T). The derivation ® must end with rule app, or
appﬁ".

In both cases there are derivations ®,, >, I, F?w ™)y : A, and ®,, 55 Ty FOm™m: A, (A,
may be a multi-set), with T’ = T}, WI},,. Since tight(I') we have tight(I},), and since —abs;,(u)
we can apply the i.h. (even if A, is not tight) obtaining the derivation ®4>;, T}, Fu—Lrg . A,
such that [®y| < |®,]. Now, using the same rule app;, or app at the end of ®, we build the
following derivation @’

Dy g T, FOT g Ay @pogy T HOmmIm A,
I +Egm - A

that satisfies |®'| = |®gy| + [Dp| + 1 < |Dy] + [Ppp| + 1 = |D].
e Rule

neutral;(m) u—, q

t=mu—, mq=p

Assume ®>;, T F®"mu : Aand tight(T). The derivation ® must end with rule appy, or app°,
and therefore there are two derivations ®p, >, L F "™ m : A,, and @, >, T, FOwwy: A,
for some types A, and A, (A, may be a multi-set), with I' = I}, & I},. Since tight(I') we
have tight([;,) and tight(I3,). By the tight spreading on neutral terms (Lemma 4.3), from
tight(T},) and neutral;,(m) it follows tight(A,,). Therefore, the last rule of ® must be app’®,
whence A,, = A = neutral and A, = tight. Now, the sub-derivation ®,, is tight (tight(I},)
and A, = tight) and we can apply the i.h., obtaining the derivation &, >}, T}, FluLrg s A,
such that [®y| < |®,]. Now, using the same rule app;, or applr" at the end of ®, we build the
following derivation ¥:

D I }-(bm,rm)m A fDq >10 Tu |_(bu—l,ru)q LA,
T+ mg . A
that satisfies |¥| = |Dg| + |Dp,| + 1 < [®y] + |Ppy| + 1 = |D].

orrectness then follows by the same reasoning used for tight head derivations.

THEOREM 4.7 (TIGHT CORRECTNESS FOR lo). Let &>y, T+t : A be a tight derivation. Then there
exists p such that t—>§’0 p, normal;,(p), and |pl;, = r. Moreover, if A = neutral then neutral;,(p).

Proor. See Appendix B.1. O

Note that the statement of the correctness theorem is different from the one for head evaluation
(Theorem 3.7), because here nothing is said about derivations that are not tight. The whole of Sect. 5
is devoted to the study of such derivations. Let us just sketch the point. Consider the following
derivation that types the argument exactly once, as the tight derivation would. Consider now the
non-tight type A = [X] — X and the following (non-tight) derivation:



Tight Typings and Split Bounds, Fully Developed 1:21

y: [[A] = A F*0y: [A] - A ] z:[[X] = X1+ [X] - X
ung
FLOT: [A] - A FROT L [X] — X

funy

appy
FEOTI: A

Note that neither 2 is the length of the evaluation to normal form I, nor 0 is the size of this normal

form I. Nonetheless, the derivation has the same structure as the tight one, and it contains the
same basic information. In Sect. 5 we shall work out how to extract it.

4.2 Tight Leftmost Completeness

The proof of completeness of tight derivations for leftmost evaluation follows the same structure
of completeness for the head case. There are some differences, that are exactly the same differences
between the correctness parts of the two systems. In particular, the proof of subject expansion is
refined along the same lines of the proof of subject reduction.

PROPOSITION 4.8 (NORMAL FORMS ARE TIGHTLY TYPABLE FOR [0). Lett be such that normalj,(t).
Then

(1) Existence: there exists a tight derivation ® >, T FOItlo); : A

(2) Structure: moreover, if neutral;,(t) then A = neutral, and if abs;,(t) then A = abs.

(3) Unique size: if ¥ is another tight derivation fort then |®| = |¥|.

Proor. See Appendix B.2. O

LEMMA 4.9 (ANTI-SUBSTITUTION AND TYPINGS FOR l0). Let &>y, T +®"t{x<p} : A. Then there

exist:

o a multi-set M;

e a typing derivation ®; >, Tj;x : M FOeredg s A: and

e a typing derivation ®, >, T, +loo10)p o M
such that:

e Typing context: I = I} W I;

e Indices: (b,r) = (b; + bp, s + 1p).

o Sizes: |®| = D] + |Dp] — [M].

o If® is traditional, then ®; and ®, are traditional too.

Proor. See Appendix B.2. O

The proof of quantitative subject expansion mimicks the elaborated one for subject reduction: it
uses anti-substitution in the base case, it needs a strengthened hypothesis for the inductive cases,
and it makes use of the tight spreading on neutral terms in the last inductive case. The unsurprising
details are in the Appendix.

PROPOSITION 4.10 (QUANTITATIVE TIGHT SUBJECT EXPANSION FOR lo). Let &>y, T I-(b”)p : A be
a tight derivation. If t —, p then there exists a (tight) typing ¥ such that ¥ »;, T O A and
Y] > |®].

Proor. See Appendix B.2. O

THEOREM 4.11 (TIGHT COMPLETENESS FOR [0). Let t—>;‘0 p with normal;,(p). Then
(1) Existence: there exists a tight typing ®»>;, T F&:IPlo)t: A,
(2) Structure: moreover, if neutral;,(p) then A = neutral, and if abs;,(p) then A = abs.

Proor. See Appendix B.2. O
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5 LEFTMOST-OUTERMOST EVALUATION AND SHRINKING TYPINGS

This section focuses on the leftmost(-outermost) evaluation system and on the relationship between
tight and tight-free—deemed traditional in Definition 4.2—typings. Contributions are manyfold:

(1) Leftmost normalisation, revisited: we revisit the characterisation of leftmost normalising terms
as those typable with shrinking typings, that is, those where the empty multi-set has no
negative occurrences [Krivine 1993]. The insight is that the shrinking and tight constraints are
of a very similar nature, showing that our technique is natural rather than ad-hoc. Moreover,
our notion of shrinking derivation can also include the tight constants, thus we provide a
strict generalisation of the characterisation in the literature.

(2) Proof technique: the technical development follows the schema of the previous sections and
differs considerably by others in the literature. The literature always relies, necessarily, on
shrinking typings. Krivine uses the reducibility technique (because he deals with idempotent
intersection types and cannot use the simpler size-decreasing technique allowed by multi
types) [Krivine 1993], de Carvalho also uses the reducibility technique (despite studying multi
types) [de Carvalho 2018], and Kesner and co-authors use the size-decreasing technique and
rely on typed redex occurrences [Bucciarelli et al. 2017; Kesner and Ventura 2014]. We use the
size-decreasing technique and replace typed redex occurrences with a detailed study of how
shrinking typings propagate, based on properties of neutral terms.

(3) Unitary shrinking typings: we study a notion of minimal traditional typings, deemed unitary
shrinking, that is a slight variation over principal types or de Carvalho’s 1-typings [de Carvalho
2018], playing a role akin to that of tight typings in the absence of the tight constants. The
insight here is that tight typings are simply a device to focalise what traditional types can
already observe in a somewhat more technical way.

(4) Type bound: we show that for traditional shrinking derivations, the types in the last judgement
provide a bound on the size of normal forms—with no reference to the type derivation—and
this bound is exact if the typing is unitary shrinking and minimal. This is a reformulation
of a key point of de Carvalho’s work [de Carvalho 2018]. The insight is then the inherent
inadequacy of multi types as a tool for reliable complexity measures for the leftmost strategy,
because of size explosion.

This study is done with respect to leftmost evaluation because among the case studies of the

paper it is the most relevant one for reasonable cost models. It may however be easily adapted,
mutatis mutandis, to the other systems.

Shrinking typings. It is standard to characterise leftmost normalising terms as those typable with
intersection types without negative occurrences of Q [Krivine 1993], or, those typable with multi
types without occurrence of the empty multi-set [ ] [Bucciarelli et al. 2017]. We call this constraint
shrinking. To explain it, let’s recall the examples we considered before tight subject reduction for
the leftmost strategy (Proposition 4.6). Consider the derivation of end sequent:

y:[[1— X]F*0y0: x (1)

Since yQ is —, -diverging, this derivation has to be excluded somehow. The problem here is that
since y has an erasing type—that is an arrow type with [ | on the left—then the diverging subterm
Q does not get typed. Excluding the use of [ ] is too drastic, because the paradigmatic erasing term
Ax.y is normal and can be typed only with:

y: [X] I-(l’o)/lx.y []—=X

The idea is that only some occurrences of [ ] are dangerous. The given examples seem to suggest
that if [ ] occurs on the right side of F is fine, while if it occurs in the typing context it is not. Things
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in fact are subtler. Extending example (1) with an abstraction, one obtains the —, -diverging term

Ay.yQ and the typing

lo

I-(O’O)/Iy.yQ =Xl - X

that show that [ ] can be dangerous also on the right. The correct shrinking constraint takes into
account the polarity of the occurrence [ |, which is the number of arrows for which the occurrence
is in the left branch. The types associated to reducing sub-terms are exactly those of even polarity
on the right of +- and those of odd polarity on the left of -, which then must not be [ ].

Shrinking allows to capture termination [Krivine 1993]. Counting exactly the number of steps,
however, requires a slight refinement. Not only all reducing subterms have to be typed (that is,
they cannot be typed with [ ]), but they have to be typed exactly once—this is the unitary shrinking
constraint. Let’s go back to the example of inaccurate counting of the previous section, for instance.

y: [[X,X] = X],z: [X, X]+F®Oy(12) : X
Here the redex Iz is typed twice, which can be seen by [X, X] in the type of y, even if it is not
duplicated. A unitary shrinking typing of Iz would rather be:
z:[X]HO01z: X
man
g [IX] = XTFOy [X] > Xz (X POz x]
1©.0) appy
y:[[X] - X, z: [X]FHVy(Iz) - X

We need some basic notions. We use the notation T to denote a (multi)-type, that is, either a type
A or a multi-set of types M.

Definition 5.1 (Positive and negative occurrences). Let T be a (multi)-type. The sets of positive
and negative occurrences of T in a type/multi-set of types/typing context are defined by mutual
induction as follows:

3B € M such that T € Occ,(B) 3B € M such that T € Occ_(B)

A € 0cc4(A) T € Occ (M) T € Occ_(M)

T € Occ_(M) or T € Occ,(A) T € Occy(M)or T € Occ_(A)
M € Occ+(M) T € Occ, (M — A) T € Occ_(M — A)

T € Occy(M) or T € Occ(T) T € Occ_(M)or T € Occ_(T')
T € Occy(x : M, T) T € Occ_(x : M,T)

Shrinking typings are defined by imposing a condition on the final judgement of the derivation,
similarly to tight typings. It is technically convenient to also define its dual predicate, being (unitary)
co-shrinking.

Definition 5.2 ((Unitary) shrinking typing). Let ®»;, T +(®>7) t:A be a typing derivation.

o Ais shrinking if M| > 1 for all M € Occ,(A), and it is unitary shrinking if |M| = 1;

o Ais co-shrinking if |M| > 1 for all M € Occ_(A), and it is unitary co-shrinking if |[M| = 1;

o M is shrinking/co-shrinking/unitary shrinking/unitary co-shrinking if every A € M is;

e I is co-shrinking (resp. unitary co-shrinking) if M is co-shrinking (resp. unitary co-shrinking)
for all type declarations x : M in T}

o O is shrinking (resp. unitary shrinking) if A is shrinking (resp. unitary shrinking) and I' is
co-shrinking (resp. unitary co-shrinking).
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For example, [ | € Occ_([] = A), [] € Occ_([[] = A, A]) and [[ | — A, A] is shrinking but not
unitary, [] € Occ_(x: [[] = A]), and [] € Occ4([[] = A] = A) and [[] — A] — A is unitary
co-shrinking.

Note that

e Final judgement: being shrinking is a local condition, which depends only on the final judge-
ment of a typing derivation, and that

o Tight implies unitary shrinking: a tight typing derivation is always shrinking, and even unitary
shrinking.

In this section we also have a close look to traditional derivations, that is, derivations without
tight constants, see Definition 4.2 on page 17.

We shall need a natural property of type occurrences (used in Lemma 5.6 below).

LEMMA 5.3 (TRANSITIVITY OF POLARITIES). Let T,U,V be (multi)-types and a,b € {+,-}. If
U € 0ccy(T) and V € Occy(U) then V € Occs(q,p)(T), where

S(+,+) = + 0(—+) = - 8(—-) = + S(+,-) = -
Proor. Easy induction on U € Occ,(T). See Appendix C for details. O

Type sizes. One of our results is that the types appearing in the final judgement of a derivation
bound the size of lo normal forms, for traditional typings, according to the a notion of type size
given below, and independently of the derivation itself. To give an idea, consider the easily derivable
(unitary shrinking) typing

FE0y.yy : [[X] — X, X] — X (2)
There are 2 arrows in the type (judgement) and the normal form has leftmost size 2. Of course, one
also has to take into account the arrow symbols appearing in the typing judgement, when present.

Note, however, that types in general only give an upper bound: taking the derivation of (2) and
replacing X with [X] — X produces the derivable (unitary shrinking) judgement

HEO2y.yy - [[1X] - X] = [X] = X, [X] - X] > [X] - X
which has many more arrows than the size of the term.

Definition 5.4 (Type size). The size #(-) of types, multi-sets, and typing contexts is defined as
follows:

#X) = 0 #(tight) = 0
#M) = Duem#A) #HM o A) = #M)+#A) +1
#e) = 0 #(x: M;T) = #M)+#T)

Exact measures via unitary shrinking traditional typings. One of the aims of this section is to
show how to exactly measure the number of steps and the size of normal forms without using tight
constants, that is, using traditional derivations only. Essentially, this is done using unitary shrinking
typings. The measurements however are more involved than in the tight case, as they have to be
extracted from other information that can be found in the typing derivations. In particular, for
traditional derivations, the index r is always 0 (it is only incremented by rules fun, and appl,"), )
that all the information is collapsed on the b index. The basic ideas are the following:

e The size #(I') + #(A) in a unitary shrinking traditional typing ' +®-9¢ : A provides the size of
the normal form of t;

e Being unitary shrinking ensures that b decreases by exactly 1 at every —,  step (as in the
tight case);

e Then b — #(I') — #(A) gives the exact number of —, = steps to normal form.
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Things are however slightly more complex than as just described, for the following reasons:

(1) Unitary shrinking traditional type sizes are lax in general: the first item above is not really
true, only unitary shrinking traditional derivations giving minimal types do capture exactly
the size of normal forms (otherwise they only provide a bound, as the example above shows).
We build such typings in the completeness subsection (and so in the correctness part there
are no exact measures).

(2) Sizes mismatch: the third item above is also not really true, because, even when #(I') + #(A)
does match the size of normal forms, we have that b counts abstractions, so that we should
subtract from it only the number of abstractions in the normal form (and not the applications).
This is done by replacing the size of types with a polarised size extracting from types the
number of abstractions, defined below.

Extracting the Number of Abstractions from Types. Polarity as used for the shrinking predicate is
the key concept to isolate the number of abstractions. Re-consider the following example.

FE gy [[X] = X, X] = X
Note that arrows of positive polarity (that is, on the left branch of an even number of abstractions)
count abstractions, and arrows of negative polarity count applications. Of course, things are reversed
for types in the typing judgement, as the next example shows.
z: [[[X] = X, X] = X] » X392 Qy.yy) : X

We use || to denote the number of abstractions in a term. The following refined notion of size
for types shall be used to count the number of abstractions in the normal form.

Definition 5.5 (Polarised type size). The polarised sizes #7(-) and #N(-) of types, multi-sets, and
typing contexts is defined as follows:

#7(X) = 0 #P(tight) := 0
#HM) = Tam#P(A)  #HM—-A) = #M)+#A) +1
#e) = 0 #(x: M;T) = #°(M) + #°()
#N(X) = 0 #N(tight) = 0
#NM) = Taem#N (@A) #NM - 4) = #(M) +#V(A)
#Ne) = 0 #NG M) = #V) +#V(D)

5.1 Shrinking Correctness

Here we show that shrinking typability is preserved by leftmost evaluation and that the size of
shrinking typings decreases along it—hence the name—so that every shrinkingly typable term is
leftmost normalising. Moreover, the b index of unitary shrinking typings decreases by exactly 1, as
for tight typings (for shrinking derivations it may decrease of an arbitrary positive amount). For
the sake of completeness, we also show that typability is always preserved, but if the typing is not
shrinking then its size may not decrease.

Once more, we follow the abstract schema of the other sections, but replacing tight with (unitary)
shrinking.

We start, as usual, with a spreading property on neutral terms, expressed by the following lemma.

LEMMA 5.6 (OCCURRENCES SPREADING ON NEUTRAL TERMS). Lett be such that neutralyy(t) and
® v, THEt: A be a typing derivation. Then A is a positive occurrence of T. Moreover, if T is
co-shrinking (resp unitary co-shrinking) then A is co-shrinking (resp unitary co-shrinking).

Proor. See Appendix C.1. O
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Two observations:

(1) Subsumption of tight spreading: this lemma subsumes the tight spreading on neutral terms
(Lemma 3.3). Indeed, if the typing context I' is tight, the fact that A is a positive occurrence
of T implies that A is tight.

(2) Being co-shrinking spreads: note that in the tight case the corresponding lemma allows to
conclude that the derivation is tight, while here we cannot conclude that the derivation is
shrinking, because it is being co-shrinking that spreads, giving that A is co-shrinking, while
to obtain that ® is shrinking we would instead need that A is shrinking.

Properties of normal forms. For normal forms we prove two properties. First, the shrinking
hypothesis allows to use type derivations to bound the size of normal forms. Moreover, the index b
provides a bound to the number of abstractions in the normal form.

Similarly to the case of tight subject reduction for system lo (Proposition 4.6), the next three
propositions require a slightly strengthened statement, having as particular case what we are
actually interested in, that is, that the derivation is shrinking.

PROPOSITION 5.7 (SHRINKING DERIVATIONS BOUND THE SIZE OF NORMAL FORMS). Let normal;,(t)
and ®>;, T F®1t: A be a derivation, and let ||, denote the number of axiom rules in .
(1) If T is co-shrinking and (A is shrinking or t is not an abstraction) then |t|;, < |®| — |D|a.
Moreover, if ® is traditional then |t|) < b.
(2) IfT is unitary co-shrinking and (A is unitary shrinking or t is not an abstraction) then |t|;, =
|D| — |®@|ax- Moreover, if @ is traditional then |t|; = b.

Proor. By induction on t. Note that neutral;, implies normal;, and so we can apply the i.h.
when neutral;, holds on some subterm of t. See Appendix C.1. O

The second property of normal forms is relative to traditional derivations, for which (size of) the
types in the final judgement—rather than the type derivation—bound the size of the normal form.
Moreover, the index b is bound by the polarised sizes of such types. As in the previous sections,
neutral terms play a key role, showing that our isolation of the relevance of neutral terms for
characterisation via multi types is not specific to tight types.

PROPOSITION 5.8 (TRADITIONAL TYPES BOUNDS THE SIZE OF NEUTRAL AND NORMAL TERMS). Let
O, T+ 1A be a traditional derivation such that T is co-shrinking. Then:

(1) Ifneutral;y(t) then #(A) + |t|;, < #(T) and #N(A) + b < #N(T).

(2) Ifnormal;,(t) and A is shrinking then |t|;, < #(T') + #(A) and b < #N(T') + #7(A).

ProoF. See Appendix C.1. O
The substitution lemma for the lo system has already been proved in Sect. 3 (Lemma 4.5).

As usual, shrinking correctness is based on a subject reduction property. Note that for unitary
shrinking derivations b decreases by exactly 1.

PROPOSITION 5.9 (SHRINKING SUBJECT REDUCTION). Let ®5;, T H&7) A, Ift—, pthenb > 1
and there exists ¥ such that ¥ »;, T F°7) p:A with b’ < b and |¥| < |®|. Moreover, ® traditional
implies ¥ traditional, and if ® is shrinking (resp. unitary shrinking) then b’ < b (resp. b’ = b — 1) and
%] < |®].

ProoF. See Appendix C.1. O

Note that a leftmost diverging term like x(§9) is typable in system lo by assigning to x the
type [] — X and typing 86 with [], and that its type is preserved by leftmost evaluation, by
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Proposition 5.9. Note however that the resulting judgement is not shrinking—only shrinkingly
typable terms are leftmost normalising, in fact.

THEOREM 5.10 (SHRINKING CORRECTNESS). Let @5, TH®t: A bea shrinking derivation. Then
there exists a —, ~normal form p and k < b such that

(1) Steps: t —,  -evaluates top in k steps, i.e. t—>;‘o p;

(2) Size bound: |p|;, + k < |®|;
Moreover, if @ is traditional then |p|;, < #(T') +#(A) and |p|y < #N(T) +#F(A), and if ® is also unitary
shrinking then |p|y = b — k.

Proor. See Appendix C.1. O

Note that when @ is unitary shrinking it does not follow that |p|;, = #(T') + #(A) and |p|; =
#N(T) + #(A). The equalities indeed hold only if additionally the types in the last judgement of ®
are minimal. Such minimal derivations are built in the proof of Proposition 5.11 below.

5.2 Shrinking Completeness

The proof of completeness for shrinking typings also follows, mutatis mutandis, the usual schema.
Normal forms and anti-substitution have already been treated (Proposition 3.8 and Lemma 3.9).
Again, however, we repeat the study of (the existence of typings for) leftmost normal forms focussing
now on traditional typings and on the bound provided by types. Their study is yet another instance
of spreading on (leftmost) neutral terms, in this case of the size bound provided by types: for neutral
terms the size of the typing context I' allows bounding both the size of the term and the size of its
type, which is stronger than what happens for general leftmost normal terms.

One of the key point of the following proposition is that its proofs builds typing judgements
having types of minimal size, refining Proposition 5.8.

PROPOSITION 5.11 (NEUTRAL AND NORMAL TERMS HAVE MINIMAL TRADITIONAL SHRINKING TYP-
INGS).
(1) If neutraly,(t) then for every unitary co-shrinking type A there exists a traditional derivation
@by, T +O0 1A such that T is unitary co-shrinking, #(A) + |t|;, = #(T), and #N (A)+b = #N(I).
(2) Ifnormal;,(t) then there exists a traditional unitary shrinking derivation ®»j, T F-0 +:A such
that |t]1o = #(T') + #(A) and b = #V(T) + #7(A).

Proor. By mutual induction on neutral;,(t) and normal;,(t). Point 1 is along the lines of the
case of Proposition 5.8. Here we only show the proof of Point 2; see Appendix C.2 for the full proof.
Cases of normaly,(t):

(1) neutral;,(t). By i.h. (point 1), for every unitary co-shrinking type A there exists a traditional
typing ® >, T H?9 t:A such that I is unitary co-shrinking. It is then enough to pick A := X,
that is both unitary shrinking and unitary co-shrinking, so that ® is unitary shrinking, #(A) =
0, and the statement trivially holds, because then |t|;, = #(A) + |t|;o =ip #(T) = #(T) + #(A).
Moreover, #7(A) = #N(A) = 0, so that by i.h. #V(A) + b = #N(I'), which is equivalent to
b = #N(I) + #7(A), as required.

(2) Abstraction, i.e.t = Ay.p and normal;,(p). By i.h. (point 2), there exists a unitary shrinking
traditional typing @, »;, T, Hb0) p:B with |p|;, = #(I,) + #(B).

Then let y : M (M possibly [ ]) the declaration of y in T, and set T be I}, without y : M. Then
let @ be the derivation

@, ep0 y: M;T HEPO piB
[ o0 Jy p:M — B

funy
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which is traditional and unitary shrinking because ®,, is. We have

Ayplio = Iplio+1
=in #y:MT)+#B)+1
= #D)+#M)+#B)+1
= #I)+#M — B)

and
by+1 = #N(y:M;T)+#P(B)+1
= #O)+#VM) +#°(B) + 1
#V(I) +#"(M — B)
|

The last bit is a subject expansion property. Note in particular that since f-redexes are typed
using traditional rules, the expansion preserves traditional typings.

PROPOSITION 5.12 (SHRINKING SUBJECT EXPANSION). Ift—, pand®»;, T F&T) p:A then there

exists ¥ such that ¥ >, T+ t:A with b’ > b. Moreover, if ® is shrinking (resp. unitary shrinking)
thenb’ > b+ 1 (resp. b’ = b+ 1) and |¥| > |®|, and if © is traditional then ¥ is traditional.

Proor. The proof is along the lines of the one for shrinking subject reduction, requiring the
same kind of strengthened statement, see Appendix C.2. O

The completeness theorem then follows. We are finally able to measure exactly and separately
both the number of steps and the size of of leftmost normal form via a traditional unitary shrinking
derivation.

THEOREM 5.13 (SHRINKING COMPLETENESS). Let t—>;‘0 p with p such that normal;,(p). Then there
exists a traditional unitary shrinking typing ® >, T+ t:A such that k = b — #N(I') — #7(A) and
plio = #(I') + #(A).

Proor. See Appendix C.2. O

Minimality. The minimality (with respect to size) of both tight and unitary shrinking derivations
is implicitly contained in the statement of Proposition 5.7. For shrinking derivations one has
[t]1o < |®| — |®|ax and the equality holds exactly when the derivation is tight or unitary shrinking.
The part about axioms is harmless: it is easily seen that for tight and unitary shrinking derivations
the number of axioms is exactly the number of variable occurrences in the term (and so they all
have the same size), and for shrinking derivations it is greater or equal to such number.

It is expected that the result holds more generally for all tight and unitary shrinking derivations,
not just those for normal terms. Proving it, however, requires an (even more) involved study.
Intuition tells that minimality can be pulled back to all typable terms via subject expansion. The
problem is that subject expansion is formulated as an existential property (there exists a derivation...)
and establishing minimality requires to compare the obtained expanded derivation with all the
derivations for the expanded term, that may bear no similarity with the derivation in the hypothesis
of subject expansion. A possible approach is to formalise subject reduction and expansion as
operations over derivations (and not as existential properties). The precise definition of these
operations is however very technical, because they can rewrite multi-sets of sub-derivations at
once, if the rewriting step takes place in some arguments (in the term).

We estimated that the technical effort is not worth the minor additional result, given that this
paper already has its good amount of technical material.
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Type bounds and relational denotational semantics. The fact that for traditional typings the types
in the final judgements provide a bound on the size of the normal form is a strong property.
It is in particular the starting point for de Carvalho’s transfer of the study of bounds to the
relational semantics of terms [de Carvalho 2007, 2018]—a term is interpreted as the set of its
possible typings (thus including the typing context), that is a notion independent of the typing
derivations themselves.

As we said in the introduction, multi types can be seen as a syntactic presentation of relational
denotational semantics, which is the model obtained by interpreting the A-calculus into the relational
model of linear logic [Bucciarelli and Ehrhard 2001; de Carvalho 2007, 2016; Girard 1988], often
considered as a canonical model.

The idea is that the interpretation (or semantics) of a term is simply the set of its types, together

with their typing contexts. More precisely, let t be a term and xy, . . ., x, (with n > 0) be pairwise
distinct variables. If fv(¢) C {xi,...,x,}, we say that the list X = (xy, ..., x,,) is suitable for t. If
X = (x1,...,x,) is suitable for ¢, the (relational) semantics of t for X is

[tlz == {(My, ..., M), A) | 3® >, x1: My, ..., x,: M, -7 t:A such that ® is shrinking} .

By subject reduction and expansion, the interpretation [[]; is an invariant of evaluation, and
by correctness and completeness it is non-empty if and only if ¢ is leftmost normalisable. Said
differently, shrinking multi typing judgements provide an adequate denotational model with respect
to the leftmost strategy. If the interpretation is restricted to traditional typing derivations, then it
coincides with the one in the relational model in the literature. General derivations still provide
a relational model, but a slightly different one, with the two new types abs and neutral, whose
categorical semantics still has to be studied.

6 EXTENSIONS

In the rest of the paper we are going to further explore the properties of the tight approach to multi
types along two independent axes:

(1) Maximal evaluation: we adapt the tight methodology to the case of maximal evaluation,
which relates to strong normalisation in that the maximal evaluation strategy terminates only
if the term being evaluated is strongly normalising. This case is a simplification of [Bernadet
and Graham-Lengrand 2013a] that can be directly related to the head and leftmost evaluation
cases. It is in fact very close to leftmost evaluation but for the fact that, during evaluation,
typing contexts are not necessarily preserved and the size of the terms being erased has to
be taken into account. The statements of the properties have to be adapted accordingly.

(2) Linear head evaluation: we reconsider head evaluation in the linear substitution calculus
obtaining exact bounds on the number of steps and on the size of normal forms. The surprise
here is that the type system is essentially unchanged and that it is enough to count also
axiom rules (that are ignored for head evaluation in the A-calculus) in order to exactly bound
also the number of linear substitution steps.

Let us stress that these two variations on a theme can be read independently.

7 MAXIMAL EVALUATION

In this section we consider the maximal strategy, which gives the longest evaluation sequence from
any strongly normalising term to its normal form. The maximal evaluation strategy is perpetual in
that, if a term ¢ has a diverging evaluation path then the maximal strategy diverges on t. Therefore,
its termination subsumes the termination of any other strategy, which is why it is often used to
reason about strong normalisation property [van Raamsdonk et al. 1999].
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x € fv(u) x ¢ fv(u)  normalmax(q) x ¢ fv(u) tL)max P
(A1) > g ulx =g} (xa)g 225 (A}t D e (Ax)p
£ ax P ~abSmax(t) I Dpa P NeUtralpax() €00
Ax.tgmax Ax.p tu —r>max pu ut ;max up

Fig. 9. Maximal strategy

Strong normalisation and erasing steps. It is well-known that in the framework of relevant (i.e.
without weakening) multi types it is technically harder to deal with strong normalisation (all
evaluations terminate)—which is equivalent to the termination of the maximal strategy— than with
weak normalisation (there exists a terminating evaluation)—which is equivalent to the termination
of the leftmost strategy. The reason is that one has to ensure that all subterms that are erased along
any evaluation are themselves strongly normalising.

The simple proof technique that we used in the previous section does not scale up—in general—to
strong normalisation (or to the maximal strategy), because subject reduction breaks for erasing
steps, as they change the final typing judgement. Of course the same is true for subject expansion.
There are at least three ways of circumventing this problem:

(1) Memory: to add a memory constructor, as in Klop’s calculus [Klop 1980], that records the
erased terms and allows evaluation inside the memory, so that diverging subterms are
preserved. Subject reduction then is recovered.

(2) Subsumption/weakening: adding a simple form of sub-typing, that allows stabilising the final
typing judgement in the case of an erasing step, or more generally, adding a strong form of
weakening, that essentially removes the empty multi type.

(3) Big-step subject reduction: abandon the preservation of the typing judgement in the erasing
cases, and rely on a more involved big-step subject reduction property relating the term
directly to its normal form, stating in particular that the normal form is typable, potentially
by a different type.

Surprisingly, the tight characterisation of the maximal strategy that we are going to develop
does not need any of these workarounds: in the case of tight typings subject reduction for the
maximal strategy holds, and the simple proof technique used before adapts smoothly. To be precise,
an evaluation step may still change the final typing judgement, but the key point is that the
judgement stays tight. Morally, we are employing a form of subsumption of tight contexts, but an
extremely light one, that in particular does not require a sub-typing relation. We believe that this is
a remarkable feature of tight multi types.

Maximal evaluation and predicates. The maximal strategy shares with leftmost evaluation the
predicates neutral;,, normal,,, absj,, and the notion of term size |t|;,, which we respectively
write neutral,,qx, normal,,qx, abSmax, and |t|max. We actually define, in Fig. 9, a version of the

maximal strategy, denoted 5 that is indexed by an integer r representing the size of what is

max >

erased by the evaluation step. We define the transitive closure of — max s follows:
n "2k r
E=max P P “max U t_)fnax p

0 r
0 "2 jeyq ®
I=max t E—max U E=max P
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Typing rules {ax, fung, fun,, appy, appl,"} in Fig. 8 plus

>0 (A FO 1 A ArIE A

— many_, — hone
Wer Ay bt (A i AL ]

Fig. 10. Type system for maximal evaluation

PROPOSITION 7.1 (max EVALUATION SYSTEM). (A, = ., > neutral, ., normal,,qy, abSmax) is
an evaluation system.

Also in this case the proof is routine.

Multi types. Multi types are defined exactly as in Section 3. The type system max for max-
evaluation is defined in Fig. 10. Rules many_ , and none (which is a special 0-ary version of many),
are both used to prevent an argument p in rule app,, to be untyped: either it is typed by means of
rule many ,—and thus it is typed with at least one type—or it is typed by means of rule none—and
thus it is typed with exactly one type: the type itself is then forgotten, but requiring the premiss to
have a type forces the term to be —,,,, normalising. The fact that arguments are always typed,
even those that are erased during reduction, is essential to guarantee strong normalisation: system
max cannot type anymore a term like xQ.

The next lemma expresses the relevance property of system max, that distinguishes it from the
head and leftmost cases, and that can be proved by a straightforward induction on ®.

LEMMA 7.2 (RELEVANCE). Let ® b o TFEt: A Then x € fv(t) if and only if x € dom(T).

The size |®| of a typing derivation ® is naturally adapted to system max, counting all rule
applications in @, except those of rules many. , and none. And again if ® >, T F-1t : A then
b+r<|9|.

Similarly to the head and leftmost cases, the quantitative information in typing derivations is
used to characterise evaluation lengths and sizes of normal forms, as captured by the correctness
and completeness theorems that we now present.

7.1 Tight Correctness

The correctness theorem is proved following the same schema used for head and leftmost evalua-
tions. Most proofs are similar, and are therefore omitted.

We start with the properties of typed normal forms. The proof of the tight spreading on neutral
terms (Lemma 4.3) also applies to typing system max, providing the following lemma.

LEMMA 7.3 (TIGHT SPREADING ON NEUTRAL TERMS FOR max). If neutraly,(t) and @ >y
T +5"t : A such that tight(T), then tight(A) and the last rule of  is not app,.

The general properties of typed normal forms hold as well, using the same notion of tightness as
in Definition 3.2.

PROPOSITION 7.4 (PROPERTIES OF TYPINGS FOR NORMAL FORMS). Given ® >4y T FOt 2 A with
normal,qax(t),

(1) Size bound: |t| < |P|

(2) Tight indices: if @ is tight then b = 0 and r = |t|.

(3) Neutrality: if A = neutral then neutraly, ,x(t).

ProOF. See Appendix D.1. O
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We now turn to the typing derivations of terms that are not necessarily in normal form. The
case of maximal evaluation starts differing from head and leftmost evaluations: indeed, rule none
is not used in tight derivations of normal forms but must be used to type terms that are erased
by reduction. If the types of such terms are left unconstrained, then precision is lost regarding
the quantitative information that typing derivations contain about erasable terms. For maximal
evaluation we must therefore strengthen the notion of tightness for typing derivations, which
becomes a global condition because it is no longer a property of the final judgment only:

Definition 7.5 (Max-tight derivations). A derivation @ >, T F7t : B is garbage-tight if in
every instance of rule (none) in ® we have tight(A). It is max-tight if also ® is tight, in the sense
of Definition 3.2.

Then we can type substitutions:

LEMMA 7.6 (SUBSTITUTION AND TYPINGS FOR max). Let M # [ ], ®; bmax A;x : MGt A
and ®p oy T l-(b”)p : M. Then there exists a derivation ®;(xp) >max T WA I-(b+b'*””)t{x<—p} :A
where | Qs (xpy| = |®¢| + |®p| — |M|. Moreover if &, and ®,, are garbage-tight, then so is ®;(xp).

Note that the substitution lemma differs in two points with respect to the those for the head and
leftmost cases (Lemma 3.5 and Lemma 4.5):

(1) Relevance: we assume that the multi-set M is not empty, so that the typing hypothesis for p

is derived with rule many_ rather than none. Note that indeed meta-level substitution is

used in the definition of ¢ Lmax p only when the substituted variable x does occur, that by
relevance (Lemma 7.2), corresponds to having x assigned to a non-empty multi-set M in the
type context typing the body of the abstraction.

(2) Garbage-tightness: the substitution lemma has to ensure that garbage-tightness is preserved.
This has no analogous on the head and leftmost cases because their notions of tightness only
concern the final judgement, while here tightness has also an internal component, given
precisely by garbage-tightness.

Nonetheless, the proof of the substitution lemma follows exactly the same schemas in the head and
leftmost cases, and is therefore omitted.

Subject reduction. The statement of the subject reduction property here slightly differs from
the corresponding ones for the head and leftmost cases. Indeed, if ¢ Lmax p then the typing
environment I' for term ¢ is not necessarily preserved when typing p, because the evaluation step
may erase a subterm of ¢. Consider for instance term ¢ = (Ax.x")(yy). In any max-typing derivation
of t, the typing context must declare y with an appropriate type that ensures that, when applying
a well-typed substitution to ¢, the resulting term is still normalising for —,,,, . For instance,
the context should declare y : [[A] — A, A], or even y : [neutral] if the typing derivation for

t is max-tight. However, as t EN max X > the typing derivation for x” will clearly have a typing
environment I’ that maps y to [ |. Hence, the subject reduction property has to take into account
the change of typing context, as shown below. In what follows we write T C I'" if I'(x) C I''(x) for
every variable x, where C denotes multi-set inclusion.

PROPOSITION 7.7 (QUANTITATIVE TIGHT SUBJECT REDUCTION FOR max). If®vp,q, T FO-Np A
is max-tight and t imax D, then there exist I’ £ T’ and an max-tight typing ¥V such that ¥ >pqx
[ +6=Lr=¢)p . A and |®| > |¥].

PRrOOF. As for the leftmost case (Proposition 4.6) we need to strengthen the statement, as follows:

Let t =, . p, ®>max T FOt: Ais garbage-tight, tight(I), and (tight(A) or =absmax(t)).
Then there exist I and a garbage-tight typing ¥ »ax I F®~17=€)p : A such that tight(I).
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We give here the two interesting cases of evaluation at top level: the non-erasing one, that
requires the strengthen substitution lemma, and the erasing one, that modifies the type context.
The full proof is in Appendix D.1.

e Non-erasing top-level step:

x € fv(u)

(Ax.u)q i)max u{x<q}
Assume @ >0 T HO(Ax.u)q : Ais garbage-tight and tight(I'). The derivation ® must end
with rule appy, the derivation of its premiss for Ax.u must end with fun,. Hence, there are
two garbage-tight derivations ®, 0 Ty x : M FGuru)y - A and Q) > max Iy I-(bP”P)p : M,
with (b,r) = (b, + bg + 1,1, +ry) and T’ =T, W T,,. Moreover, by hypothesis x € fv(u), and
so M # [] by relevance (Lemma 7.2). Then, the substitution lemma (Lemma 7.6) gives a
garbage-tight derivation s, T Fbutba-Tu*ma)y{xq} : Asuch that |¥| = |®, |+ |Dg|—|M| <
|Dy| + |Dg| + 2 = |D].
o Erasing top-level step:
x & fv(u) normal,,.x(q)

[9max

(Ax.u)g — u

max
Assume @ >0 T FO(Ax.u)q : Ais garbage-tight and tight(I'). The derivation ® must end
with rule appy, and the derivation of its premiss for (Ax.u) must end with fun;. Moreover,
since x ¢ fv(u), then by relevance (Lemma 7.2) the derivation of its premiss ¢ must end with
rule none:

Dy > max Ty FO Wy A Dy bmax Ty FP779g: A,

funy none
L bt brd)xu:[] > A I, l—(hq’rq)q 1]

T, W T, FOutbatbrutra) Oy 1)g : A
with (b,r) = (b, + by + 1,1, + 1q) and T = T, W T, Since ® is garbage-tight, then T
is tight and A; must be tight, and since normal,;4(q), we can apply the tight indices
property of normal forms (Proposition 7.4) and obtain (bg, rq) = (0, |q|max), so that (by, ry) =
(b—1,7~|qlmax)- Since tight(l}, W I,) we have tight(I}), so @, is the desired garbage-tight
derivation. Moreover, |[®,| < || + |[®g] + 2 = |D].

appp

]

Correctness theorem. Now the correctness theorem easily follows. It differs from the corresponding
theorem in Section 3.1 in that the second index in the max-tight typing judgement does not only
measure the size of the normal form but also the sizes of all the terms erased during evaluation
(and necessarily in normal form).

THEOREM 7.8 (TIGHT CORRECTNESS FOR max-EVALUATION). Let ® b, T -t A be a max-

tight derivation. Then there is an integer e and a term p such that normal,,.(p), t if’nax p and
|plmax + € = r. Moreover, if A = neutral then neutral . (p).
Proor. See Appendix D.1. O

On removing the measure of erased terms. 1t is possible to slightly modify the definition of system
max so that the second counter r is exactly the size |p|nqx of the normal form. Simply, one needs
to modify the none rule as follows:
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ARPE: A
ARO[

Indeed, by setting the second counter to 0, rule none® ignores the size of erasable arguments.

l’]Ol’]eO

7.2 Tight Completeness

Completeness is again similar to completeness in the head and leftmost cases, and differs from
them in the same way as correctness differs from their correctness. Namely, the second index in
the completeness theorem also accounts for the size of erased terms, and the appendix provides the
proof of the subject expansion property. The completeness statement follows.

PROPOSITION 7.9 (NORMAL FORMS ARE TIGHTLY TYPABLE IN MAX). Lett be such that normal,,q.(t).
Then

(1) Existence: there exists a max-tight derivation ® >, T O 1tmax)t . A

(2) Structure: Moreover, if neutral,, ,x(t) then A = neutral, and if abs,4x(t) then A = abs.

LEMMA 7.10 (ANTI-SUBSTITUTION AND TYPINGS FOR max). If ® »pax I FODt{x<p} : A and

x € fv(t), then there exist:

e a multi-set M different from [ |;

o a typing derivation ®; >pax Ii;x: M pbere)y : A: and

e a typing derivation ®, >pax Ty FlroTo)p - M
such that:

e Typing context: ' =T} W I};

o Indices: (b, 1) = (by + by, 11 + 1p).

o Sizes: | D] = |D;] + |D,] — [M].
Moreover, if ® is garbage-tight then so are ®; and ®,,.

PROPOSITION 7.11 (QUANTITATIVE TIGHT SUBJECT EXPANSION FOR max). If®>pax THEp: A

is max-tight and t i),nax p, then there exist I’ I T and a max-tight typing ¥ such that ¥ >4
[/ +G+Lr+e)t s A and || < |¥|. ¥ >pmax [ FOHL0t 2 A and || < |P].

ProoF. See Appendix D.2. O

THEOREM 7.12 (TIGHT COMPLETENESS FOR FOR max). Ift i)’fnax p with normal ,,qx(p), then there
exists an max-tight typing ®>pmax T pkplmax+e)t . A Moreover, ifneutral,,.x(p) then A = neutral,
and if abs . (p) then A = abs.

ProorF. See Appendix D.2. O

8 LINEAR HEAD EVALUATION

In this section we consider the linear version of the head evaluation system, where linear comes
from the linear substitution calculus (LSC), a formalism that is a subtle reformulation of Milner’s
calculus with explicit substitutions [Kesner and Conchuir 2008; Milner 2007], which is inspired
from the structural lambda-calculus [Accattoli and Kesner 2010]. The linear substitution calculus
has all the good properties one expect from a calculus with explicit substitutions, inherited from
those of Milner’s calculus [Kesner and Conchuir 2008]. It also has properties that no other calculus
with explicit substitutions has, such as a residual system and a theory of standardisation [Accattoli
et al. 2014].

Concretely, the LSC is a refinement of the A-calculus where the language is extended with
an explicit substitution constructor t[x\p], and linear substitution is a micro-step rewriting rule
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replacing one occurrence at a time—therefore, linear does not mean that variables have at most
one occurrence, only that their occurrences are replaced one by one. Linear head evaluation—first
studied in [Danos and Regnier 2004; Mascari and Pedicini 1994]—admits various presentations. The
one in the LSC adopted here is the simplest one and has been introduced in [Accattoli 2012].

The insight here is that switching from head to linear head, and from the A-calculus to the
LSC only requires counting ax rules for the size of typings and the head variable for the size of
terms—the type system, in particular is the same. The correspondence between the two system is
spelled out in the last subsection of this part. Of course, switching to the LSC some details have to be
adapted: a further index traces linear substitution steps, there is a new typing rule to type the new
explicit substitution constructor, and the proof schema slightly changes, as the (anti-)substitution
lemma is replaced by a linear (anti-)substitution one—these are unavoidable and yet inessential
modifications.

Thus, the main point of this section is to split the complexity measure among the multiplicative
steps (beta steps) and the exponential ones (substitutions). Moreover, linear logic proof nets are
known to simulate the A-calculus, and LSC is known to be isomorphic to the proof-nets used in the
simulation [Accattoli 2018b]. Therefore, the results of this section directly apply to those proof
nets.

Explicit substitutions. We start by introducing the syntax of our language, which is given by the
following set Ajsc of terms, where t[x\p] is a new constructor called explicit substitution (shortened
ES), that is equivalent to let x = p in ¢:

LSC TErRMS tLp = x|Ax.t|tp|t[x\p]

The notion of free variable is defined as expected, in particular, fv(¢[x\p]) := (fv(t) \ {x}) U fv(p).
(List of) substitutions and linear head contexts are given by the following grammars:

(LIST OF) SUBSTITUTION CONTEXTS L == ()] L[x\t]
LINEAR HEAD CONTEXTS H == ()| Ax.H|Ht| H[x\f]

We write L(t) (resp. H(t)) for the term obtained by replacing the hole (-) in context L (resp. H) by
the term t. This plugging operation, as usual with contexts, can capture variables. We write H({(t))
when we want to stress that the context H does not capture the free variables of t.

Normal, neutral, and abs predicates. The predicate normal;;, defining linear head normal terms
and neutral;,g defining linear head neutral terms are introduced in Fig. 11. They are a bit more
involved than before, because switching to the micro-step granularity of the LSC the study of
normal forms requires a finer analysis. The predicates are now based on three auxiliary predicates
neutr‘al;‘h & normalfh & and normal’l*h 4 the first two characterise neutral and normal terms whose
head variable x is free, the third instead characterises normal forms whose head variable is bound.
Note also that the abstraction predicate abs;jy is now defined modulo ES, that is, a term such as
(Ax.t)[z\p]ly\u] satisfies the predicate. It is worth noticing that a term ¢ of the form H((y)) does not
necessarily verify normaljp (1), e.g. (Az.(yx)[x\y])p, because it has a multiplicative redex (defined

below). Examples of linear head normal forms are Ax.xy and (yx)[x\z](II).

Small-step semantics. Linear head evaluation is often specified by means of a non-deterministic
strategy having the diamond property [Accattoli 2012]. Here, however, we present a minor de-
terministic variant, in order to follow the general schema presented in the introduction. The
deterministic notion of linear head evaluation [Ad is in Fig. 12. An example of —,4-sequence is

(Az.cex)[\yDp)ly\w] =, Colx\yll2\plly\w]  —,,
WO\yll2\plly\wl =, (wx)lx\yl[2\p][y\w]
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/ LINEAR HEAD ABSTRACTIONS \

absypa(t)
absjpa(Ax.t)  abspa(t[x\p])
LINEAR HEAD NORMAL FORMS
neutral’, () y#x neutraly, (t)
——  lhnvar  Tthd lhnapp thd 1hnsubx
neutralj, ,(x) neutralj, ,(tp) neutralj, . (t[y\p])
neutral}, ,(t) y#x normal},  (t) y#x normal},  (t)
% lhnno " thd lhnolamx " thd lhnosubx
normaly, .(t) normaly, ,(Ay.t) normaly, .(t[y\p])
normal®, ,(t) normal?, (1) normal?, (1)
+ lhnolamx + lhnolam #—lhd lhnosub
normalj, ,(Ax.t) normaly, ,(Ax.t) normaly, .(t[y\p])
neutralj, ,(t) o normaly, ,(t) Lhro normal’;hd(t) o
neutral;p,(t) normalypg(t) normalypg(t) J

Fig. 11. Linear head neutral and normal forms

lhdy lhd
LAx.tyu— 4 Ltlx\ul) H{xPle\t] =, g H N [x\1]

t—, U —abspg(t) t—;,  u t#H{x) t—;,  u
lhd lhd, hd ¥ i thd

Ax.t— 4 Ax.u to =) 4 UV tlx\v] =, ulx\v]

Fig. 12. Linear-head strategy

From now on, we split the evaluation relation — ;54 in two relations, multiplicative —, and
exponential —, evaluation, where —, (resp. —, ) is generated by the base case (lhdy) (resp. (Ihde))
and closed by the three rules (lhd,), (Ihdg), (Ihds). The terminology multiplicative and exponential
comes from the linear logic interpretation of the LSC. The literature contains also an alternative
terminology, using B at a distance for —, (or distant B, where B is a common name for the variant
of § introducing an ES instead of using meta-level substitution) and linear substitution for —, .

PROPOSITION 8.1 (LINEAR HEAD EVALUATION SYSTEM).
(A1scs —1nd> neutralypg, normaly, g, absng) is an evaluation system.

ProoF. In the linear case the proof is subtler than for the head, LO, and maximal cases. It is in
Appendix E. O

Size of Normal Forms. In Fig. 13 the notion of linear head size |t|j4 extends the head size to
terms with ES by counting 1 for variables—note that ES do not contribute to the linear head size.
One way to understand why ES do not count for |¢|;p4 is having in mind the cost of recognizing a
linear head normal form. In contrast to the previous cases, however, here one has to consider terms
represented as proof nets, or, equivalently, a pointer-based representation of variables. In these
cases, in the representation of ¢[x\p] the topmost constructor of ¢ and the ES [x\p] are not next
to each other, and there might not even be a path between the two. To check whether t is linear
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|x|iha
|tulina
Fig. 13. Head linear size of terms

4 N

x: [A] OO0y A

1 Mx.thhd
[tliha + 1 [tl\ulling =

[tliha +1
t]iha

(A HPoermE Ay

WierA; p(Fierbisteitierri)y [Ailier

many\

T Wer A, '_(b+b',e+e’,r+r’)tp ‘A

rrbent: A

appp

rrben;. a tight(T(x)) T H®eMt: tight
[\ x FEFLeTEL=TCIN )y 1 T(x) — A I\ x+®e*D)x ¢ : abs funr
TEEet M A AP M I+t neutral b

T +&er Dy neutral

APy T ()

app,

-

(r \\ x) WA |_(b+b’,e+e'+|I“(x)\,r+r’—|1“(x)|)t|:x\1/l] ‘A ES

/

Fig. 14. Type system for linear head evaluation.

head normal then amounts to go through the left branch of the syntax tree, as for the head case,
and once arrived on the head variable, verifying that the variable does not point to a ES (that is, it
points to an abstraction or nowhere, if it is a free variable).

Multi types. We consider the same multi types of Sect. 3, but now typing judgements are of the
form I (b€t . A, where (b, e, r) is a triple of integers whose intended meaning is explained in
the next paragraph. The typing system lhd is defined in Fig. 14. By abuse of notation, we use for
all the typing rules—except ES which is a new rule—the same names used for hd. As in the case
of hd and lo, there is an alternative way to specify the functional rules, which is also applicable
now to rule ES. These formulations are often used in the technical proofs, they look as follows:

Iix: M pbeny. 4

T;x: Tight #&©7¢ : tight

P RE e A A

Trb&er+D)x t: abs Fun,

Tix: M pbeny s A ARy M
TwA l_(b-%—b’,e-%—e’+|M|,r+r'—|M|)t[x\u] ‘A ES

As in the head and leftmost case, the size of a typing derivation |®| is the number of rules in @,
not counting the occurrences of rule many.

Indices. The roles of the three components of (b, e, r) in a typing derivation I %€t : A can be
described as follows:

o b and multiplicative steps: similarly to the head case, b is supposed to bound the number of
multiplicative redexes, i.e. the number of subterms of the form L{Ax.t)u that are reduced
during an evaluation to normal form.

e ¢ and exponential steps: the index e is supposed to bound the number of exponential redexes,
i.e. subterms of the form H{(x))[x\¢] that are reduced during an evaluation to normal form.
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Note that e is incremented by axioms, and thus it counts the number of times an axioms is
replaced by an exponential step. The ES typing rule does not change the index because a
single ES can be involved in many exponential steps along an evaluation sequence.

e r and size of the result: r counts the rules typing variables, abstractions and applications (i.e.
ax, fun, and app”?) that cannot be consumed by Ihd evaluation, so that they appear in the
linear head normal form of a term. Note that the ES constructor is not consider part of the
head of terms.

Note also that the typing rules assume that variable occurrences (corresponding to ax rules) end
up in the result, by having the third index set to 1. When a variable x becomes bound by an ES
(rule ES) or by an abstraction destined to be applied (funy), the number of uses of x, expressed by
the multiplicity of the multi-set M typing it, is subtracted from the size of the result, because those
uses of x correspond to the times that it shall be replaced via a linear substitution step, and thus
they should no longer be considered as contributing to the result. Coherently, that number instead
contributes to the index tracing linear substitution steps.

Definition 8.2 (Tight derivations). A derivation ® by T +®-¢t . B is tight if tight(B) and
tight(T).

Example. Consider again the term t; = (Ax;.(Axy.x0x1)x1)I, where I is the identity function
Axs.x3. The linear head evaluation sequence from #, to [hd normal-form is given below, in which
we distinguish the multiplicative steps from the exponential ones.

(Ax1.(Axg.x0x1)x1)1 —n (Axg.xox1)x1)[x1\I] —n
(2021 ) [0\ ][22\ 1] —e (1) [x0\oe1 ][0 \I] —e
(Txp) [0 \ox1 J[x1\I] —u xla\x ]\ ][x\I] —,

x[xs\x1][xo\xr ][ \I]  —e  Ixs\xa][oxo\oer ][x1\I]
The evaluation sequence has length 7: 3 multiplicative steps and 4 exponential steps. The linear
head normal form has size 2. We now give a tight typing for the term t,, by writing again abs?®®
for [abs] — abs.

x1 : [abs] FOOVx, : abs

xo ¢ [abs?®S] HO0 Dy, s abs?®s  x; : [abs] F®%Dx; : [abs]

xo : [abs?®3], x; : [abs] F %P xyx; : abs x1 : [abs®S] OO Dy, : ahs?Ps

x1 1 [abs] F DD Axg . x0x1 : [abs?®S] — abs x1 1 [abs?®®] FO0 Dy, : [abs®S)

x1 1 [abs, abs?® ] F 1D (Axg.x0x1)x; : abs

F®39 A x; (Axo.x0x1)x1 : [abs, abs?®$] — abs LT [abs, abs?]

FG42(Ax; (Axg.x0x1)x1)1 : abs

Indeed, the pair (3, 4, 2) represents 3 (resp. 4) multiplicative (resp. exponential) evaluation steps to
lhd normal-form, and a linear head normal form of size 2.

8.1 Tight Correctness

As in the case of head and LO evaluation, the correctness proof is based on three main properties:
properties of normal forms—themselves based on a lemma about neutral terms—the interaction
between (linear head) substitution and typings, and subject reduction.

Neutral terms and properties of normal forms. As for the head case, the properties of tight typing
of Ihd normal forms depend on a spreading property of [hd neutral terms. Additionally, they also
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require a characterisation of the shape of type contexts for tight derivations of neutral and normal
terms.

LEMMA 8.3 (TIGHT SPREADING ON NEUTRAL TERMS, PLUS TYPING CONTEXTS). Let®>jpq ' pbeng. A
be a derivation.
(1) Ifneutralj, (t) then x € dom(T"). Moreover, if tight(I'(x)) then tight(A) and dom(T') = {x}.
(2) Ifnormaly, ,(t) then x € dom(T'). Moreover, if tight(I'(x)) then dom(I') = {x}.
(3) Ifnormal?, (t) and tight(A) then A = abs andT is empty.
In all the cases, if tight(T), then the last rule of ® is not appy,.

Note that the points 1 and 2 together imply that if T +®-©"H({(x)) : A then x € dom(T), i.e.
F=I";x:MwithM#[].

Proor. By induction on ®. See Appendix E.1. O

PrROPOSITION 8.4 (PROPERTIES OF [hd TIGHT TYPINGS FOR NORMAL FORMS). Let t be such that
normal;ng(t), and ®vipg THE €t : Abea typing derivation.

(1) Size bound: |t|;pg < |D].

(2) Tightness: if @ is tight thenb = e = 0 and r = |t|jpq.

(3) Neutrality: if A = neutral then neutralj,,(t).

Proor. The proof is by induction on ®. We only show here the interesting case which allows
to understand the use of Lemma 8.3, the full proof can be found in Appendix E.1. Let t = p[x\u],
whose derivation ® has the following form:

Yorg Asx: M I-<b/’e/’rl)p tA ey m
A T1 RO ML =MD\ ] - A

withb=b"+b",e=¢e’+e”,r=r"+r",andT = AWIIL
(1) Size bound: by i.h. [plipa < |¥]. Then |t|ipa = |plina <in [¥] < |D].
(2) Tight bound: There are two cases:

. normallyhd(p) for some y # x. By Lemma 8.3.2 y € dom(A). All assignments in A are Tight
because @ is tight, and so applying Lemma 8.3.2 again we obtain that dom(A) = {y}, that is,
that M = [ ]. Two consequences: first, the ES has no right premiss, that is, it rather has the
following shape:

ES

Yoipa T |_(b,e,r)p tA
T+ Dplx\u] : A

second, ¥ is tight, and so by i.h. b = e = 0 and r = |p|;pq. The statement follows from the

fact that [plina = |p[x\ullina-

. normal’;hd(p). If @ is tight then A = tight and by Lemma 8.3.3 the context A;x : M is
empty, that is, M = []. Two consequences: first, the ES has no right premiss, that is, it
rather has the following shape:

Y >iha '_(b,e,r)p A

ES
FOeplx\u] : A

second, V¥ is tight, and so by i.h. b = e = 0 and r = |p|;pg. The statement follows from the

fact that |p|ina = [plx\u]ling-
O
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Linear substitution lemma. The main difference in the proof schema with respect to the head case
is about the substitution lemma, that is now expressed differently, because evaluation no longer
relies on meta-level substitution. Linear substitutions consume one type at a time: performing a
linear head substitution on a term of the form H{(x))[x\¢] consumes exactly one type resource
associated to the variable x, and all the other ones remain in the typing context after the partial
substitution.

LEMMA 8.5 (LINEAR SUBSTITUTION AND TYPINGS FOR [hd). Let ®vpq x : M;T FO-SH(x) : A.
Then there exists B € M such that for all ®; >4 T; pbe-ee.redy o B there exists a derivation ¥ >4
x: M\ [B];T W, pbrbeerecr+ri=O Yy - A Moreover, |¥| = |®| + |®,| — 1.

Proor. By induction on H. See Appendix E.1. O

Subject reduction. Quantitative subject reduction is also refined, by taking into account the fact
that now there are two evaluation steps, whose numbers are traced by two different indices.

PROPOSITION 8.6 (QUANTITATIVE SUBJECT REDUCTION FOR lhd). If®» T +5:¢7) t:A then
(1) Ift =, u then b > 1 and there is a typing ® such that & » T +¢~1¢7) y:A and |'| = |®| - 1.
(2) Ift =, u then e > 1 and there is a typing ®’ such that ® » T &€~ y:A and |@'| = |®| - 1.

Proor. The proof is by induction on t = u and t —, u, using Lemma 8.5. See Appendix E.1. O

Note that quantitative subject reduction does not assume that the typing derivation is tight: as
for the head case, the tight hypothesis is only used for the study of normal forms—it is needed for
subject reduction / expansion only if evaluation can take place inside arguments, as in the leftmost
and maximal cases.

Note also that the size of derivations decreases of exactly 1—it follows from the moreover part
of the linear substitution lemma. This fact contrasts strikingly with respect to the other subject
reduction properties in the paper, where it is not possible to have such an uniform bound, because
they adopt an operational semantics based on meta-level (full) substitution, that may replace many
or no variable occurrences at the same time. This is one of the reasons behind our slogan that multi
types more naturally measure evaluation in the LSC rather than in the A-calculus.

Correctness. According to the spirit of tight typings, linear head correctness does not only provide
the size of (linear head) normal forms, but also the lengths of evaluation sequences to (linear head)
normal form: the two first integers b and e in the final judgement count exactly the total number of
evaluation steps to (linear-head) normal form.

THEOREM 8.7 (TIGHT CORRECTNESS FOR [hd). Let ® vy T H¢7)t . A be a tight derivation. Then
there exists p such that t _,5;;; p, normalug(p) and |pling = r. Moreover, if A = neutral then
neutraljuq(p).

Proor. See Appendix E.1. O

8.2 Tight Completeness

As in the case of head and LO evaluation the completeness proof is based on the following properties:
typability of linear head normal forms, interaction between (linear head) anti-substitution and
typings, and subject expansion. The proofs are analogous to those of the completeness for head
and LO evaluation, up to the changes for the linear case, that are instead analogous to those of the
correctness of the previous subsection. The statements follow.

PROPOSITION 8.8 (LINEAR HEAD NORMAL FORMS ARE TIGHTLY TYPABLE FOR [hd). Lett be such that
normaljpq(t). Then there exists a tight typing ® >y T FO0-1tlina) ¢+ A Moreover, if neutralypg(t)
then A = neutral, and if abs;4(t) then A = abs.
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Proor. See Appendix E.2. O

LEMMA 8.9 (LINEAR ANTI-SUBSTITUTION AND TYPINGS FOR lhd). Let ®>;py T S H(u) : A,

where x ¢ u. Then there exists

e atypeB

e a typing derivation ®, »ypq T, FlwewTy . B

e a typing derivation @y >iha T’ W x:[B] O H(x) : A
such that

o Typing contexts:I' =TI W T},.

e Indices: (b,e,r) = (b’ + by, e’ + ey, 1’ +1r, —1).

o Sizes: |®| = Dy | + [Prxy| — 1.

Proor. By induction on H. See Appendix E.2. O

PROPOSITION 8.10 (QUANTITATIVE SUBJECT EXPANSION FOR lhd). If®" >jpg T Fb-ery’ . A then
(1) If t =, t’ then there is a derivation ® >,y T FE*160t 2 7 and || = |®| + 1.
(2) Ift - t’ then there is a derivation ® >y T HE+L0t: A and |@'| = |®| + 1.

Proor. See Appendix E.2. O

As for linear head correctness, linear head completeness also refines the information provided
about the lengths of the evaluation sequences: the number k of evaluation steps to (linear head)
normal form is now split into two integers k; and k;, representing, respectively, the multiplicative
and exponential steps in such evaluation sequence.

THEOREM 8.11 (TIGHT COMPLETENESS FOR lhd). Let t —>5‘hd p, where normalj,q(p). Then there

exists a tight type derivation ®>jpy T pkike-Plina)t A where k = ky + ky. Moreover, ifneutralpq(p),
then A = neutral, and if abs;p4(p) then A = abs.

Proor. See Appendix E.2. O

8.3 Relationship Between Head and Linear Head

The head and linear head strategies are specifications at different granularities of the same notion
of evaluation. Their type systems are also closely related—in a sense that we now make explicit,
they are the same system.

In order to formalise this relationship we define the transformation £ of hd-derivations into
(linear, hence the notation) [hd-derivations as: ax in hd is mapped to ax in [hd, fun, in hd is mapped
to fun, in [hd, funy in hd is mapped to fun, in [hd, and so on. This transformation preserves the
context and the type of all the typing judgements. Of course, if one restricts the [hd system to A-
terms, there is an inverse transformation N of [hd-derivations into (non-linear, hence the notation)
hd-derivations, defined as expected. Together, the two transformation realise an isomorphism.

ProPOSITION 8.12 (HEAD 1SOMORPHISM). Let t be a A-term without explicit substitutions. Let | - |,x
denote the number of axiom rules in a derivation. Then
(1) Non-linear to linear: if®>p 4 T +b:1)t : A then there existse > 0 such that L(®)>ipq TFPEt: A,
wherer’ = r — e + |®|a. Moreover, N(L(®)) = ®.
(2) Linear to non-linear: if®s 4 T H¢7)t : A then N(®)>pg T Ot A, wherer = e+1" — | D]y
Moreover, LN (®)) = @.

The proof is straightforward.
Morally, the same type system measures both head and linear head evaluations. The difference
is that to measure head evaluation and head normal forms one forgets the number of axiom typing
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rules, that coincides exactly with the number of linear substitution steps, plus 1 for the head variable
of the linear normal form. In this sense, multi types more naturally measure linear head evaluation.
Roughly, a tight multi type derivation for a term is nothing else but a coding of the evaluation in
the LSC, including the normal form itself.

On the number of substitution steps. It is natural to wonder how the index e introduced by £ in
Proposition 8.12.1 is related to the other indices b and r. This kind of questions has been studied at
length in the literature about reasonable cost models. It is known that e = O(b?) for any A-term,
even for untypable ones, see [Accattoli and Dal Lago 2012] for details. The bound is typically
reached by the diverging term 86, which is untypable, but also by the following terminating (and
therefore typable) term t,, := (Ax,. . .. (Ax1.(Axo.(x0X1 - . - Xp))X1)X2 . . . x,)I. Indeed, t,, evaluates in
2n multiplicative steps (one for turning each f-redex into an ES, and one for each time that the
identity comes in head position) and Q(n?) exponential steps.

On terms with ES. Relating typing judgements for A-terms with ES to judgements for ordinary
A-terms is a bit trickier—we only sketch the idea. One needs to introduce the unfolding operation
(1) : A1sc = A on A-terms with ES, that turns all ES into meta-level substitutions, producing the
underlying ordinary A-term. For instance, (x[x\y][y\z])] = z. As in Proposition 8.12.2, types are
preserved:

LEmMMA 8.13 (UNFOLDING AND [hd DERIVATIONS). Lett € Ajsc. If @ pjpg T +b-e1 . A then there
exists W opg THOTDt| - A

Note that the indices are also preserved. It is possible to also spell out the relationship between
® and ¥ (as done in [Kesner et al. 2018]), that simply requires a notion of unfolding of typing
derivations, and that collapses on the transformation A in the case of ordinary A-terms.

9 CONCLUSIONS

Type systems provide guarantees both internally and externally. Internally, a typing discipline
ensures that a program in isolation has a given desired property. Externally, the property is ensured
compositionally: plugging a typed program in a typed environment preserves the desired property.
Multi types (a.k.a. non-idempotent intersection types) are used in the literature to quantify the
resources that are needed to produce normal forms. Minimal typing derivations provide exact upper
bounds on the number of f-steps plus the size of the normal form—this is the internal guarantee.
Unfortunately, such minimal typings provide almost no compositionality, as they essentially force
the program to interact with a linear environment. Non-minimal typings allow compositions with
less trivial environments, at the price of laxer bounds.

In this paper we have engineered typing so that, via the use of tight constants among base
types, some typing judgements express compositional properties of programs while other typing
judgements, namely the tight ones, provide exact and separate bounds on the lengths of evaluation
sequences on the one hand, and on the sizes of normal forms on the other hand. The distinction
between the two counts is motivated by the size explosion problem, where the size of terms can
grow exponentially with respect to the number of evaluation steps.

We conducted this study building on some of the ideas in [Bernadet and Graham-Lengrand
2013a], by presenting a flexible and parametric typing framework, which we systematically applied
to three evaluation strategies of the pure A-calculus: head, leftmost-outermost, and maximal.

In the case of leftmost-outermost evaluation, we have also developed the traditional shrinking
approach which does not make use of tight constants. One of the results is that the number of
(leftmost) evaluation steps can be measured using only the (sizes) of the types of the final typing
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judgement, in contrast to the size of the whole typing derivation. Another point, is the connection
between tight typings and minimal unitary shrinking typings without tight constants.

In the case of maximal evaluation, we have circumvented the traditional techniques to show
strong normalisation: by focusing on the maximal deterministic strategy, we do not require any
use of memory operator or subtyping for abstractions to recover subject reduction.

We have also extended our (pure) typing framework to linear head evaluation, presented in the
linear substitution calculus (LSC). The result is that tight typings naturally encode evaluation in
the LSC, which can be seen as the natural computing device behind multi types. In particular, and
surprisingly, exact bounds for head and linear head evaluation rely on the same type system.
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A APPENDIX: HEAD EVALUATION
A.1 Tight Head Correctness
LEMMA A.1 (MULTI-SET DECOMPOSITION FOR HD). Let M = WicgMy. Then ®»pg T +07) 1:M if

and only if there exist (P )kex, (T)kex> (br)kek and (rp)kex and such that Oy vpg T FOT%) My,
where T = Wi eIk, b = +rcxbr andr = +yregre. Moreover, |®|pg = +rek | Pk |ha-

Proor. By induction on the size of K. O

LEMMA 3.5 (SUBSTITUTION AND TYPINGS FOR hd). Let ®; g A;x : M 8t 2 A and Q) bpa
T +")p . M. Then there exists a derivation @ (xp) Pra TWA RO e p) A where
1Dt (xpy| = [De] + |Dp] = [M].

Proor. Let @, (resp. ®;) be the typing derivation of T FO-p - M (resp. A;x : Mt : A)in
system hd. We prove that there exists a typing @; (x p) >ra T WA RO+ e pY : A. The proof
is by induction on ®;. Let us write M as [B;];es for some (potentially empty) set of indices I. We
reason by cases of the last rule of ®;:

e Rule ax. Two cases:

(1) t = x, and so t{x<p} = x{x<p} = pand O; >y x:[A]F*®x: A Thus, |I| = 1 and
M = [A], and the hypothesis ®), >pq T HEr") p:[ A] is necessarily obtained by applying a
unary many rule to a derivation of the form ¥, >y T +®") p:A. Given that x{x«p} = p,
r+r’ ' =0+r" =r',and b+’ = b’, the typing derivation ®; (. ) := ¥, satisfies the
requirements.

(2)t=y,andsoM =[], b’ =" = 0 and t{x<p} = y{x<p} = y. Then it is enough to take
Dy (xepy = Dy

e Rule funy. Then t = Ay.u, and @ is such that b = b, + 1, and it has the following form:

Dyopg Asx:M;y: N gy . B
Asx : MEPHED )y 4 N - B
By i.h. there exists @y (. p} such that

Dyixep)Pha T WAy« N pGurb'r+r) yfee p)iB

funb

from which by applying fun;, we obtain:
Diecp) oha T9 A KO Ay e phN — B

The derivation ®; (., satisfies the requirements because b, + b’ +1=1b + b’
e Rule fun,. Then t = Ay.u, and ®; is such that r = r” + 1 and it has the following form:

Dy opg Asx: My :Tight FOr "y tight
A;x: M I-<b’r"+1)/1y.u : abs
By i.h. there exists @ (. p} such that

funy

Dyxep)Pha T WAy : Tight HO ) yixe phitight
from which by applying fun, we obtain:
@ (xepy Pha T WA ) 3y y{xep}iabs
that satisfies the requirements because r”’ +r’ + 1 =r +r’.
e Rule appy. Then t = uq. The left premiss of the app, rule in @, assigns a typeu : N — A and

the right premiss is a many rule with k := |N| premisses. The multiset M assigned to x can be
partioned in k + 1 (potentially empty) multisets M, . .. My and M, to be distributed among
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the premisses of the app;, rule of ® as follows (if k=0 then the many rule has no premisses):

((I)g >nd A{I;x M] F(bj’rj)q:cj)j:1 ..... k

Dy opg Aysx: My l_(17"’,«0)14 N> A Dgopg Agsx: M° |_(b°’,-0)q N

Ay ¥ Agix: MEEHO5T4 000 4
where the notations satisfy:
b° = +j=1...kbjs re = +j=1__.krj, Aq = L*‘J;czlA{], and M° = U;clej,

A=A, WAy,
b=1b"+b° and
r=r"+r°

Moreover, given the partition of M into M, . .., M, M, the derivation ®, >34 T 1) pM
of the first hypothesis gives rise, by Lemma A.1 to derivations ¥, >4 T}, F(busru) p:M,, and
i b
(¥ oha T FO70) piM;) s
=T, Y- I},
b" = by +j-1.. .k bJ’., and
r'=rutj=i kT

.....

Now, by i.h. we can substitute these derivations ¥, and ‘I’qj into the premisses of the app,

rule, obtaining the derivations @, (. ,}, <I>; (xepp and Yg(xp} such that

(Du{x*P} Pha Ay W, l_(b"+bu,r"+ru)u{x<_p} tN—> A

(@

q{x<p}
Yq{xep} >nd Aq ©] l"q |_(+j:1...k(bj+bjl-),+j:1...k(rj+r}))q{x<_p} . [Cj]j=l,...,k

oha AT HO gl p) 1 C) itk

many

where I, stands for wj;lrj. By applying app; we obtain:

¥opg Ay WA W, W HO u{xeplg{xep} = (ug){xp}: A

We conclude since
- A WAL, WT, = AWT.
— The resulting first counter is as required:

bt = b”+bu +j:1...k (bj +b_;)
b” +j=1.. .k bj + bu -« b]
b” +b° + b
b+?b
— The resulting second counter is as required:
ro= "ty ok (+ rjf)

= r” ti=1.. k¥t Ty tj=1.k r}f

= r+r’
e Rule appi‘d. Then t = uq and ®; is such that r = r,, + 1 and it has the following form:
Oy opg Asx: MGy neutral

apphd

A;x s ME® T Dyg  neutral
By i.h. we can substitute &, into ®, obtaining @, (.} such that
Yopg TwARCH )y p) i neutral
By applying app? we obtain
Ovpg Tw ARt Dy pra{xep} = (ug){xp} : neutral
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that satisfies the requirements because r, +r' + 1 =r +1r'.

A.2 Tight Head Completeness

PROPOSITION 3.8 (NORMAL FORMS ARE TIGHTLY TYPABLE FOR hd). Lett be such that normalyy(t).
Then

(1) Existence: there exists a tight derivation ® >4 T’ FOItha)g A,

(2) Structure: moreover, if neutralyy(t) then A = neutral, and if absy,(t) then A = abs.

Proor. By induction on normalp,(t). Cases:
(1) Variable, i.e.t = x. Then the following derivation evidently satisfies all points of the statement:

0,0) ax

x : [neutral] +*"%x : neutral

(2) Abstraction, i.e.t = Ay.p withnormaly,g(p). By i.h. there is a tight derivation ®,» 44 A FO:1Plha)p
Since the derivation ®, is tight, the typing context A has the shape I';y : Tight (potentially,
y : [])- Then the following is a tight derivation for Ay.p:
@, opg Ty Tight 0PIy tight
T +OIPlatD)y 5 - abs

fun,

Moreover, t is not neutral so the part about neutral terms is trivially true, while it is an
abstraction and it is indeed typed with abs.
(3) Application, i.e. t = pu and normalp,(t) implies neutralyy(t), that implies neutraly (p),
that implies normalyq(p). By i.h., there is a tight derivation ¥ >p4 T' 1O |P|hd)p : tight typing
p with neutral. Then the following is a tight derivation ® types t = pu with neutral, and
having as second index satisfies |p|pg + 1 = |pu|ng = |t|n4, as required:
¥opg THOPRp  neytral

apphd

T |_(O,Iplhﬂffl)pu :neutral

Moreover, neutralyg(t) and ® does indeed type t with neutral. Dually, ¢ is not an abstraction
and so that point trivially holds.
O

LEMMA 3.9 (ANTI-SUBSTITUTION AND TYPINGS FOR hd). Let &>y IO t{xp} : A. Then there

exist:

o a multi-set M;

e a typing derivation ®; >pg Ti;x: M Fbert 2 A and

e a typing derivation ®, >pq T, Fbp-Tp)p - M
such that:

e Typing context:T' = I} W I};

o Indices: (b, 1) = (by + by, 1+ + 1p).

o Size: |®| = || + |®,| — [M].

Proor. By induction on t. Cases:
e Variable, i.e. t = y. Two subcases, depending on the identity of y:

:tight.
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(1) x = y. Then t{x+p} = x{x<p} = p, so that &>,y T +&7) p:A There is only one possibility:
IM| = 1,0, is
Oopy [ HEOT pA
W many
and ®; is

———— ax
x: [A]FO0x: A

(2) x # y. Then t{x<p} = y{x<p} = y. There is only one possibility: |M| = 0, ®; is exactly ®,

that is,
————ax
y: [A] I-(O’O)y tA
and @, is
—————— man
O
o Abstraction, i.e. t = Ady.u. Then t{x<p} = Ay.u{x<p}. Two sub-cases, depending on the last
rule of ®:

(1) Rule funy. Then @ has the following form:
Dy(xepyPhd T3y : N I-(b“"‘“ﬂ’r)u{xep} :D
r I-(b"("*f’}ﬂ’r)ly.u{xep} :N—>D
with b = b, (xp) + 1. By i.h. there exist M and typing derivations
Oy ong Ausy: Nyxo: M Eborad y:A Q) >pa Ap FbpTo) p:M

funyg

such that:
— Typing context: (T;y : N) = (Ay;y : NWA);
= Indices: (by (xp}, 1) = (by + by, 1y +1p).
Then the derivation ®; defined as
Dy opg Tiy: Nyx: MEbwray
T : MELetL )y 4 N — D
satisfies the statement with respect to b; := b, + 1 and r; := r,, because:
— Typing context: the i.h. implies T = (A, W A,);
— Indices:
(a) by + bp =b,+1+ bp =in bu{xep} +1=b,
(b) re +1p =Ty +Tp =ik Tufxep) =T
(2) Rule fun,. Then ® has the following form:

funy

Quixep)Pha Ty : Tight I-(b’r“‘“f”)u{xep} :tight

un
T l_(b,r,,(xﬁ,,)4—1)/1Ly.1,4{x<—‘p} : abs '

with r = r,(xp} + 1. By i.h. there exist M and typing derivations
Dy > Ay : Tightyx s M Ebwr) yitight @, 5 A, Hop) piM
such that:
— Typing context: (I';y : Tight) = (A, y : Tight W A);
- Indices: (b, 1y (xp}) = (by + bp, 1y, + 7).
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Then the derivation ®; defined as
Dyppg T;y:Tight;x: M Fluray : tight
I;x:M I-(b“’r”+1))ty.u : abs
satisfies the statement with respect to r; := r,, + 1 because:
- Typing context: the i.h. implies T = (A, W A,)
— Indices:
(a) by + bp =in b,
(b) re+rp =1y + 1471 =i Tuxepy +1=1.
o Application, i.e. t = uq. Then t{x<p} = u{x<p}q{x<p}. Two sub-cases, depending on the
last rule of ®:
(1) Rule appy,. Then @ has the following form:

funyg

Puixcp)yPha T1 I-(bl’rl)u{xep} M —A QyixcpyPha Ik I-(bz’rZ)q{Ja—p} M
Iwh I-(bl+b2’rl+r2)u{x<—p}q{x<—p} tA

withfzfl Lﬂrg,b:b1+bg,andr=r1 + 1.
By i.h. applied to u{x<p} and q{x+p}, there exist (disjoint) finite sets M, and M, and
typing derivations:

appy

Dy opg Ausx: My FOw™y M — A
Qg opa Agix: My I-(bq’rq)q M
O opg I, HP5o78) piM,,

(I)Z >nd Hq I—(bg’rg) p:Mq
such that:
- Typing context: Ty = A, WII, and I; = Ay W1l
- Indices: (by,r1) = (b, + b%,r, + r;,‘) and (by, ry) = (bg + bl rq + rg).
The derivations @ and @Z can be summed (by inverting their many final rule and reapply-
ing a many rule to the union of the premisses) obtaining a derivation ®, >4 II Fbp-Tp) p:M,
where IT = I, W I1 and b, = b, + bg andry, =ry + rg and M = M, + My. We then apply
app; to obtain the following derivation ®;:
Oy ng Ausx: My Oy M — A Oy ppg Ngsx: My I-(b‘l'rq)q M
Ay W AGx s My + My HOutbaratrayg  tight
We let A := Ay W Ag, by == b, + by and r; := 1, + ry and then observe that we obtained the
statement, because of the following equalities:
(@) Typing context:T =1 W = A, WII, WA, WIl; = AWIL
(b) Indices: (b,r) = (by + by, 11 +12) = (bs + bp, 11 + 7).
(2) Rule app™®. Let t = ugq so that t{x<p} = u{xp}q{x<p}. Then ® has the following form:

appp

@uixepyPra T p (oo )u{xep} :neutral hd
app,

T |_(b’r/+1)u{x<_p}q{x<—p} :neutral

withr =7" + 1.
By i.h. applied to u{x«p} there exists M and typing derivations:

@y »pg Lusx : Moy neutral

CDP >hd l"p I—(bp’rp) pM
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such that:

— Typing context: T =T}, W},

— Indices: (b,r") = (by + by, 1y +1p).

We then apply app/? to obtain the following derivation ®;:

Dy 1o Tusx : MEPOTy : neutral v
app;

Lyix : M e Dyq  neutral
We let I} := T, b; := b, and r; := r, + 1 and then observe that we obtained the statement,
because of the following equalities:

(@) Typing context:T =T; W T},
(b) Indices: (b,r) = (b, " + 1) = (by + bp, 1y, +1p) = (by + by, 1t +1p).

B APPENDIX: LEFTMOST EVALUATION
B.1 Tight Leftmost Correctness
LEMMA B.1 (MULTI-SET DECOMPOSITION FOR LO). Let M = Wicx M. Then ®»;, T +&7) t:M if

and only if there exist (g )kex, Tk)kek, (br)kex and (ri)xex and such that Oy >, Tk Fbior) My
forallk € K, wherel' = Wi ex Tk, b = +rexbr andr = +reiri. Moreover, |9|1, = +rex| Pk 1o

Proor. By induction on the size of K. O

PROPOSITION 4.4 (PROPERTIES OF [0 TYPINGS FOR NORMAL FORMS). Let t be such that normal;,(t),

and ® v, T FO"t: A be a tight type derivation. Then
(1) Tight indices: b = 0 and r = |t|;,. As a consequence |t|;, < |®|.
(2) Neutrality: if A = neutral then neutral;,(t).

Proor. By induction on ¢. Note that neutral,, implies normal;, and so we can apply the i.h.
when neutral;, holds on some subterm of t. If normal;,(t) because neutralj,(t) there are two

cases:
o Variable, i.e. t = x. Then ® has the following form and evidently verifies all the points of the

statement:

x: [A]F0x: A >
o Application, i.e. t = pu, neutral;,(p) and normal;,(u). Cases of the last rule of :
— appy rule: this case is excluded by Lemma 4.3.
- applr0 rule:

@, T I-(bl”rp)p neutral @, >, L, Fo»y: tight
appl°

I, WL, Fortburptrutlpy  neytral

withb =b, + by, r=r,+r, +1,andT =T, W T,,.

(1) Tight counters: if @ is tight, then ®, and ®,, are tight and by i.h. r;, = |pl;, and b, = 0,
and r, = |uljo and b, = 0. Then, r =1, + 1, + 1 =3 |plio + lulio + 1 = |pul;, = |t]; and
b=0b,+b,=0+0=0.

(2) Neutrality: neutral;,(t) holds by hypothesis.

Now, there is only one case left for normaly,(t):
o Abstraction, i.e. t = Ax.p and normal;,(t) because normal;,(p). Cases of the last rule of ®:
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— funy rule:
@, Tix: MO p . A
T p M — A
with b = b, + 1. @ is not tight, so the statement trivially holds.
— fun, rule:

funb

®,>T;x: Tight I-(b’rp)p s tight
I +&7+0)x p: abs

fun,

withr =7, + 1.
(1) Tight counters: if ® is tight, then ®,, is tight and by i.h. and r;, = |p|;, and b = 0. Then,
r=rp +1=n |p|lo +1= |t|lo~
(2) Neutrality: A # neutral, so the statement trivially holds.
O

LEMMA 4.5 (SUBSTITUTION AND TYPINGS FOR lo). Let ®; »;, A;x: M+t 0 A and @, >
T+ M. Then there exists a derivation DyixepyProI'W ARG e pY - A where Dy (xpy] =
|®;| + |®p| — |M|. Moreover, if ®; and ®,, are traditional, then ®; .,y is traditional too.

ProoF. Let ®; »;, A;x: M Dt A and Qp25 T I-(b"’/)p : M. We prove that there exists a
derivation ®; (. py»s TWA HE+ ) tHxp} - A by induction on ®;. System lo differs from hd
only for because it replaces rule appfd with applr". Then the proof for all cases but applr" is like the
one for system hd (Lemma 3.5). We only treat here the case of app!°.

e Rule appl,". Now, t = uq and M splits into two multisets M,, and My so that ® has the following

form:
Dy oo Ausx: My FOw Wy neutral @y, Agix: Mg Hba7dg: tight
app;°
Ay WAgx: M l-(b"+bq"“+rq+1)uq : neutral "
with
b = b, + by,
r=ry,+rg+1,and
A=A, A,

Since M = M, W Mgy, Lemma B.1 gives two derivations ¥, »;, I, I-(b;’r;)p : M, and ¥, >,
T, +P @)p - M such that T =T, T, b' = bj, + b), and r’ =1} +7
By i.h. there exist ©, and @ such that:

’
q

Oy Ay WT, l-(b“+b;”“+’;)u{x<—p} :neutral
Oy 10 Mg W T, FPrteratTagixe py : tight
with [@y] = @y + [¥u| — [My]| and [@4]| = |®4| + [¥4| — |Mg4]. Then by applying applr" we
obtain:
recp) 10 TWAFY ufxcplgixep} = (ug){xp} : neutral

where:

- b =by+b,+bg+b;=b+b and

—r'=rytrtrgtrg+l=r+rand

= Ps(xpyl = 1Oul +1Og] + 1 = |y + ¥y | = [Mu] + [Pg| + [¥g| = [Mg] + 1 = |®4] = |Dp| — [M].
O
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THEOREM 4.7 (TIGHT CORRECTNESS FOR lo). Let &>y, T F0t: A be a tight derivation. Then there
exists p such that t—>§’0 p, normal;,(p), and |pl;, = r. Moreover, if A = neutral then neutral;,(p).

Proor. By induction on |®|. If t isa —, normal form—that covers the base case |®| = 1, for
which ¢ is necessarily a variable—then by taking p := ¢ and k := 0 the statement follows from the
tightness property of tight typings of normal forms (Proposition 4.4.1)—the moreover part follows
from the neutrality property (Proposition 4.4.2). Otherwise, t —, u and by quantitative subject
reduction (Proposition 4.6) there is a derivation ¥ »;, I' +Hb=11y : A such that |¥| < |®]. By ih.,
there exists p such that normalj,(p) and u—>lbo_1 p and |pl;o = r. Just note that t —, u—>;’o_1 p, that
is, t—>;’o p. [}

B.2 Tight Leftmost Completeness

PrROPOSITION 4.8 (NORMAL FORMS ARE TIGHTLY TYPABLE FOR [0). Lett be such that normal;,(t).
Then

(1) Existence: there exists a tight derivation ® vy, T +O1tlo)t . A

(2) Structure: moreover, if neutral;,(t) then A = neutral, and if abs;,(t) then A = abs.

(3) Unique size: if ¥ is another tight derivation fort then |®| = |¥|.

Proor. By induction on normalj,(t). Cases:

(1) Variable, i.e. t = x. Then the following derivation evidently satisfies the first two points of
the statement:

ax
x : [neutral] H%%x : neutral

The only other possible tight derivation for x is

x : [abs] F*Ox : abs >
that has the same size.
(2) Abstraction, i.e.t = Ady.p withnormalj,(p). By i.h.there is a tight derivation ®,»;, A FO-IPlo)p : tight.
(a) Existence: since the derivation @, is tight, the typing context A has the shape I';y : Tight
(potentially, y : [ ]). Then the following is a tight derivation for Ay.p:
@, pp Ty : Tight HOPhodp - tight
[ 0Pty b - abs
(b) Structure: Moreover, t is not neutral so the part about neutral terms is trivially true, while
it is an abstraction and it is indeed typed with abs.
(c) Unique size: by i.h. all tight derivations for p have the same size. The statement follows by
the evident fact that all tight derivations for Ax.p are obtained by applying a fun, rule to a
tight derivation for p.
(3) Application, i.e. t = pu. Then normal;,(t) implies neutral;,(t), that implies neutral;,(p)
and normal;,(u), and the first implies normal;,(p).
(a) Existence: By i.h., there are tight derivations
o &,5;, I, FOIPlo)p : neutral typing p with neutral (because neutraly,(p)), and
e O, T, F(0:lulio)y tight.
Then the following is a tight derivation ® for t = pu whose second index satisfies |p|;, +
|uljo + 1 = |t|10, as required:

fun,

@, ppp L, HOPIdp i neutral @, 5, T, HOMho)y : tight

lo
app
T, WL, HOPlhotluliot py  neytral '
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(b) Structure: Moreover, neutral;,(t) and ® does indeed type t with neutral. Dually, ¢ is not
an abstraction and so that point trivially holds. .

(c) Unique size: from neutralj,(t) we obtain neutraly (t). Now consider a tight derivation ¥
for t. By Lemma 4.3 the last rule of ¥ is app’® and so—exactly as ® in the first point—the two
premisses ¥, and ¥, of the last rule are both tight. Then by i.h. [¥,| = |®,] and [¥,| = |®,],
from which it follows |¥| = |®|.

O

LEMMA 4.9 (ANTI-SUBSTITUTION AND TYPINGS FOR l0). Let &>, T +®"t{xp} : A. Then there

exist:

o a multi-set M;

e a typing derivation ®; »;, T;;x : M rlerdt A and

e a typing derivation ®, >, T +loo10)p . M
such that:

e Typing context: I = I} W I;

o Indices: (b,r) = (b; + by, s + 1p).

o Sizes: |®| = D] + |Dp] — [M].

o If® is traditional, then ®; and ®, are traditional too.

Proor. By induction on ¢. Cases:
e Variable, i.e. t = y. Two subcases, depending on the identity of y:
(1) x = y. Then t{x—p} = x{x<p} = p, so that &>;, T > p:A There is only one possibility:
IM| =1, ®, is

Do [HED pA

man
T oA o

and ®; is

—— ax
x: [A]FO0x: A
that satisfies the all the equalities in the statement, in particular |®,| = |®| and |M| =1 =

| D¢ |.
(2) x # y. Then t{x<p} = y{x<p} = y. There is only one possibility: |M| = 0, ®; is exactly ®,
that is,
————ax
y: [A] I-(O’O)y tA
and @, is
————— man
T
that satisfies the all the equalities in the statement, in particular |®;| = |®| and [M| = 0 =
Dy .
o Abstraction, i.e. t = Ay.u. Then t{x<p} = Ay.u{x<p}. Two sub-cases, depending on the last
rule of :

(1) Rule funy. Then @ has the following form:
Oy fxep) ®lo T3y s NHOutorDy{xp) : D
I Hbutxem* L)y yf{xp}: N - D
with b = b, (xp} + 1. By i.h. there exist a M and type derivations

funy
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Dy rro Aysy s Nyx o MEGwrd) A @, 0, A, HOPT2) piM
such that:
— Typing context: (I;y : N) = (Ay;y : NWA);
= Indices: (by(xp},1) = (by + bp, 1y +1p).
- Sizes: [Py (xpy| = [Py + |@p] — [M].
Then the derivation ®; defined as
Dy, o Ty : Nyx: MGy . p
T : MEGetLT))y 4 N — D
satisfies the statement with respect to b; := b, + 1 and r; := r,, because:
— Typing context: the i.h. implies T = (A, W A,);
— Indices:
@) by +bp =by, +1+by =iy byixpy +1=0b,
(b) re +rp =1y +1p =in, Tufxep) =T
- Sizes: |®| = |y xpyl + 1 =ip [Pu| + || — M| + 1 = || + |Dp| — [M].
(2) Rule fun,. Then ® has the following form:
Dy (xepy Plo T3y Tight O uixerlu{xep} : tight

funh

un
r |.(b>’u<x’-1>}+1)/1y-u{x“P} : abs '

with 7 = r, (xp} + 1. By i.h. there exist M and type derivations
O, ,>Aysy:Tight;x : M F(busru) utight  @,»A, F(bp:7p) pM

such that:
— Typing context: (T';y : Tight) = (A,;y : Tight WA));
— Indices: (b, 1y (xp)) = (by + bp, 1y + 1p).
- Sizes: [Py (xpy| = [Py + |Dp] — [M].
Then the derivation ®; defined as

Dy > Tiy: Tight;x : MECwTy : tight

[ : M@t D)y 4 - abs funs
satisfies the statement with respect to r; := r,, + 1 because:
— Typing context: the i.h. implies T = (A, W A,)
— Indices:
(@) by +bp =in b,
b) re+rp=ryu+1+rp =ih ru(xepy +1=r.
- Sizes: || = Py xcpy| + 1 =in [Pul +|p| — M + 1 = [D] + |Dp] — [M].
o Application, i.e. t = uq. Then t{x<p} = u{x<p}q{x<p}. Two sub-cases, depending on the
last rule of ®:
(1) Rule appy,. Then @ has the following form:

CI)u{x<—p} >0 11 |_(h1,r1)u{x<_P} M — A q)q{;w—p} >0 12 "(bz’rZ)q{xHP} ‘M
I @ L FOPe Dy e pyq{xep) : A

W1thF=F1 L+J1"2,b=b1+b2,andr=r1 + 17,
By i.h. applied to u{x<p} and q{x+p}, there exist (disjoint) finite sets M, and M, and type
derivations:

appg

Dy 1o Ayix s My ey M — A

Q4o Agsx : My l-(bq’rq)q M
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O vy T, H078) piM,,

®f >y, My FO79) piM,
such that:
- Type context: I} = A, WII, and I = Ay WII,,.
- Indices: (by,r1) = (by + by, 1y + 1)) and (bz, r2) = (bg + b}, rq + rg).
— Sizes: [ Dy (xopy| = [Dul + [04] = My and [0 o py| = (D] + 0] — [M].
The derivations @} and <I>Z can be summed (by inverting their many final rule and reapply-
ing a many rule to the union of the premisses) obtaining a derivation @, »;, II FbpoTp) p:M,
where I = II, W II; and b, = b;,‘+bg and r, = r;j+rg and M = M, + My and
|D,| = |<I>;| + |<I>Z|. We then apply app;, to obtain the following derivation ®,:

Dy oo Auix: My Oy M — A Dy Agsx : My I-(b"’rq)q M
Ay W AGx s My + My pOutbaratralyg . A
We let A := Ay W Ag, by = b, + by and r; := 1, + ry and then observe that we obtained the
statement, because of the following equalities:
(a) Typing context:T =1 W = A, WII, WA, WIl; = AWIL
(b) Indices: (b,r) = (by + bz, 11 +12) = (by + by, 1: +1p).
(©) Sizes: [9] = [0y (xep) | + [@q (xcpyl + 1 =0h, [l + [05] = M| + [0 ] + 9] — M| +1 =
|Du| + |Dg| + |Pp| — [M] +1 = |Ds] + |Dp] — [M].
(2) Rule appl®. Let t = ug so that t{x«p} = u{x<p}q{x<p}. Then ® has the following form:

appy

Quixepyrs It I-(bl’”)u{xep} :neutral @y pyos I l-(bz’”)q{xep} :tight
I w Iy pOrtberdretly (o pyalxep) : tight

withT =W, b=bi+by,r=ri+r+ 1
By i.h. applied to u{x+p} and q{x<p}, there exist (disjoint) finite sets M, and M, and type

lo
r

derivations:
Dy rpo Aysx: My Fbwra)y : neutral
Qg Agsx: My I-(b"’rq)q s tight
(I); >, 11, L8515 p:M,,
Wiy T 5D
such that:

- Typing context: Ty = A, WII, and I, = Ay W1l,.
- Indices: (by,r1) = (by + by, 1y + 1)) and (bz, r2) = (bg + b, rg + rg).
- Sizes: [ Dy ()| = [Dul + [04] = My and [@g o py| = (D] + 0] = [M].
The derivations @} and <I>Z can be summed (by inverting their many final rule and reapply-
ing a many rule to the union of the premisses) obtaining a derivation @, »;, II FboTp) p:M,
where II = IT, W II, and b, = b, + bg andr, =r, + rg and M = M, + My. We then apply
applr" to obtain the following derivation ®;:

Dy pro Aysx s My FOwmy sneutral  @gey, Agsx s My HPo7dg: tight

lo

app;

Ay WAGx: My + M, Futbarutrat Dy 0 neutral

Welet A := A, WAy, by := by +bg and r; := r, +ry + 1 and then observe that we obtained
the statement, because of the following equalities:
(@) Typing context: T =T1 W, = A, Wi, WA, WIl; = AWIL
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(b) Indices: (b,r) = (by + bz, 11 + 12 + 1) = (by + bp, 1t + 1p).
(c) Sizes: |®| = |(Du{xep}| + |¢'q{xep}| +1=ip [Py + |(I)Z| - |My,| + |q)q| + |®Z| - |Mq| +1=
|Du| + gl + |p| — [M] +1 = |D] + |Dp] — [M].
m]

PROPOSITION 4.10 (QUANTITATIVE TIGHT SUBJECT EXPANSION FOR lo). Let® >y, T I-(b”)p : A be
a tight derivation. Ift —, p then there exists a (tight) typing ¥ such that ¥ »;, T O A and
Y] > |®].

Proor. We prove the following stronger statement by induction on t —, p (tightness is decom-
posed in two predicates tight(I') and tight(A), and the second is paired together with a further
assumption):

Lett—, p,®»; T FHEp A tight(T), and either tight(A) or ~abso(t). Then there exists a
typing ¥ >, T FO*L0t: A with |¥] > | D).

e Rule

£ = (xa)g—,, ulx—q} = p

Assume ® >, T F®"y{x—q} : A and tight(I). By applying the anti-substitution lemma
(Lemma 4.9) we obtain the two premisses of the following derivation ®’ that satisfies the
statement:

@, 10 Lyyx: MEGwTy A

T, FOutbrd i o M — A Qg >0 Ty I-(bq”‘?)q ‘M
L, wI, Flutba*2rutre) Qx u)g : A

with (b,r) = (by + bg, 1y + rg) and T =T, W I,. We conclude since || = |D,| + |®g| + 2 >
|Du| + [g] — [M] = |D].
e Rule

u—)loq

t=Axu—; Ax.q=p
Assume ® >, T I-(b’r)/lx.q : A and tight(T). Since abs;,(Ax.u) we must have hypothesis
tight(A), and as ® must then finish with rule fun, we must have a subderivation @ >,
[, x:Tight H&7Dg: tight. As tight(T, x : Tight) we can apply the i.h. and get the premiss
of the derivation ®’ below:
O, v T,x: Tight FOHL =Dy tight

TrE L ey A

The decrement of the size follows from the i.hA.
e Rule

—absjo(u) u—;, q

t=um—, gqm=p
Assume ®>;, T l-(b”)qm : A and tight(T). The derivation ® must end with rule app; or
appf". Then, there are derivations ®,>;, Iy l-(bq”q)q :Agand @y, 5, Iy Fbm-rm)m + A, with
I' =T, WI,. Since tight(I') we have tight(Iy), and since —~abs;,(1) we can apply the i.h. to
q (independently of whether A, is tight) obtaining the derivation ®, »;, T ba+Lorg)y . Aq

and build, using the same rule app, or applr", the derivation ®’ below:
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D, >0 I‘q |_(bq+1,rq)u iAq @ >0 Im F(bm,rm)m A,
T e Lym A

The decrement of the size follows from the i.h.
e Rule

neutral;,(m) u—,;, q

t=mu—, mq=p

Assume ®>;, T I-(b”)mq : Aand tight(T). The derivation ® must end with rule app;, or applro,
and therefore there are two derivations @, >, L, Fm"m)m : A,,, and Q400 I I-(hq”q)q 1 Ag,
for some types Ay, and Ay, with ' = T}, WT,,. Since tight(I') we have tight(I},;) and tight(T,).
By the tight spreading on neutral terms (Lemma 4.3), from tight(l},,) and neutral;,(m) it
follows tight(A,,). Therefore, the last rule of ® must be app!?, whence A,, = A = neutral
and A; = tight. Now, the sub-derivation @, is tight (tight(I;) and A; = tight) and we
can apply the i.h. obtaining the derivation @, »;, Ty Hba+lrg)y Ag and build, using the same
rule appﬁ", the derivation ®’ below:

Dy o1o T FOmrmIim s A,y @y oy T, p ety A
TEO Ly A

The decrement of the size follows from the i.hA.

THEOREM 4.11 (TIGHT COMPLETENESS FOR l0). Let t—>;‘0 p with normal;,(p). Then

(1) Existence: there exists a tight typing ®»;, T FkIPlo)t A,
(2) Structure: moreover, if neutral;,(p) then A = neutral, and if abs;,(p) then A = abs.

Proor. By induction on t—>fa p. If k = 0 the statement is given by the existence of tight

typings for normal;, terms (Proposition 4.8), that also provides the moreover part. Let k > 0

(tki;;’tlpll") u. By subject

expansion (Proposition 4.10) there exists a typing derivation ® of u with the same types in the
ending judgement of ¥—then ® is tight—and with indices (k, [pl,)- O

and t —, u ﬁfo_l p. By i.h., there exists a tight typing derivation ¥»> +

C APPENDIX: LEFTMOST EVALUATION AND MINIMAL TYPINGS

LEMMA 5.3 (TRANSITIVITY OF POLARITIES). Let T,U,V be (multi)-types and a,b € {+,-}. If
U € 0ccy(T) and V € Occy(U) then V € Occs(q,p)(T), where

O(+,+) = + o(—+) = - o(—-) = + 6(+,-) = -

Proor. Let =+ := — and —— := +. The proof can be presented in a way that is completely
parametric in the polarities, but for readability reasons we spell out the positive and negative cases
separetely. Cases in which a = +:

e Axioms, i.e. U = T. Note that §(+,b) = b. Then V € 0ccy(U) becomes V € Occy(T) =
0ccs(+,p)(T) as required.

e Positive occurrence in an element A of a multiset M, i.e. T = M and U € Occ(M) because
U € Occ,(A). By the i.h. V € Occs(+ 5)(A) and so V € Occs(4,p)(M) by one of the two rules
about multisets.
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e Positive occurrence on the right of M — A, i.e. T =M — Aand U € Occ (M — A) because
U € Occi(A). By the ih. V € Occs(s,5)(A) and so V € Occs(+ p)(M) by one of the two rules
about arrow types.

o Negative occurrence on the left of M — A, i.e. T = M — Aand U € Occ.(M — A) because
U € Occ_(M). By the i.h. V € Occs(— p)(A) and so V € Occ_5(— p)(M) = Occs(+,5)(M) by one
of the two rules about arrow types.

Cases in which a = —:

o Negative occurrence in an element A of a multiset M, i.e. T = M and U € Occ_(M) because
U € Occ_(A). By the i.h. V € Occs(— 3)(A) and so V € Occs(— p)(M) by one of the two rules
about multisets.

e Negative occurrence on the right of M — A, i.e. T =M — Aand U € Occ_(M — A) because
U € Occ_(A). By the i.h. V € Occs(— p)(A) and so V € Occs(— p)(M) by one of the two rules
about arrow types.

e Positive occurrence on the left of M — A, i.e. T = M — Aand U € Occ_(M — A) because
U € Occ,(M). By the i.h. V € Occs(+,5)(A) and so V € Occ_ s+ p)(M) = Occs(—, p)(M) by one
of the two rules about arrow types.

[m}

C.1 Shrinking Correctness

LEMMA 5.6 (OCCURRENCES SPREADING ON NEUTRAL TERMS). Lett be such that neutralyy(t) and
® v, T Ot : A be a typing derivation. Then A is a positive occurrence of T. Moreover, if T is
co-shrinking (resp unitary co-shrinking) then A is co-shrinking (resp unitary co-shrinking).

Proor. By induction on neutral;,(t):

e Variable, i.e.t = x. Then T = x : [A] and A € Occ(I). If T is co-shrinking (resp. unitary
co-shrinking) then A is co-shrinking (resp. unitary co-shrinking) by definition of shrinking
(resp. unitary shrinking) type context.

o Application, i.e. t = pu, the last rule of ¢ can only be app,, or applro. In both cases the left
subterm p is typed by a sub-derivation ®, »;, T}, +®")p : B such that all types in I, appear
in I'. Since neutralyy(t) implies neutralyy(p), we can apply the i.h. and obtain that B has a
positive occurrence in I, and thus in T, that is, that there is a declaration x : M in I such
that B € Occ,(M). There are two cases, either B = A = neutral or B= M’ — A. In both
cases A is a positive occurrence of B. By transitivity of polarised occurrences (Lemma 5.3),
A is a positive occurrence of M, and thus of T'. Let M € Occ_(A). Since A € Occ,(T) then
M € Occ_(T) by transitivity of polarised occurrences. Suppose I' is co-shrinking (resp. unitary
co-shrinking), then A turns out to be co-shrinking (resp. unitary co-shrinking).

O

PROPOSITION 5.7 (SHRINKING DERIVATIONS BOUND THE SIZE OF NORMAL FORMS). Let normal;,(t)
and ®>;, T F®1¢t: A be a derivation, and let ||, denote the number of axiom rules in .
(1) If T is co-shrinking and (A is shrinking or t is not an abstraction) then |t|;, < |®| — |D|ax-
Moreover, if ® is traditional then |t|) < b.
(2) IfT is unitary co-shrinking and (A is unitary shrinking or t is not an abstraction) then |t|;, =
|| — |®|ax. Moreover, if @ is traditional then |t|) = b.

Proor. By induction on ¢. Note that neutral;, implies normal;, and so we can apply the i.h.
when neutralj, holds on some subterm of ¢. If normal;,(t) because neutral;,(t) there are three
cases:
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o Variable, i.e. t = x. Then ® has the following form and evidently verifies both statements
because |x|;, =0=1—-1=|®| — |®|x and |x|; = 0 = b:

——————ax
x : [A] FO0x . A4
o Application, i.e. t = pu, neutral,(p) and normal;,(u). Cases of the last rule of ®:
— appy rule:

(@, >10 A FOPT U By)ie
Dy vpo L H PP P)p [Bilier > A Wiy pierbitiemy (B

many

I‘P (O] (LﬂiEIAi) |_(bp+ielbisrp+ielri)pu A appy
with b = bp +ier bi, r=rp tier 7i, andT = l"p Wier Aj. Let M = [Bi]ie[.

(1) Since neutral;,(p) and I is co-shrinking then M — A is co-shrinking by Lemma 5.6,
and so M is shrinking. Therefore, M is not empty, i.e. |I| # 0, and every B; is shrinking.
Moreover, T, and every A; are also shrinking so that every @/, is shrinking.

Since p is neutral and thus not an abstraction, we can apply the i.h. on normal;,(p)
and obtain |pl;, < |®,| — |®lax. Since every @/, is shrinking we can apply the i.h. on
normalyy(u) obtaining [ulfe < |P4] < +ier|PL] — DL |uw, thus [tlie = Iplio + lulio + 1 <
[l = [ plax 11 (191 = [9] ) + 1 = ] = [

Moreover, if @ is traditional so are its sub-derivations and so the i.h. on normal;,(p) gives
Ipla < by and the i.h. on normal;o(u) gives |u|y < b; foralli € I. Then [t[y = |p[y +|uly <
bp +ier bi = b.

(2) Since neutral;,(p) and I is unitary co-shrinking then M — A is unitary co-shrinking
by Lemma 5.6, and so M is unitary shrinking. Therefore, M is a singleton, i.e. M = [B;],
and Bj is unitary shrinking. Moreover, I, and A; are also unitary shrinking so that ®, is
unitary shrinking.

Since p is neutral and thus not an abstraction, we can apply the i.h. on normal;,(p)

and obtain |p|;, = |®p| — |®pax. Since @}, is unitary shrinking we can apply the i.h. on

normaljo(u) obtaining lulip = |BY| — By, thus [tlip = [plio + ltlio + 1 = |Bp| = [Dpas +

O] = DL gy + 1 = [] = [ D]

Moreover, if ® is traditional so are its sub-derivations and so the i.h. on normalj,(p) gives

|pla = by and the i.h. on normal;,(u) gives |u|y = by. Then |t|) = |plr +|uly = by +by = b.
- applr0 rule:

D, T |-(”1”’1’)p :neutral @, >, [, FPo™)y: tight

lo
I, W, I-(bP+b“’rp+r“+1)pu :neutral aper
withb = b, + by, r =1, +1, +1,and T =T, W T,,.

(1) Since I is co-shrinking, then I}, and I, are co-shrinking. Since neutral and tight are
shrinking types, by i.h. [plio < |®p| = |Dplax and |ul;, < |®y| — [Py lax. Then [t =
Iplio +ulio +1 <ih [@p| = |Pplax + |Pu| = [Py ax + 1 = |®] = |P|ax. The moreover statement
does not apply in this case.

(2) Since T is unitary co-shrinking, then I}, and I, are unitary co-shrinking. Since neutral
and tight are unitary shrinking types, by i.h. |[pljo = [®p|—|®plax and |u;o = [Py | =[Py lax-
Then [tlio = Iplio + [ulio + 1 =in |Ppl = [Pplax + |Pul = [Pulax + 1 = [®] — [P[ax. The
moreover statement does not apply in this case.

Now, there is only one case left for normal;,(t):
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e Abstraction, i.e. t = Ax.p and normal;,(t) because normal;,(p). Cases of the last rule of ®:

- funy rule:
@5 Tyx: M p A

TEO* L p M — A

funy

with b = by, + 1.
(1) Since t is an abstraction, it must hold that M — A is shrinking, that is, A is shrinking,
and M is co-shrinking. This last fact, together with the hypothesis that T is co-shrinking
gives I'; x : M co-shrinking. Then we can apply the i.h. obtaining |pljo < [®p| — [Dplax,
and |t|1o = [plio + 1 <in. |q)p| - |q)p|ax +1= D] — [P
Moreover, if ® is traditional so is ®,, and the ih. gives |p[y < b,. Then |t[; = |p|y +1 <
b, +1=0>.
(2) Since t is an abstraction, it must hold that M — A is unitary shrinking, that is, A is unitary
shrinking and M is unitary co-shrinking. This last fact, together with the hypothesis that
I' is unitary co-shrinking gives I'; x : M unitary shrinking. Then we can apply the i.h.,
obtaining [plio = [@p|  [@plex. Then, [tlio = [plio + 1 =h, [p] = [Pplac + 1 = [0 = [P
Moreover, if @ is traditional so is @, and the i.h. gives |p|y = b,. Then |t|) = |p[ +1 =
b, +1=0>.
— fun, rule:
@, > [;x: Tight HO7P)p - tight

fun,
T+ 0)x p: abs

withr =r, + 1.

(1) If T is co-shrinking, then T'; x : Tight is co-shrinking. Since tight is a shrinking type, by
Lh. |plio < |q)p| - |<I>p|ax- Then, [t|io = [plio + 1 <in. |d)p| - |q)p|ax +1=|®[ — [®|a. The
moreover statement does not apply in this case.

(2) If T is unitary co-shrinking, then I';x : Tight is unitary co-shrinking. Since tight
is a unitary shrinking type, by i.h. |pli, = |®p| = [®plax- Then, [t|;, = |plio + 1 =i
|®p] = [@plax + 1 = |®] = |®|ax. The moreover statement does not apply in this case.

O

PROPOSITION 5.8 (TRADITIONAL TYPES BOUNDS THE SIZE OF NEUTRAL AND NORMAL TERMS). Let
O, T FO") 1A be a traditional derivation such that T is co-shrinking. Then:

(1) Ifneutral;y(t) then #(A) + |t|;, < #(T') and #N(A) + b < #V(T).

(2) Ifnormal;,(t) and A is shrinking then |t|;, < #(T') + #(A) and b < #N(T) + #F(A).

Proor. By mutual induction on neutral;,(t) and normal;,(t).
(1) Cases of neutralj,(t):

e Variable, i.e. t = x. Then

———— ax
x: [A]FO0x: A

Moreover, #(A) + |x|1o = #(A) + 0 = #(A) = #([A]) = #(x : [A]) and #N(A) + b = #N(A)+ 0 =
#N(A) = #N([A]) = #N (x : [A]).
o Application, i.e. t = pu with neutral;,(p) and normal;,(u). The hypothesis that ® is
traditional forces the last rule of ® to be app;, and ® to have the following form:
(@4 »10 Ai 00U 2 By)ier
Qp i I FOOp : [Bilier > A WierAr FHrb0y 1 [By]ieq
Fp V] (wiEIAi) |_(bp+,-€1b;,0)pu A
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Let M := [B;];er and I, = W;¢1A,;. Since @ is shrinking, T}, is co-shrinking. The hypothesis
neutralj,(p) gives neutralyy(p) (which is a weaker predicate), and by the occurrences
spreading on neutral terms (Lemma 5.6) we obtain that M — A is co-shrinking and so M is
shrinking. Therefore, M is not empty, that is, I # 0 and each B; is shrinking.

By i.h. (Point 2) (repeatedly) applied to u, we obtain |u|;, < #(A;)+#(B;) and b] < #V(A) +
#P(B;) for every i € I, and so |ul;, < #(T},) + #(M) and +ierb] < +ier(#V (A;) + #7(By)) =
+ier#N(A;) + #7(M).

By i.h. (Point 1) applied to p, we obtain #(M — A) + |p|;, < #(I,,) and #N(M — A) + b, <

#N(L).
Then:
#(A) + |t|lo = #(A) + |p|lo + |u|lo +1
Sihonu  #(A) + [plio + #(Ty) + #(M) + 1
= #(Ty) + plio + #(M — A)
Si.h. onp #(ru) + #(rp)
= #I, W) = #I)
and

#N(A) +b = #N(A) +bp tier b Sinonu #V(A) by Hier #V (D) + #7(M)
= #NT)+#M - A) +b,
Sihonp #N (L) + #N(Fp)
= #NI,wI,) =#Y()
(2) Cases of normal,(t):
(a) neutralo(t). By i.h., #(A) + |t|;, < #(T) and #V(A) + b < #N(I), from which it trivially
follows |t|;, < #(T') + #(A) and b < #N(I') < #N(T') + #P(A).
(b) Abstraction, i.e. t = Ay.p and normalj,(p). Since ® is traditional, its last rule is necessarily
fung. Then let y : M the declaration of y in the premiss of fun; (remark that M is possibly
[ ])- Then @ has the following form:

Oy y: M;T Hbp:0) p:B
[ 10 Jy p:M — B
with b = b, + 1 and A = M — B shrinking, that implies B shrinking and M co-shrinking,

that is, I'; y : M is co-shrinking (because T is co-shrinking by hypothesis). We can then
apply the i.h. and obtain:

[Ayplic = Iplio+1
<in. #y:M;T)+#B)+1
= #D)+#M)+#B)+1
= #I)+#M = B)

Funb

and
by+1 <in #N(y:MT)+#°(B)+1
=  #VT@) +#V M)+ #°(B) + 1
= #NI)+#°(M — B)
o

PROPOSITION 5.9 (SHRINKING SUBJECT REDUCTION). Let ®5;, T HOT) A Ift—, pthenb =1
and there exists ¥ such that ¥ >, T +&"7) p:A withb’ < b and |¥| < |®|. Moreover, ® traditional
implies ¥ traditional, and if @ is shrinking (resp. unitary shrinking) then b’ < b (resp. b’ = b — 1) and
%] < |®].



Tight Typings and Split Bounds, Fully Developed 1:63

Proor. The first part (without the shrinking/unitary shrinking hypothesis) is an easy induction
on t —, p. The moreover part is also by induction on t —, p, but it requires a strengthened
statement, along the same lines of the proof for the tight case:

() Ift—, p, oo T +&t . A T is co-shrinking, and (A is shrinking or —abs;,(t)), then there

exists a typing ¥ »;, T +®""p: Awith b’ < b and |¥| < |®|.

@) Ift—, p,O> T +(&-7)¢t : A T is unitary co-shrinking, and A is unitary shrinking or ~abs;(%),

then there exists a typing ¥ »;, T F®"p: Awith b’ = b — 1 and |¥| < |®|.

The cases of evaluation at top level, under abstraction, and in the left subterm of an application
follows exactly the schema of the tight case: at top level the tight/shrinking hypothesis does not
play any role, the abstraction case immediately follows from the i.h., and the left application case
follows from the reinforced hypothesis that the left subterm is not an abstraction. We treat the case
of evaluation in the right subterm of an application, that is the delicate one, where the shrinking
predicate plays a crucial role.

The rule is:

neutral;,(u) gq—,, m

t=uq—,,um=p

There are two cases for the last rule of the derivation ®:
e app, rule:

(q)qi >0 r(; I-(bi’ri)q : Bi)ieI
Oy i T HP0 W [Biliep > A Wi T} H ot [By g

F=T, W 1"; |_(bu+ie1bi+1,ru+ie1ri)uq CA

many

PPy

The i.h. applied to each ®;, and g—, m gives ®,, such that &, >, F(; +bor)m : B; with
b; < b; and |®@,,,| < |®g,|. Then the derivation ¥ given by:

(@m, »10 Ty P m 2 By)ies
Oy >o Ty P ™u: [Bilicg > A WiefT) el tiem - (B e

=T, W I‘é pbutierbi+Lrutierri)y . A

appy

verifies the statement. Let M := [B;];er.

Shrinking: we have to show two things, that the multi-set M is non empty and that, in order
to apply the i.h., the derivations ®,,, in the right premiss of the rule are all shrinking. Since
® is shrinking, I' is co-shrinking, and so are I}, and all the F(;. The hypothesis neutralj,(u)
gives neutralyy(u) (which is a weaker predicate). Then, neutralyy(u) and I, co-shrinking
allow to apply the occurrences spreading on neutral terms (Lemma 5.6), obtaining M — A
is co-shrinking, and so M is shrinking. Then I # 0 and every B; is shrinking and so every
premiss @, is shrinking.

Thenby i.h. b} < b; and |®p,,| < |®g,|foreveryi € [,andso b’ = by +ierbj+1 < by+ierbi+1 =
b,and |¥| = |®y| +ic [P, | + 1 <ip |Pu| +ies |Pg,| + 1 = |P], as required.

Unitary shrinking: Since I is unitary co-shrinking, then I}, is unitary co-shrinking. This,
together with neutralj,(u) allows to apply Lemma 5.6, then M — A is unitary co-shrinking
and so M is unitary shrinking. Therefore, M is a singleton and B, is unitary shrinking.
Moreover, I ,; is also unitary co-shrinking so that ®, is unitary shrinking.
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Then by i.h. b = by — 1 and |®,,, | < |[®g, |, andso b" = b, +b] +1=b, +b —1+1=b -1,
and [¥] = Oy + [Ppy, | + 1 <ip, [Py + |@g,| + 1 = |®|, as required.
app£‘7 rule:

®, >, T, FOw )y neutral Dy >0 Ty l-(bq”q)q : tight

I =T, wT, Hbutbarutratyg : neutral

lo

app;

with b = by + bg and r = ry + rg + 1. The i.h. applied to ®; and g—,  m gives @, such that
Oy opo Iy Fbm-ra)m : tight with b, < by and so |[®,| < |®4|. Then the derivation ¥ given
by:

Dy pp T HPw ™y i neutral @, 5, T, Hom I m: tight

I =T, wT, pbutbmrutratlyg  neytral

lo

app;,

verifies the statement.
Shrinking: if ® is shrinking then T} is co-shrinking, and so is ®, (because tight types are
shrinking). By i.h. then b, < by and |®,| < |®4|, and so b’ = b, + by, < b, + by = b, and
[¥] = |Dy| + [P | + 1 < [Py + |Dg| + 1 = |D], as required.
Unitary shrinking: if ® is unitary shrinking then I} is unitary co-shrinking, and so is ®,
(because tight types are unitary shrinking). By i.h. then by, = by — 1 and |®,,| < |®4], and
SOb" =by +bym =by, +bg—1=0b~—1,and [¥] = [D,] + |Dp| + 1 < |Dy] + |[Pg| + 1 = |D], as
required.

O

THEOREM 5.10 (SHRINKING CORRECTNESS). Let ® >y, I+t : A be a shrinking derivation. Then

there exists a —, ~normal form p and k < b such that

(1) Steps:t —, -evaluates top ink steps, i.e. t—>;‘0 s

(2) Size bound: |p|;, + k < |D[;
Moreover, if ® is traditional then |p|;, < #(T') +#(A) and |p|y < #N(T) +#"(A), and if ® is also unitary
shrinking then |p|y = b — k.

Proor. By inductionon |®|.Iftisa —, normal form—that covers the base case |®| = 1, for which
t is necessarily a variable—then we take p := t and k := 0. The first statement trivially holds. The
second statement holds by Proposition 5.7. The moreover part: if ® is traditional |p|;, < #(T) + #(A)
holds by Proposition 5.8.2 and |p|; < #M(T') + #7(A) is obtained by composing |p|, < b, given by
Proposition 5.7.1, and b < #N(T') + #7(A), given by Proposition 5.8.2, and if ® is unitary shrinking
then |p|; = b is given by Proposition 5.7.2 .

If instead t —,  u then by shrinking subject reduction (Proposition 5.9) there is a shrinking
derivation ¥ »>;, T F?"y : A such that b’ < b and |¥| < |®|. By i.h., there exists a —,, normal
form p and a natural number k’ < b’ satisfying the statement with respect to u, so in particular
Iplio + K < |‘P|10 Let k := k’ + 1. Then:

(1) Steps: t—>l p because t =, u —>l p. Moreover, k =k’ +1 <;;, b"+1<D.

(2) Size bound: |plio +k = |plio + k" +1 <ip |¥]+1 < |D|.

The moreover part mainly follows from the i.h.: only the relationship [p|) = b — k is not immediate,
but if ® is unitary shrinking then |p|; =;5 b’ — k" and b = b’ + 1 by shrinking subject reduction
and, since k = k’ + 1, then |p|; = b — k holds. o
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C.2 Shrinking Completeness

PROPOSITION 5.11 (NEUTRAL AND NORMAL TERMS HAVE MINIMAL TRADITIONAL SHRINKING TYP-
INGS).
(1) Ifneutral;,(t) then for every unitary co-shrinking type A there exists a traditional derivation
@by, T +HO0 1A such that T is unitary co-shrinking, #(A) +|t|;, = #(T), and #N (A)+b = #N(I).
(2) Ifnormal;o(t) then there exists a traditional unitary shrinking derivation ®»;, T >0 t:A such
that |t|;, = #(T) + #(A) and b = #V(T') + #7(A).

Proor. By mutual induction on neutral;,(t) and normal;,(t).
(1) Cases of neutral;,(t):
e Variable, i.e. t = x. Then

x: [A]F®0x: A >
whose type context x : [A] is unitary shrinking because A is unitary co-shrinking by
hypothesis. We have #(A) + |x|;, = #([A]) + 0 = #(x : [A]) and #N(A) + b = #N([A]) + 0 =
#V(x : [A]).

o Application, i.e. t = pu with neutral;,(p) and normal;,(u). By ih. (point 2) applied to
u, there exists a traditional unitary shrinking typing ®, »>;, I, F?«9 w:B with |u|;, =
#T,) + #(B) and b, = #V(T,) + #7(B).

Now, consider the type [B] — A, that is unitary co-shrinking, because A is unitary co-
shrinking and B is unitary shrinking. By i.h. (point 1) applied to p and [B] — A there exists
a traditional typing ®, >, T} -0 p:[B] — A such that [}, is unitary co-shrinking and
satisfying #([B] — A) + |plio = #(I},) and #V([B] = A) + b, = #N(Fp).

Then the derivation ® built as follows:

Dy o T+ 0y : B
@, vp [ Ho Y [B] - A T, +0w0y : [B]

T, W, HortbuOpy A

It is traditional and such that its type context is unitary co-shrinking. Moreover,

many

appy

#(A) + [tlio = #(A) + Iplio + lulio +1
Sihonu  #(A) + |plio + #(I) + #(B) + 1
= #Lw) +#(B] > A) +|plio
Sihonp #(T,) + #(rp)
= #T, wT,)
and
#NA) +bp+ by =inona #V(A) + by +#V(T,) +#7(B)
= #N@) +#N(B] > A) +b,
=ihonp #N(T,) + #N(rp)
=  #NI,uI)
(2) Cases of normal,(t):

(a) neutral;,(t). By i.h. (point 1), for every unitary co-shrinking type A there exists a traditional
typing ®»;, T' H®-% t:A such that T is unitary co-shrinking. It is then enough to pick A := X,
that is both unitary shrinking and unitary co-shrinking, so that ® is unitary shrinking,
#(A) = 0, and the statement trivially holds, because then |t|;, = #(A) + |t|;o =ip. #() =
#(T) + #(A). Moreover, #7(A) = #V(A) = 0, so that by i.h. #V(A) + b = #N(T'), which is
equivalent to b = #V(T') + #(A), as required.
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(b) Abstraction, i.e. t = Ay.p and normal;,(p). By i.h. (point 2), there exists a unitary shrinking
traditional typing ®, >, T, FHb0 p:B with |p|;, = #(T,) + #(B).
Then let y : M (M possibly []) the declaration of y in I}, and set I be I}, without y : M.
Then let ® be the derivation

Dy y: M;T (bp-0) p:B
r +bp 1.0 Ay.p:M — B
which is traditional and unitary shrinking because @, is. We have
Ayplic = Iplio+1
=in. #y:MT)+#B)+1
= #D)+#M)+#B)+1
= #{I)+#M — B)

funyg

and

by+1 =i #N(y:M;T)+#°(B)+1
#N() + #V (M) + #P(B) + 1
#N(T) +#°(M — B)

]

PROPOSITION 5.12 (SHRINKING SUBJECT EXPANSION). Ift—, p and ®>;, T ") p:A then there

exists ¥ such that ¥ »;, T+ t:A with b’ > b. Moreover, if ® is shrinking (resp. unitary shrinking)
thenb” > b+ 1 (resp. b’ = b + 1) and |¥| > |®|, and if ® is traditional then ¥ is traditional.

Proor. The first part (without the shrinking hypothesis) is an easy induction on t —, p. The
part about shrinking/unitary shrinking typings is also by induction on ¢ —,  p, but it requires a
strengthened statement, along the same lines of the proof for the tight case and of subject reduction:

(D) Ift—, p oo T +&p . A T is co-shrinking and either A is shrinking or —abs;,(t), then

there exists a typing ¥ >, ' F*17)¢: A such that b’ > b + 1 and |¥| > |®|.

@) Ift—, p, P> T +&-"p : A, T is unitary co-shrinking, and either A is unitary shrinking or

—abs;,(t), then there exists a typing ¥ >, T+t Asuch that b’ = b + 1 and |¥] > ||

The cases of evaluation at top level, under abstraction, and in the left subterm of an application
follows exactly the schema of the tight case: at top level the tight / shrinking hypothesis does not
play any role, the abstraction case immediately follows from the i.h., and the left application case
follows from the reinforced hypothesis that the left subterm is not an abstraction. We treat the case
of evaluation in the right subterm of an application, that is the delicate one, where shrinkness plays
a crucial role.

The rule is:

neutralj,(u) q—;,m

t=uqg—,,um=p
There are two cases for the last rule of the derivation ®:
e app, rule:

(®rm; P10 A FOurdm B ier
@y g MEC Wy [Blicr —» A WAy ¥ ietbotier B,

T =T W A pButicrbirutierri) . A

many

appy

The i.h. applied to each ®,,, and g —, m gives @, such that &, >, A; +iri)g : B; with
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b > b; and |®g,| > |®p,|. Then the derivation ¥ given by:
(Yq, 210 AiHP7q: By)icr
Oy oo MHPOyc [Bilier > A Wiy ¥ HetPetieg By

T=T10+;¢1 A; ,_(bu+iezb§,ru+ielri)uq CA

appy

verifies the statement. The statement |¥| > |®| is a straightforward consequence of the i.h.
Shrinking/Unitary shrinking: exactly the same reasoning used for shrinking/unitary shrinking
subject reduction proves that ®,, is shrinking/unitary shrinking, I is non-empty, and the B;
are all shrinking/unitary shrinking. The i.h. then provides b] > b; + 1 (resp. b; = b; + 1) for
every i € I, from which the property follows.

) app£° rule:

®y >1o T, FOo )y neutral @, 51 Lp FO ™ m : tight o
app;

T =T, W, Feutbmratrm+ Dy neytral
with b = b, + by and r = ry + rp, + 1. The ih. applied to ®,, and q—,  m gives ¥, such that
Yy p10 Iy +bmra)m : tight with by > by, and so |¥y| > |®p,|. Then the derivation ¥ given
by:

®, >, T, FPw"™)y : neutral Yy p10 Iy l-(bq"'")q s tight

lo

app;

I =T, yT, pbutberctrmtyg  neytral
verifies the statement. The statement |¥| > |®| is a straightforward consequence of the i.h.
Shrinking/Unitary shrinking: if @ is shrinking/unitary shrinking then I}, is co-shrinking/unitary
co-shrinking, and ®,, is shrinking/unitary shrinking (because tight types are shrinking and
unitary shrinking). By i.h. by > by, +1 (resp. by = by, +1),and so b’ = b, +bg > b, +by+1 =
b+ 1 (resp. b’ = by + by = b, +bp, +1 = b+ 1), as required.
O

THEOREM 5.13 (SHRINKING COMPLETENESS). Let t—>;‘0 p with p such that normal;,(p). Then there
exists a traditional unitary shrinking typing ® >, T+ t:A such that k = b — #N(I') — #7(A) and
plio = #(I') + #(A).

Proor. By induction on k. If k = 0 the statement is given by the existence of traditional unitary
shrinking typings for —, -normal terms (Proposition 5.11), for which k = 0 and b = #(T) +#7(A).
Letk > 0andt—,; u —>fo‘1 p. By i.h., there exists a traditional unitary shrinking typing derivation
Yo THEO A with k — 1= b — #N(T) - #7(A), and |p|;, = #(T') + #(A). By shrinking subject
expansion (Proposition 5.12) there exists a traditional typing derivation ® of ¢ with the same types
in the ending judgement of ¥—then @ is unitary shrinking and [p|;, = #(T') + #(A) still holds—and
with indices (b +1,0). Thenk =k -1+ 1=;, b’ —#V D) -4 Q) +1=b-#ND) -#"(4). O

D APPENDIX: MAXIMAL EVALUATION
D.1 Tight Correctness

PROPOSITION 7.4 (PROPERTIES OF TYPINGS FOR NORMAL FORMS). Given ® >0 I F Ot 0 A with
normal ,ax(t),

(1) Size bound: [t| < |D|

(2) Tight indices: if @ is tight then b = 0 and r = |t|.

(3) Neutrality: if A = neutral then neutral,,; x(t).
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Proor. By induction on ¢. Note that neutral,,,, implies normal;,x and so we can apply the
i.h. when neutral,, ;» holds on some subterm of ¢. If normal,,..(t) because neutral,,,.(t) there
are two cases:

e Variable, i.e. t = x. Then ® has the following form and evidently verifies all the points of the
statement:

————ax
x : [A] FO0x . 4
o Application, i.e. t = pu, neutral,.»(p) and normal,,,»(u). Cases of the last rule of ®:
— appy rule:

qDP Pmax FP l-(bp’rp)p M — A q)u >max ru I-(b“’r“)u M

rp W ru |_(bp+bu+l,rp+ru)pu ‘A

appy

withb =b, +b, +1,r =rp +ry,and T =T, W T,,.

(1) Size bound: @, end with rule (many_ ) or (none), so in both cases there are n > 1
subderivations (®,);<;<n typing u such that [u|max <in |P.|max < |Pulmax- The i.h.
giVeS |p|max < |q)p|max- We conclude |t|max = |p|max + |u|max +1< Ich|max + |q>u|max +
1= |q)|max~

(2) Tight indices: Lemma 7.3 shows this case to be impossible, as normal,,,.(pu) means
neutral,, . (pu), which implies neutraly (pu).

(3) Neutrality: neutral,,,»(t) holds by hypothesis.

- applr0 rule:

D, T I-(bP’rP)p ineutral @, >, L, Fo»y: tight

lo
T, WL, Frtburptrutlpy  neytral PP
withb =b, + by, r=r,+r, +1,andT =T, W T,,.

(1) Size bound: by ih. Ipllo < |q)p|lo and |u|max < |Pylmax- Then |t|max = |P|max + Ul max +
1<in |q)p|max + 1Py lmax + 1 = |P|max-

(2) Tight indices: if @ is tight, then ®, and &, are tight and r, = |plnax and b, = 0, and
"y = |ulmax and b, = 0. Then, r = rp+ry+1=ip |p|max + tlmax +1 = |pu|max = |tlmax
andb=b,+b,=0+0=0.

(3) Neutrality: neutral;,(t) holds by hypothesis.

Now, there is only one case left for normal,, . (t):
o Abstraction, i.e.t = Ax.p and normal,,,»(t) because normal,,,x(p). Cases of the last rule of
o:
— funy rule:
@5 Tyx: M p . A

r I-(b”“’r)/lx.p M— A

funy

with b = b, + 1.
(1) Size bound: Then, |t|max = |p|max +1<n I(Dp|max +1=|P|max-
(2) Tight indices: ® is not tight, so the statement trivially holds.
(3) Neutrality: A # neutral, so the statement trivially holds.
- fun, rule:
@, > T;x : Tight H7)p - tight

T+ D )x p : abs

fun,
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withr =r, + 1.
(1) Size bound: Then, [t|max = |plmax + 1 <in. |q)p|max +1=[®|max-
2) Tight indices: if ® is tight, then ®,, is tight and by i.h. r, = |p|maex and b = 0. Then,
g g P g y p = 1P
r=rp+t 1=p |p|max +1= |t|max-
(3) Neutrality: A # neutral, so the statement trivially holds.
O

PROPOSITION 7.7 (QUANTITATIVE TIGHT SUBJECT REDUCTION FOR max). If® v pmax THEt: A
is max-tight and t Lmax D, then there exist I'' £ T and an max-tight typing ¥ such that ¥ » 4

I’ HO-Lr=€)p . A and @] > [¥.

ProoF. We prove, by induction on t — the stronger statement:

max p’
Assume t i>max P, ®opmax T FODE o A s garbage-tight, tight(I), and either tight(A) or
—absmax(t). Then there exist I' and a garbage-tight typing ¥ » 0 I I-(b‘l”‘e)p : A such that
tight(I).
e Non-erasing top-level step:
x € fv(u)

QX g Ui g}
Assume ® >0 T FP(Ax.u)q : A is garbage-tight and tight(T). The derivation ® must end
with rule app;, the derivation of its premiss for Ax.u must end with fun,. Hence, there are
two garbage-tight derivations ®, »pqx Iy;x: M Fburu)y - A and D) > rmax Tp I-(bP”P)p : M,
with (b,7) = (b, + bg + 1,1y +14) and T =T, W I,. Moreover, by hypothesis x € fv(u), and
so M # [] by relevance (Lemma 7.2). Then, the substitution lemma (Lemma 7.6) gives a
garbage-tight derivation ¥s . I Fbutba-Tutma)y{x g} : Asuch that |¥| = |®, |+ |Dg|—|M| <
[Py | + |Dg| +2 = |D|.
e Erasing top-level step:
x ¢ fv(u) normal,,.(q)

1qlmax

(Ax.u)qg — oy U

ax
Assume ® >0 TP (Ax.u)q : A is garbage-tight and tight(T). The derivation ® must end
with rule appy, and the derivation of its premiss for (Ax.u) must end with fun;,. Moreover,
since x ¢ fv(u), then by relevance (Lemma 7.2) the derivation of its premiss ¢ must end with
rule none:

CI)u >max ru '_(bu,ru)u A (I)q >max Fq l-(b‘l”q)q : Aq

funy none
T, Hoetbrad )y []— A I, Hlardg [ ]

L, Wl FlutbatLrutra) Qx 4)g : A

with (b,r) = (b, + by + 1,1, +14) and T = T, W T,,. Since ® is garbage-tight, then I}
is tight and A; must be tight, and since normal,;4x(q), we can apply the tight indices
property of normal forms (Proposition 7.4) and obtain (bg, r4) = (0, |qlmax), so that (by, ) =
(b—1,7=qlmax)- Since tight(L;, W T,) we have tight(L}), so @, is the desired garbage-tight
derivation. Moreover, |®,| < || + |®4] + 2 = |D].

e Rule

appy

e
t —>max p

e
Ax.t—,.,

Ax.p

X
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Assume ® >4 [ HOAx.t: Ais garbage-tight and tight(I'). Since abspqax(Ax.) we must
have hypothesis tight(A), then ® must necessarily finish with rule fun, and there is a sub-
derivation ®;> gy I3 x : Tight F&7 Dt tight. As @, is garbage-tightand tight([; x : Tight)
we can apply the i.h. and get @) >max I7;x : Tight? HO-Lr"170)p : tight where x : Tight?
means x : Tight or x : [] and I C T, ®, is garbage-tight and tight(I'";x : Tight?). Then
we construct the derivation ¥:

@y pmax 5x: Tight? HE7L170p - tight

' F b= )x p: A

Then tight(I"") and thus ¥ is garbage-tight. We conclude [®| = [®;] + 1 > |®,] + 1 = |¥]
thanks to the i.h. |®;| > |®,].
Rule

fun,

e
—absmax(t) t =05 P

e
tu _>max pu

Assume @ >0 T Dty 2 A is garbage-tight and tight(T'). The derivation ® must end
with rule app;, or appl®, and therefore there are two garbage-tight derivations ®; »p,qx
L +Pordt: Ay and @y b pmax T, FOw Wy 2 A, for some types A; and A, with T = T; WT,,. Since
tight(I') we have tight(l};) and tight(I},). Since —abs,qx(t), we can apply the i.h. and get
the garbage-tight derivation ®p > ;a5 T pbemLri=e)p . A, with tight(I},). Then the same rule
appy, or app£° can be applied to get the garbage-tight derivation W& 45 I}, W T, I-(”‘l”‘e)pu A,
with tight(I, W T,). We conclude |®| = [®;| + [®y]| + 1 > |®p] + [®,] + 1 = |¥] thanks to the
Lh |®] > |@p].

Rule

neutralax(u) ¢ i>max p

ut i>max up
Assume O >4 T FOut : Ais garbage-tight and tight(I'). The derivation ® must end with
rule app’, since Lemma 7.3 (which applies as neutral ,q.(u) implies neutralyg(ut)) rules
out rule app;. Hence, there are two garbage-tight derivations @, >pmax Iy Fburu)y s neutral
and ®; ppax I FO07t 2 tight, with T = T, W I}, tight(T,) and tight(I};). Further-
more, A = neutral. Therefore we can apply the i.h. to get the tight derivation @, »pax
L, HbemLrime)p : tight,
Then appl® can be applied to get the tight derivation ¥ >, T, ¥ L, FO=Lr=€)yp : neutral.
We conclude |®| = [®,] + |®;] + 1 > |®y] + |®y] + 1 = |¥] thanks to the i.h. |D;] > [D,].
Rule

x ¢ fv(u) t S

max p

(Ax.u)t i>max (Ax.u)p

Assume ® >4 T HO(Ax.u)t : Ais garbage-tight and tight(I'). The derivation ® must end
with rule appy, therefore there are garbage-tight derivations @y, > Iy Fhwri )y u:[] — A
and ®; >y I FOO™t : tight, withT = T, WL, and (b, r) = (b; + by +1, 1y +15,). We can apply
the ih. to get the tight derivation ®, >ax I r(be=Lri=€)p . tight. Then app, can be applied
to get the garbage-tight derivation ¥ »nax T, W T, FO"L"0(Axu)p : A, with tight(T, WI,).
We conclude |®| = [®] + |D;| + 1 > |®y] + |[®y] + 1 = |¥] thanks to the i.h. |D;] > [D,].

[m}



Tight Typings and Split Bounds, Fully Developed 1:71

THEOREM 7.8 (TIGHT CORRECTNESS FOR MaX-EVALUATION). Let ® >0 T Ot : A be a max-

tight derivation. Then there is an integer e and a term p such that normal,,..(p), ¢ meax p and
|plmax + € = r. Moreover, if A = neutral then neutral,qx(p).

Proor. By induction on [®]. If ¢ is a max normal form—that covers the base case |®| = 1, for
which t is necessarily a variable—then by taking p := ¢, k := 0 and e := 0 the statement follows
from the tightness property of tight typings of normal forms (Proposition 7.4.2)—the moreover part

follows from the neutrality property (Proposition 7.4.3). Otherwise, ¢ e—>mwf u and by quantitative
subject reduction (Proposition 7.7) there is a derivation ¥ >4, I' Fb-Lr=€)y . Asuch that I’ C T

and |¥| < |®|. By i.h., there exists p such that normal ;4. (p) and u e—>fn‘alx pand [plmax +e” =r—e’.
ryoh

Just note that ¢ i—;fnax p. We conclude by taking e = e’ + e”’ because |p|max + €’ +€” =1 as

required. o

D.2 Tight Completeness
PROPOSITION 7.11 (QUANTITATIVE TIGHT SUBJECT EXPANSION FOR max). If® v pmax TH®p: A

is max-tight and t imax p, then there exist I’ 3 T and a max-tight typing ¥ such that ¥ >4
[/ GrLr+e) s A and || < ¥ ¥ bpmax [ FOHLT 2 A and || < Y]

Proor. We prove, by induction on ¢ i),n a5 D, the stronger statement:

Assume ¢ —, . p, ® >pmax T FOp 1 A is garbage-tight, tight(T), and either tight(A) or
—abs pax(t). Then there exist I’ 2 T and a garbage-tight typing ¥ b qx I’ L7+t A such that
tight(I'”) and |®| < |¥|. In what follows we treat all the cases, by omitting the details about the
decreasigness of size derivations, which are the same appearing in previous subject expansion
properties of this paper.

e Rule
x € fv(u)

(.G g u{x =g}
Assume ® >4 T FODu{xq} : A is garbage-tight and tight(T). By applying the anti
substitution (Lemma 7.10) we obtain the premisses of the following derivation ®”:

Dy >max Tuyx: MLy A
L, H ot rdix M — A Dy > max Ty HP7 g : M
LWl I-(b"+b‘1+1’r”+r‘1)()tx.u)q tA

with (b,7) = (by + by, 1y +1¢) and T = I, ¥ T;. Moreover, ®, and @, are all garbage-tight, so
®’ is garbage-tight.

e Rule
x & fv(u) normal,ax(q)
|q|max
(Ax.u)qg — pax U

Assume ® >, T HOu: Ais garbage-tight and tight(I'). By applying the existence of tight
derivations for normal forms (Proposition 7.9), we obtain the max-tight derivation ®, used
in the construction of derivation &’ below:



1:72

Beniamino Accattoli, Stéphane Graham-Lengrand, and Delia Kesner
Dopar THEDu: A Dy b ax Ty HO1max)g - tight
TEE L[] > A I, FO1glmax)g . ]
[ @ T, FEHrtlama) Qx 1)g - A
Moreover, tight(I' W I;) and @’ is garbage-tight.
e Rule
e
t _>max p

Ax.t imax Ax.p
Assume ® >, T I-(”’r)/lx.p : A is garbage-tight and tight(T'). Since absmqx(Ax.t) holds,
then we must have tight(A), and then ® must finish with rule fun, which must have
a subderivation of the form &, >po, T, x: Tight l-(h*”l)p : tight. The derivation ®, is
garbage-tight and tight(l', x : Tight) holds, then we can apply the i.h. and get ®; >pqx
I,x : Tight HO+Lr=1%€)t  tight, where I I T, @, is garbage-tight and tight(I”, x : Tight).
We construct the following derivation ®’:
®; pmax T, x: Tight FOTLT=146)1  tight

/eyt A
Then @’ is garbage-tight and tight(I").
Rule

fun,

e
—absmax(t) t— 0. P

tu i>max pu

Assume ® >0, T F®pu : A is garbage-tight and tight(T). The derivation ® must end
with rule app;, or app!®, and therefore there are two garbage-tight derivations Dy > max
L, l-(bP’rP)p :Apand @, > pax Iy FGuru)y A, for some types A, and A, withT' = I}, WI},. Since
tight(T) we have tight(I};) and tight(T}). Since ~abs,,,x(t), we can apply the ih. and get
the garbage-tight derivation ®; »pqy I; FrFL7Te)t Ap, with tight(T};). Then the same rule
app;, or app’® can be applied to get the garbage-tight derivation ®’s 4, Iy W T, FEFLr )1y, A
with tight(I; W I,).

Rule

neutrala.(u) t i’max p

ut i>max up

Assume O >0 T HOup : Ais garbage-tight and tight(T). The derivation ® must end with
rule app!?, since Lemma 7.3 (which applies as neutral . (u) implies neutral,q(up)) rules
out rule app,. Hence, there are two garbage-tight derivations @, >pqx Iy Fu-ru)y s neutral
and @ >pax I, FO)p : tight, with T = T, W I, tight(T},) and tight(T,). Further-
more, A = neutral. Therefore we can apply the i.h. to get the tight derivation ®; >4y
I, +otlrptelt . tight. Then app!® can be applied to get the tight derivation
D >par T WL, FOFLT+Oy  neytral.

Rule

X fV(W) 500 p

(Ax.u)t imax (Ax.u)p

Assume ® >0 TP (Ax.u)p : Ais garbage-tight and tight(T). The derivation ® must end
with rule app,, therefore there are garbage-tight derivations @, >nax T, FO» ™ Ax.u:[] — A
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and @, >max T Foo:7p)p - tight, with T = T, W I, and (b,r) = (b, + by, + 1,1 +1,). We
can apply the i.h. to get the tight derivation ®; > ey Iy FOr*170+€)t . tight. Then app,
can be applied to get the garbage-tight derivation ®’ >, I} W T, FOYL 49 (Ax u)t : A, with
tight(T, WT,).

]

THEOREM 7.12 (TIGHT COMPLETENESS FOR FOR max). Ift i)’,‘,mx p withnormal 45 (p), then there
exists an max-tight typing ®>pax T pkPlmax+e)t . A Moreover, ifneutral,,.x(p) then A = neutral,
and if abs . (p) then A = abs.

ProOF. By induction ont—% _p.Ifk = 0 (and thus e = 0) the statement is given by the existence
of tight typings for normal,,,» terms (Proposition 7.9), that also provides the moreover part. Let

k > 0and ¢ e—>max u e—>]fn_alx p, where e = e’ + e”’. By i.h., there exists a max-tight derivation
Yoo pax T, FELIPImax*+€")y o A which also provides the moreover part. By subject expansion
(Proposition 7.11) there exists a max-tight typing derivation ® s,y [ FK1+LIPImaxte"€) . A such

that I' 3 T;,. Then we conclude since the indices (k, |p|nax + €) are as expected. o

E APPENDIX: LINEAR HEAD EVALUATION

PROPOSITION 8.1 (LINEAR HEAD EVALUATION SYSTEM).
(A1scs —1nds Neutralypg, normal;,g, abspg) is an evaluation system.

Proor. The determinism of —, . is straightforward. We prove here the characterisation of
Ihd-normal terms and lhd-neutral terms.
=) Let t be —,, , -normal. Then ¢ has either a free head variable x or a bound head variable.
We then refine the general statement as follows:
(1) If t is —,, , -normal and has a free head variable x and is not a (potentially) substituted
abstraction, then neutralj, ,(?).
(2) Iftis —, , -normal and has a free head variable x and is a (potentially) substituted abstraction,
then normalj, ,(t).
(3) If t is —, ;, -normal has a bound head variable, then normal’;hd(t).
We show simultaneously the three statement by induction on terms.

e If t is a variable, then it corresponds to case (1) and we conclude by rule lhnvar.

o Ift = Ay.p, then p is also —, , -normal. There are two cases: case (2) or (3).

If Ay.p corresponds to case (2), then y # x and p corresponds to case (1) or (2). In the first case
the i.h. (1) gives that neutralyj, ,(p) and thus we conclude by rules 1hnno and then 1hnolamx.
In the second case the i.h. (2) gives that normalj, ,(p) and we conclude with rule 1hnolamx.
If Ay.p corresponds to case (3), then either p corresponds to case (3), or p corresponds to
cases (1) or (2) with y = x. In the first case we get that normal’;hd(p) by the i.h. (3) and thus
normal?hd()tx.p) by rule Lhnolam. In the second case we get that neutralj, ,(p) by the i.h. (1)
(resp. normaly, ,(p) by the i.h. (2)). We conclude with rules 1hnno and then 1hnolamx (resp.
lhnolamx).

e If t = pu, then p is also —, , -normal, otherwise rule [hd) would apply, and p is not a
(potentially) substituted abstraction, otherwise rule lhd, would apply. The term pu neces-
sarily corresponds to case (1) for some variable x and the same for p. We thus obtain that

neutraly, (p) by the i.h. (1) and we conclude by rule 1hnapp.
o If t = p[y\u], p is also —,, , -normal, otherwise rule [hd; would apply, and p has no free
head variable y, otherwise rule [hd, would apply. Then p[y\u] corresponds to one of cases
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(1)-(2)-(3). I p corresponds to (1), then neutraly, ,(p) by the ih. (1) and we conclude with

rule lhnsubx. If p corresponds to (2), then normalj, ,(p) by the i.h. (2) and we conclude with
rule 1hnosubx. If p corresponds to (3), then normal’;hd(p) by the i.h. (3) and we conclude with
rule lhnosub.

Now, given ¢ in —, , -normal: if case (1) holds we conclude neutralj, (t) with the previous

statement (1), then rules 1hnno and lhnox; if case (2) holds we conclude normaly, ,() with the

previous statement (2), then rule 1hnox; if case (3) holds we conclude normalj, ,(¢) with the previous
statement (3), then rule 1hno;

<) By induction on normal;4(t). We remark that two cases are possible: either normalj, .(¢)
for some variable x or normal’;h 4(t). We then refine the statement as follows:

(1) If neutralj, ,(t), then t is —, . -normal and t has a head free variable x and ¢ is not a

(potentially) substituted abstraction.

(2) If normaly, ,(t), then t is —,, , -normal and t has a head free variable x.

(3) If normalj, ,(t), then t is —,, ,

We reason by induction on the definition.

e If neutralj, ,(t) by rule lhnvar, then property (1) trivially holds.

e If neutraly, (pu) because neutraly, ,(p) by rule lhnapp, then by the i.h. (1) pis —, , -
normal —so rule [hdy, does not apply— and p has a head free variable x and is not a (potentially)
substituted abstraction —so rule [hdg does not apply. Then pu is —,, , -normal, it has a head
free variable x and is not a (potentially) substituted abstraction.

e If neutralj, ,(p[y\u]) because neutral], (p) and y # x by rule lhnsubx, then by the ih.
(1) pis —,,, -normal —so rule [hd; does not apply— and p has a head free variable x and
is not a (potentially) substituted abstraction —so rule /hd. does not apply. Then p[y\u] is
— 4 “normal, it has a head free variable x and is not a (potentially) substituted abstraction.

e If normaly, ,(¢) because neutralj, ,(t) by rule 1hnno, then by the i.h. (1) t is —,, , -normal
and has a head free variable x. We are then done for this case.

If normaly, ,(Ay.p) because normaly, ,(t) and y # x by rule lhnolamx, then by the i.h. (2) p

is —,, , -normal —so that rule lhd, does not apply— and p has a head free variable x. We

conclude Ay.p is —, , -normal and has a head free variable x.

e If normalj, . (ply\u]) because normalj, ,(p) and y # x by rule lhnosubx, then by the i.h. (2) p
is —,,, -normal —so that rule [hd; does not apply— and p has a head free variable x —so that
rule lhd. does not apply-. We conclude p[y\u] is —, , -normal and has a head free variable
X.

If normal’;hd(/lx.p) because normaly, ,(p) by rule lhnolamx, then by the i.h. (2) p is —

normal —so that rule [hd, does not apply-. We conclude Ax.p is —

bound head variable.

If normal, ;(Ay.p) because normalj, ,(p) by rule 1hnolam, then by the i.h. (3) pis —,, , -

normal —so that rule [hd; does not apply— and p has a bound head variable. We conclude

Ax.pis =, , -normal and has a bound head variable.

o If normalj‘hd(p[y\u]) because normal*;hd(p) by rule 1hnosub, then by the i.h. (3) pis —,, -
normal —so that rule lhd), does not apply— and p has a bound head variable. We conclude

ply\u] is —, , -normal and has a bound head variable.

hd
-normal and ¢ has a head bound variable.

Lhd

hd

lhd ~

thd -normal and has a

]

E.1 Tight Correctness

LEMMA E.1 (MULTI-SET DECOMPOSITION FOR LHD). Let M = Wi cgMy. Then @ vppy T pb-er) iy
if and only if there exist (Pr)ikex, Tkkek, (br)kek, (ex)kex and (ri)rex and such that O vipg
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T FOeeeri) g0, where T = Weeklk, b = +rexbi, € = +rexer and r = +pexrie. Moreover,
|®liha = +kex|Pklna-

Proor. By induction on the size of K. O

LEMMA 8.3 (TIGHT SPREADING ON NEUTRAL TERMS, PLUS TYPING CONTEXTS). Let®>py T pbeng. A
be a derivation.
(1) If neutralj, ,(t) then x € dom(I'). Moreover, if tight(I'(x)) then tight(A) and dom(I') = {x}.
(2) Ifnormaly, ,(t) then x € dom(T'). Moreover, if tight(I'(x)) then dom(T') = {x}.
(3) Ifnormaly, (t) and tight(A) then A = abs andT is empty.
In all the cases, if tight(T'), then the last rule of @ is not appy,.

Proor.
(1) By induction on neutraly, ,(t). Cases:
e Variable, i.e.t = x. Then @ is

x: [A]FO0Dx 1 A .
and so dom(T") = {x}. If ['(x) = Tight then it must be A = tight.

o Application, i.e. t = pu. The last rule of ® can only be app,, or appfd. In both cases the left
subterm p is typed by a sub-derivation &' >4 T, +(¥"-¢"r)p : B such that all assignments
in T, appear in I'. Since neutralj, ,(¢) implies neutralj, .(p), we can apply the i.h. and

obtain that x € dom(I};) € dom(T'). If moreover, I'(x) = Tight then I,(x) = Tight and by
i.h. B = tight and dom(I,,) = {x}. This forces B = neutral and the last rule of ® to be
app/¥. Then A = neutral and T = T, that implies dom(T’) = {x}.

o Explicit substitution, i.e.t = p[y\u] and y # x. The last rule of ® is ES and the left subterm p
is typed by a sub-derivation @ »;,g T,;y : M F?>¢>")p : A such that all types in I}, appear
in I'. Since neutraly, ,(t) implies neutralj, ,(p), we can apply the ih. and obtain that
x € dom(I},) € dom(T'). If moreover, I'(x) = Tight then (I;;y : M)(x) = Tight and by the
ih. A = tight and dom(I,;;y : M) = {x}. This forces M = [] and the ES rule to have no
right premiss. Then I’ = T}, that implies dom(I') = {x}.

(2) By induction on normaly, ,(t). If normalj, .(¢) because neutralj, ,(¢) then it follows from

the previous point. The two other cases are:

e Abstraction, i.e.t = Ay.p withnormalj, ,(p) and y # x. The last rule of @ can only be fun, or
fun,. In both cases the subterm p is typed by a sub-derivation ®' g T3y : M+®¢>")p . B,
By i.h., x € dom(T';y : M) and so x € dom(T'), because y # x. If moreover, I'(x) = Tight then
by i.h. dom(T;y : M) = {x}, that is, M = [ ]. Then dom(T") = {x}.

e Explicit substitution, i.e. t = p[y\u] with normalj, ,(p) and y # x. The last rule of ® is ES
and the left subterm p is typed by a sub-derivation ®' >4 T3y : M +(0¢")p . A such that
all types in I, appear in I. By i.h., x € dom(I},) C dom(T'). If moreover, I'(x) = Tight then
by i.h. dom(I},;y : M) = {x}, that is, M = []. Therefore, the ES rule has no right premiss.
Then T = T}, that implies dom(I') = {x}.

(3) By induction on normal?hd(t). Cases:

o Abstraction on the head variable, i.e. t = Ax.p with normalfhd ). If A = tight then the last
rule of ® can only be fun, and A = abs:

I;x:Tight I-(b’e’r)p s tight
T &)y p: abs
By the previous point, dom(T; x : Tight) = {x}, that is, ' is empty.

fun,




1:76 Beniamino Accattoli, Stéphane Graham-Lengrand, and Delia Kesner

o Abstraction on a non-head variable, i.e. t = Ax.p with normal’;hd(p). If A = tight then the
last rule of ® can only be fun, and A = abs:

T;x:Tight I-(b’e’r)p s tight
T +b- D)y b abs

fun,

By i.h, T is empty.

e Explicit substitution, i.e. t = p[y\u] with normalj, ,(p). The last rule of @ is ES and the left
subterm p is typed by a sub-derivation ®’ »jpq Tp5y : M F(0-¢")p . tight such that all
types in I}, appear in T. By ih., the typing context I,;;y : M is empty, that forces M = [].
Therefore, the ES rule has no right premiss. Then I' = T}, i.e. T' is empty.

O

PrROPOSITION 8.4 (PROPERTIES OF [hd TIGHT TYPINGS FOR NORMAL FORMS). Let t be such that
normal;ng(t), and ®vypg THE €t : Abea typing derivation.

(1) Size bound: |t|;pg < |D].

(2) Tightness: if @ is tight thenb = e = 0 and r = |t|jpq.

(3) Neutrality: if A = neutral then neutralj,,(t).

Proor. By induction on ®. Cases of t:
e Variable, i.e. t = x. Then ® has the following form and evidently verifies all the points of the
statement:

ax
x: [A]FO0Dx : A
The derivation verifies r = 1 = |x|jpq = |®|, b = e = 0, as required.
o Abstraction, i.e.t = Ax.p with normaljsg(p). Cases of the last rule of ®:

— funy rule:
¥oppg Tix: MEGp A

r I-(b,Jrl’e’r)ﬂx.p M- A

funb

withb =b" + 1.
(1) Size bound: by i.h., [plina < |¥|. Then, |tlipa = |plina + 1 <in [¥]+1=|D|.
(2) Tight bound: ® is not tight, so the statement trivially holds.
— fun, rule:
o Tix: Tight 0 p : tight

T8 D)x b : abs

fun,

withr =r" + 1.
(1) Size bound: by i.h., [pling < |¥|. Then, |t|ing = |pling + 1 <in |¥]+1=|D|.
(2) Tight bound: if ® is tight, then ¥ is tight and by i.h. ¥’ = |p|jpg and b = e = 0. Then,
r=r'+1=ip plina + 1 = [tlia-
e Application, i.e.t = pu with neutraly, ,(p) for some x. Cases of the last rule of ¢:
— appy rule:
Wopg AFYSp M5 A @I )y M

"ot

AWII |_(b/+b"+1,e/+e T +r")pu LA

appp

withb=b"+b"+1,e=¢e’+e’,r=r"+r"”,andT = AWII
(1) Size bound: by i.h., |plina < |¥|, from which it follows |t|jpq = [pling +1 <in [¥]+1 = |D|.
(2) Tight bound: since ® is tight and ¢ is normal, this case is impossible by Lemma 8.3.
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- appfd rule:

¥oupe T I-(b""’r')p :neutral nd
app,

I &6+ py : neutral

withr =r" + 1.
(1) Size bound: by i.h., |pling < |¥]. Then |t|jpg = Ipling + 1 <in Y|+ 1 =|D|.
(2) Tight bound: if ® is tight, then ¥ is tight and by i.h. v’ = |p|;pg and b = e = 0. Then,
r=r"+1=ip |plina + 1= |pulina = |tlina-
e Explicit substitution, i.e. t = p[x\u] and the last rule of ® is:

Yorg Asx: M I-<b/’e/’rl)p tA ey m
A w T1 RO ML =MD\ ] - A

withb=b'+b",e=¢"+e”’,r=r"+r",andT = AWIL
(1) Size bound: by i.h. |plipa < [¥|. Then [t|ing = [plina <in [¥] < ||
(2) Tight bound: There are two cases:
- normal?hd(p) for somey # x. By Lemma 8.3.2 y € dom(A). All assignments in A are Tight
because @ is tight, and so applying Lemma 8.3.2 again we obtain that dom(A) = {y}, that
is, that M = [ ]. Two consequences: first, the ES has no right premiss, that is, it rather has

the following shape:

ES

Yoppg THOOp: A
I HEeplx\u] : A
second, ¥ is tight, and so by i.h. b = e = 0 and r = |p|;nq. The statement follows from
the fact that [plina = |p[x\ullina-
- normalj, ,(p). If @ is tight then A = tight and by Lemma 8.3.3 the context A;x : M is

empty, that is, M = [ ]. Two consequences: first, the ES has no right premiss, that is, it
rather has the following shape:

Y >iha F(b,e,r)p A

ES
FOeplx\u] : A

second, ¥ is tight, and so by i.h. b = e = 0 and r = |p|;p4. The statement follows from
the fact that [plina = |p[x\ullina-
O

LEMMA 8.5 (LINEAR SUBSTITUTION AND TYPINGS FOR lhd). Let ®vpq x : M;T FO-SDH(x) : A.
Then there exists B € M such that for all &, >y T} pbe-ee.re)p o B there exists a derivation ¥ >4
x: M\ [B];T W, pbrbeerer+ri=tyy . A Moreover, |¥| = |®| + |®,| — 1.

Proor. By induction on H. Cases:
e Empty context, i.e. H = (). The typing derivation ® is simply

ax
x: [A]FO0Dx : A
and I is empty. Then M = [A]. The statement then holds with respect to ¥ := ®,, because
b =0,e=0,and r = 1. The moreover statement is straightforward since || = 1.
o Abstraction, i.e. H = Ay.H’. Two sub-cases, depending on the last rule of ®:
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(1) The last rule is funy, and so ® has the form:
x: M;y: N;T F0ren) H (x):A
x: M;T HOrben) 4y H (x):N — A

where b = br + 1. By i.h., there exists a splitting M = [B] W O such that for every derivation
¥ oa ARt B there exists a derivation

Op ey iha x 1 Osy: N3T @ A pProereort DR (1) - A

Note that y ¢ dom(A): we are working up to a-equivalence, and so y ¢ fv(t), and the system
is relevant, and so y ¢ fv(¢) implies y ¢ dom(A). By applying the fun; rule we obtain:

x:0;y: N;T w A pOrbherersr=Dpr iy . o
x: O;T W A pOrHteblererer'= 4y grii):N — A

that satisfies the statement (because b = br + 1).
(2) The last rule is fun,, and so ® has the form:

x: M;y: Tight; T +&em) B (x):tight
x: M;T F&m+D a4y HY (x)):abs

where r = rr + 1. By i.h., there exists a splitting M = [B] & O such that for every derivation
Yoy AFY-€Tt B there exists a derivation

un,

Opr ) Prha X O;y: N;TWA l_(b+b',e+e’,rr+r’—l)H/«t» s tight

Note that y ¢ dom(A), for the same reasons as in the previous sub-case. By applying an
fun, rule we obtain:

x:0;y: Tight; T w A ROH0sexemer=Dg gy tight
x: O;T @ A pOrbheresridr) Jy HY (1)):abs
that satisfies the statement (because r = rp + 1).
In both cases the moreover statement is straightforward by the i.h.
e Left on an application, i.e. H = H'p. Two sub-cases, depending on the last rule of ®:
(1) The last rule is app;, and so ® has the form:

x: M I HEmemm) (7 en:N — A x: Ms; 3 o) N
x: (M @ My); (IT @ 3) p(brtbeentes.mtrs) g oy oA

where I = ITWX, II(x) = 2(x) = [ |, M WMy, = M,b = by +bs,e =eg+es,andr = ry+rs.
By i.h., there exists a splitting M = [B] W O such that for every derivation ¥ >4
A €1t : B there exists a derivation

appy

Dpp ey P1ha X 2 O; 1w A pomsblentetmer =Ny . N — A
By applying an app;, rule we obtain:
x:O0;ITWA I-(bHJrh,’eHJrel’m“'*l)H'<<t>> ‘N> A x: My (bmenrs) p:N
x: (OW My); (T A @ %) ontb s en+e ves,mer’+rs=1) H' (t)p-A

Now, by defining N := O W My, we obtain M = My W My = [B]W O W My = [B] W N.
Therefore by applying the equalities on the type context the last obtained judgement is in
fact:

appy

x: N: (1—~ ® A) |_(bn+b'+bz,en+e’+e);,r1-1+r’+r2—1) H/«t»p:A
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and by applying those on the indices we obtain:
x: N; (F W A) |_(b+b’,e+e’,r+r’—1) H'«t)}p:A
as required.
(2) The last rule of @ is appi’d, and so ® has the form:
x: Mp; I Femenm) j/@xyneutral — x: My; S H0em) pitight
x: (M W My); (T 3) butbesentes,rntrstl) g7\ pineutral

whereI' = TW X, I(x) = X(x) = [, Mp WMy = M, b = by + by, e = ey + ex, and
r=m+ryg+1

By i.h., there exists a splitting My = [B] W O such that for every derivation ¥ >4
A€ . B there exists a derivation

Opr ey P1ha x : O;ITWA l-(bn+b,’en+e,’m+rl_l)H’<<t>) :neutral

hd
r

By applying an app”? rule we obtain:
x: O;ITw A pln+bhentemr' =Dy neutral  x: My; S b€ p:tight
x: (OWMs); (M A w3) pbrtb+benteresrntr’+rs) g/ 1)y pneutral

Now, by defining N := O ¥ My, we obtain M = Mg W My = [BJ]w O W My = [B] W N.
Therefore by applying the equalities on the type context the last obtained judgement is in
fact:

apphd

x: N; (T w A) pbntbebs.enveves,mer'*m) g/ )y pneutral
and by applying those on the indices we obtain:
x: N;(Tw A) pE+0here’sr =0 g/ iy pneutral

as required.
In both cases the moreover statement is straightforward by the i.A.
o Left of a substitution, i.e. H = H'[y\p]. Note that x # y, because the hypothesis H{(x)) implies
that H does not capture x.
The last rule of ® can only be ES, and so ® has the form:

x: Mm;y: M0 (b e rm) H {x):A x: Ms;> p bz ez,75) oM’
ES
x: (M W Ms); (1w 3) GutbesentestMLratrs=IMD g Wy\ pl:A

whereI' =TTW 3, [I(x) = X(x) = [|, MW Ms = M, b = by + by, e = ef + es + |M|, and
r=rg+rg—|M|.

By i.h., there exists a splitting My = [B] W O such that for every derivation ¥»;,4 A€t : B
there exists a derivation

Dppr ey Plrd X 2 O3y M3 T A pomtbemtemer =g gy . 4

Note that y ¢ dom(A): we are working up to a-equivalence, and so y ¢ fv(p), and the system
is relevant, and so y ¢ fv(p) implies y ¢ dom(A). By applying a ES rule we obtain

x:0;y: M;TTW A plon+blsente,mr' =Dy A x 1 My 3 b2 ers) pM’
x:0W Mz;H WA |_(bn+b’+h2,en+e'+eg+|M|,rn+r’—1+rg—|M|) H’((t))[y\p]:A

Now, by defining N := OW M5, we obtain M = Mg WMs = [B]w OWM;s = [B]WN. Therefore
by applying the equalities on the type context the last obtained judgement is in fact:

x: N; (r ® A) l_(bn+b'+bz,en+e'+ez+\M|,r1-[+r’—1+rz—\M|) H,«t»[y\p]A
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and by applying those on the indices we obtain:
x: Ni(T'w A) O =D B ey y\plA

as required.
The moreover statement is straightforward by the i.h.

PROPOSITION 8.6 (QUANTITATIVE SUBJECT REDUCTION FOR lhd). If®» T +5:7) t:A then
(1) If t =, u then b > 1 and there is a typing ® such that & » T +¢=1¢7) y:A and |'| = |®| - 1.
(2) Ift =, u then e > 1 and there is a typing @' such that ® » T &€~ y:A and |@'| = |®| - 1.

ProoF. By induction on the reduction relation —

lhd *
o t = L{Ax.v)s =, L(v[x\s]) = t’, then we proceed by induction on L. Let L = (-). By

construction the derivation @ is of the form:
Dy > x : M;ITEb 0 o)y o
I FGorteotMlro=IMD gy o M — 6 @y s TEbse )50 M

nwr I-(bv+b5+1’e”+63+|M|’r”+r5_|M|)(ﬂ.x.v)S CA
where b = b, +bs+1,e = e, +es+|M|and r = ry, +rs—|M|. We notice that b = b, +bs+1 > 1,
as required. We construct the following derivation ®’:

x: M;TLEboeors)yy s o T plbssessrslg . pp

II Wier l"l_ '_(bv+b579v+es+|M|srv+rs_|M|)U[x\s] e
Weletb’ = b, + bs, e’ = e, +es+|M|and r’ = r, + r; — [M|. So that we can verify b = b’ — 1,
b =b’,and r = r’ as required. We conclude since |®’| = |®,| + [P]| + 1 = |P| — 1.
For L = L’[y\s], the statement follows from the i.A.
o t = H{x)[x\v] =, , H(v)[x\v] = u, then @ is of the form

Opy(ay > x s MyTTHO A TIH () c A o ARPecor)y M
IwA |.(bH+bv,eH+ev+|M|,rH+r,_,—\M|)H<<x>>[x\v] A

where b = by + by, e =eg +e, +|M|andr =rg +r, — |M]|.

It is not difficult to see that [M| # 0 and thus e > 1 as required.

Let M = [B] & N be the splitting of M given by the linear substitution lemma (Lemma 8.5)
applied to @y ((x)). By the multi-sets decomposition lemma (Lemma E.1) applied to ®,, with
respect to such a decomposition, there exist two derivations:

dp> Ap F(s.e8.r8), . B Oy > Ay FON.en.TN) ) o N
such that A, = AW AN, b, =bg +bn,e, =eg +en, 1, =rg+rn, and |CI>-U| = |(I)B| + |¢‘N|.
By the linear substitution Lemma 8.5, there exist a derivation

Dpr oy Pha * : N;TTW A FBER () - A

where B = by + bg, E = ey + e, R =ryg +rg — 1 and [Py oyl = [Pyl + [P — 1. We
construct the following derivation ®’:

x:N;ITwAg FBERDH(Y : A Ay FENENN N
M Ap @ Ay FBONEren+INLREN=IND (0 [x\ 0] : A

that verifies the statement because
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—B+bN=bH+bB+bN=bH+bv:b,
—E+env+|N|=eg+eg+en+|N|=eg+e,+|N|=eg+e,+|M—-1=¢-1,
- R+ry—|N|=rg+rg—1+ry—|N|=rg+r,—|M|=r,
= || = [Prop| + [PN| + 1= [Pyay| + [Pl = 1+ [On| + 1= [Dpxy| + || = |O] - 1.
e All the other cases follow from the i.h.
O

THEOREM 8.7 (TIGHT CORRECTNESS FOR [hd). Let ® vy T H¢7)t . A be a tight derivation. Then
there exists p such that t —>;’;; p, normalpg(p) and |pling = r. Moreover, if A = neutral then
neutraljpq(p).

Proor. By induction on |®|. If t isa —, , normal form—that covers the base case |®| = 1, for
which ¢ is necessarily a variable—then by taking p := t and k := 0 the statement follows from the
tightness property of tight typings of normal forms (Proposition 8.4.2)—the moreover part follows
from the neutrality property (Proposition 8.4.3). Otherwise, two cases:

(1) Multiplicative steps: t —, u and by quantitative subject reduction (Proposition 8.6) there is

a derivation ¥ 54 T F®~4¢"y . A such that |¥| = |®| — 1. By i.h., there exists p such that
normal;pg(p) and u—>§’h_dl+e pand |p|jpg = r. Just note that t —, u—>§’h_;+e p, that is, t—>f’;‘; .

(2) Exponential steps: t —, u and by quantitative subject reduction (Proposition 8.6) there is a
derivation ¥ b4 T F(®>¢717y : A such that [¥| = |®| — 1. By i.h., there exists p such that

b+e-1 _ b+e-1 : b
normal;py(p) and u—7,~" p and |plipg = r. Just note that t », u—7"7™" p, thatis, t =7 p.
O

E.2 Tight Completeness

PROPOSITION 8.8 (LINEAR HEAD NORMAL FORMS ARE TIGHTLY TYPABLE FOR lhd). Lett be such that
normalypg(t). Then there exists a tight typing ® »;pq T FO01thna)t . A Moreover, if neutral;ng(t)
then A = neutral, and if abs;,4(t) then A = abs.

Proor. In the proof, for the sake of simplicity, we let the indicies on the judgements generic,
and not as precise as in the statement, because once one knows that there is a tight derivation then
the indicies are forced by Proposition 8.4.

(1) By induction on neutraly, ,():

e Variable, i.e. t = x. Then the derivation

ax
x : [neutral] K%Yy : neutral
is tight and types x with neutral.
o Application, i.e. t = pu and neutralj,,(t) because neutraly (p). By i.h., there is a tight
derivation ¥ 5,4 T +2-¢7)p : neutral. Then the following is a tight derivation ® typing
t = pu with neutral:
Yo T I—(”’e”)p :neutral

apphd

I Fb-er* Uy neutral

e Explicit substitution, i.e. t = p[y\u] and neutral;p,(t) because neutraly, ,(p) and x # y.
By i.h., there is a tight derivation ¥ »;,4 T +®")p : neutral. By Lemma 8.3.1, dom(T) = {y},
that is, in I the variable x is implicitly typed with [ ]. Then the following tight derivation ®
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types t = p[x\u] with neutral:

T;x: []+%¢7t : neutral

I+ ¢[x\u] : neutral

(2) First, by induction on normaly, ,(¢):
e normaly, .(t) because neutraly, (). Then it follows from the previous point.

e Abstraction, i.e.t = Ay.p and normalj, () because normalj, .(p) and x # y. By i.h. there

is a tight derivation ¥ »;,4 A F®¢"p : tight. Since the derivation ¥ is tight, the typing

context A has the shape T';y : Tight (potentially, y : [ ]). Then the following is a tight

derivation for Ay.p with abs:
¥oipg Tiy: Tight HO&mDp : tight
T &er D)y b - abs

fun,

e Explicit substitution, i.e. t = p[y\u] and normalj, ,(t) because normalj, ,(p) and x # y. It is

essentially like in the neutral case. By i.h., there is a tight derivation ¥4 AF®-¢"p : tight.
By Lemma 8.3.1, dom(A) = {x}, that is, in A the variable y is implicitly typed with [ ]. Then
using the notation A = T'; y : [ ] the following tight derivation ® types ¢ = p[y\u]:

Liy:[] I-(b’e’r)p s tight
I +EeDply\u] : tight

The part about predicates follows from the i.h.

Now, by induction on normalj, ,(t):

e Abstraction on the head variable, i.e.t = Ax.p and normalj, ,(¢) because normalj, ,(p). By
i.h. there is a tight derivation ¥ »;pqy A I-””e”)p : tight. Since the derivation ¥ is tight, the
typing context A has the shape T';y : Tight (potentially, y : [ ]). Then the following is a
tight derivation for Ay.p with abs:

¥oing iy Tight H0€7p : tight
T e D)y p - abs

fun,

e Abstraction on a non-head variable, i.e.t = Ax.p and normaly, ,(t) because norma 1?hd(p). Itis

exactly as in the previous sub-case. By i.h. there is a tight derivation ¥» ;4 AF®©"p: tight.
Since the derivation ¥ is tight, the typing context A has the shape I';y : Tight (potentially,
y : []). Then the following is a tight derivation for Ay.p with abs:

o Tiy: Tight FO&7p - tight
I e )y p - abs

fun,

e Explicit substitution, i.e. t = p[y\u] and normal?, (t) because normalf, ,(p). By i.h., there is

a tight derivation ¥»;,4 AF®¢7)p : tight. By Lemma 8.3.3, A is empty, that is, the variable
y is implicitly typed with [ ]. Then the following tight derivation ® types t = p[x\u]:

y:[] I-(b’e’r)p s tight
ES
FEerply\u] : tight

The part about predicates follows from the i.h.
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LEMMA 8.9 (LINEAR ANTI-SUBSTITUTION AND TYPINGS FOR lhd). Let ® >y T FOSDH(u)) - A,

where x ¢ u. Then there exists

e atypeB

e a typing derivation ®, vypg T, Flwewry . B

e a typing derivation @y >ira T W x:[B] O Hx) A
such that

e Typing contexts:I' =I'" W I},.

e Indices: (b,e,r) = (b’ + by, e’ +e,, v +r, — 1).

o Sizes: |®| = |Dy| + [Prxy| — 1.

Proor. By induction on H.
o If H = (-),then welet T’ = ) and o = 7. We have
(b',e’,r") =(0,0,1) so that (b, e, r) = (b, e, ry,). All the equalities are verified.
e In all the other cases the property is straightforward by the i.h.
O

PROPOSITION 8.10 (QUANTITATIVE SUBJECT EXPANSION FOR lhd). If®' >y T FG-e:1¢ . A then
(1) Ift—,, t’ then there is a derivation ® >y T FO*L6Dt 7 and | @] = |®| + 1.
(2) Ift = t’ then there is a derivation ®>jpg T FbetLr o A gnd | @] = |®| + 1.

Proor. The proof is by inductionon t —, , t’.
o If t = L{Ax.p)u— L{p[x/ul) = t’, then we proceed by induction on L. Let L = (-), then by
construction I' = A W IT and we have the following derivation:

x:M; A I-(bP’eP’rP)p cr TRy M
AWII |_(b)(,-*—b',e‘t,+e/+|M|,rp+r’—|M|)p[x/u] T

where b = b, +b’, e = ¢, + ¢’ + |M| and r = r;, + r’ — |M|. We then construct the following
derivation

x:M; A l-(b"’e”’r”)p I T
ArCorbep ML=y oM — ¢ TRy M
AWII I-(bf’+b,+1’ef’+e’+IMl’rPH,_‘Ml(Ax.p)u .
For L = L'[y/u], the statement follows from the i.h.

o Ift = H{(x)[x/u]l—> H{u)[x/u] = t’, then by construction I' = AWII and the type derivation
of t’ has the following form:

xxM; A Rrmen Y o T beewray M

AT F®EDH U [x/u] :
where (b,e,r) = (by + by, eq + e, + M|, rg + ry, — |M]).
By Lemma 8.9 5,4 Ty + x:[07 | F® ¢ >"VH({(x)) : r and >4 Ay FOVe0y s 6y where by = b’ +by,
eg =¢ +eandry =r’ +r; — 1. Note that x ¢ fv(u). We let I = KW {1} where M = [0;];ek.
We have necessarily Iy = I}); x:[ok |xek-
We remark that u has necesarily been typed with a (many) rule so that there are derivations
1T +bk-eerk)y - oy (k € K), such that IT = Wy Ilg, and M = +cxok and by, = +rexbr, ey =
+reke€kTu = +kekTk- By applying rule (many) again we obtain IT + A; (butbreutenrutry . pf 4 (o],
We can now construct the following derivation
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Iysxiloi]ier FO T H ) s T Ay R Petbreutennindy (o),
I W I w Ay b0 P et et T rmn =D B oy e ] - 7
We conclude since b’ +b,, +b; = by+b, = b, e’ +e,+e+|I| = eg+e,+|I| = eg+e,+|M|+1 =
e+ 1L, r'+ry+r—|Il=rg+r,—|M|=r.
o All the inductive cases are straightforward.

]

THEOREM 8.11 (TIGHT COMPLETENESS FOR [hd). Lett —>;‘hd p, where normalypq(p). Then there

exists a tight type derivation >4 T pkike-Plind) t : A where k = ky + ky. Moreover, ifneutralpq(p),
then A = neutral, and if abs;pq(p) then A = abs.

Proor. By induction on t—, , kp.If k = 0 then t = p. Proposition 8.8 gives the existence of

a tight typing ®;pg Filji’ge';tr) t. Proposition 8.4 then gives r = |t|;pg = |pling and b = e = 0. The

property then holds for k; = kz = 0.
Let0 < k =k +1landt—, u—y,, K'p. By i.h. there exists a tight typing derivation

k), K,, — . . o
Yo 14 I—iilghtz Iplina) u, where kK’ = k| + k;. By quantitative subject expansion Proposition 8.10

there exists a typing derivation ® of u with the same types in the ending judgement of ¥—then ®
is tight—and with indices (k] + 1, k3, [plina) or (ki, k; + 1, |plina)-
In the first case we let k; = k] + 1and k; = kj, sothat k = 1 + k" =, 1+ k| + k) = ky + ks as

: (k1.k2,|plina)
required. Moreover, ;1,4 '_tight t.

In the second case we let ky = k] and k; = k) + 1,sothatk = 1+ k" = 1+ k] +k; = ky + k; as

(kv, ka2 1plina) ' O

required. Moreover, ®>;p,4 tight
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