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The Combination Problem

Verification conditions typically are in combinations of
many theories.

Theory of equality
Arithmetic constraints

Lists, arrays, finite sequences, bitvectors, strings,
characters, enumeration types, records, variant
records, abstract datatypes ...

Examples.
r+2=y = flalz:=3ly-2|)=fly—z+1)
fy—-D—1=y+1, fa)+l=z—-1,z+1=y = L
F(f@)=f) #f(), y<zy>z+22>0 = L
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| Can Solve (ICS)

Core. Shostak combinatiod =i/ + A+ F+C+ S + B of the
free theory, arithmetic, arrays, combinatory logic, setsectors.

Incomplete extensions: nonlinear arithmetic and integers

Decision procedure fas AT (7) throughlazy combinatiorof a
non-clausalS AT solver and the core ICS decision procedures.

Distinguishing features.

It's really fast (“30000 theorems a second”), see [CAV'04].

API (C, Lisp, Ocaml) for embedded deduction
online, multi-threaded
suitable for e.g. symbolic simulation or proof search

Upcoming release: complete for integers, generation afi@kp
models, extendable, more precise explanations, muclr.faste
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Example
2% car(x) — 3 % cdr(x) = f(cdr(x))

= f(cons(4 * car(x) — 2 * f(cdr(x)),y)) = f(cons(6 * cdr(x),y))
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Example
2% car(x) — 3 % cdr(x) = f(cdr(x))

= f(cons(4 * car(x) — 2 * f(cdr(x)),y)) = f(cons(6 * cdr(x),y))

Process. ( Sv: {}
Su: {w = f(v)};
Srp: {u=car(x), v=cdr(x)};
Sa: {fw=2xu—3%x0v} )



Example
2% car(x) — 3 % cdr(x) = f(cdr(x))

= f(cons(4 * car(x) — 2 * f(cdr(x)),y)) = f(cons(6 * cdr(x),y))

Process. ( Sv: {}

Su: {w= f(v)};

Se: {u=car(z), v=cdr(z)};

Sa: {w=2%xu—3%x0v} )
Canonize Ihs. 4 xcar(z) — 2 * f(cdr(z))
4xu—2x* f(v)
4dxu—2*xw

dxu—2%(2%u—3%0)

SO

0 * u
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Example
2% car(x) — 3 % cdr(x) = f(cdr(x))

= f(cons(4 * car(x) — 2 * f(cdr(x)),y)) = f(cons(6 * cdr(x),y))

Process. ( Sv: {}

Su s {w = f(v)};

Se: {u=car(z), v=cdr(z)};

Sa: {w=2%xu—3%x0v} )
Canonize lhs. 4 car(z) — 2 f(cdr(z))
4xu—2x* f(v)
dxu—2*%w

dxu—2%(2%u—3%0)

S

A 6>l<U,

Canonize rhs6 cdr(x) ~~ 6 * u Shostak Combi
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Decision Problems

Let 7 be a given algebraiz-theory. Terms
a,b,c,d,... € T(X, X). Variables are implicitly
universally quantified.

Word Problems.
—7 A — b

Uniform Word Problems.
— T /\?:10/,; — dz = a=2>

Clausal Validity Problems.
=7 Ni_1Ci = d; = \/:’7?1:1 aj = bj

Remark. If 7-validity is convex then the clausal validity
problem above holds iff there is € {1,...,m} s.t. the
uniform word problen=r A" ,¢; = d; = a; = b; holds.
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Outline

Warm-up: Shostak’s congruence closure for deciding
the uniform word problem for the free theory.

Shostak theories, definition and examples.

Uniform word
(“Gaussian e

problem for Shostak theories.
Imination”)

Uniform woro

problem for combinations of various

Shostak theories with the free theory.

Shostak Combinations (p.6 of 63)


ics.csl.sri.com

Outline
Warm-up: Shostak’s congruence closure for deciding
the uniform word problem for the free theory.
Shostak theories, definition and examples.

Uniform word problem for Shostak theories.
(“Gaussian elimination”)

Uniform word problem for combinations of various
Shostak theories with the free theory.

These are the core algorithms of ICS

| ¢cS.cSl.sri.com
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Preliminaries. Equality Sets

An equality setF is of the form{a, =04, ...,a,=0b,}
Eisfunctional iIf a=b;,a=0, € £ Impliesb; = by

: b 1 a=be Lk

Lookup: E(a) = { a : otherwise
Apply: Elx| = E(z) ‘
Elf(ai,...,a,)] = E(f(Elai],...,Ela,])

A solution sefis a functional equality set of the form

{$1Zb1,...,$n:bn}
with z; & vars(b;) forl <i,5 <n

Shostak Combinations (p.7 of 63)



Preliminaries: Preservation

A variable assignment extendsp if
dom(p) C dom(p') and
p(x) = p'(z) forall x € dom(p)

Let ), ¢’ be sets of literals; then)’ 7 -preservea) if
vars(y) C vars(y')

for all 7 -structureslM/ and assignmenisthere is
somep’ extendingp such that

M,plr ¢ ifft M,p =1 ¢

In this casel=7 V=0 iff =7 /=0

This restricted notion of preservation is sufficient for
our purposes, since none of the algorithms considere:
here introduces new function SymMbolIS. swsaxconbiaions s ot




Congruence Closure

Y.p . Signature of uninterpreted function symbols
Ur . Deductive closure of axioms of equality ovef-tern

Uniform word problem=,,, £ = a =b

Configuration of Shostakisongruence closure
consists of Sy; Sy; E)

Sy contains oriented variable equalities= y

Sy contains equalities = f(xq,...,x,)

E' contains the unprocessed input equalities.
(Sy; Sy) together form the solution staté
Sy partitions the variables into equivalence classes

z, y In same equivalence classS{ (x) andSy (y)

Shostak Combinations (p.9 of 63)




Shostak’s Congruence Closure
S := process(idg; 0; E) with
process(Sy; Sy;0) = (Sv; Su)
process(S;{a =b} U FE) = process(assert(S;a =1b); E)
assert(S;a =0) = close™(merge(abst™(S; cang(a =)))
Present treatment a specific strategylo$tractCC.
Canonical forms:

cang(xr) = Sy(x)
B (Sv(aj), if (v = f(cang(ay),...,cang(a,)))
cans(for, -, on) = <\f(can5(a1), ..., cang(a,)), otherwise.

For irreducibles:
cang(a) = cang(b) iff = £ =a =b.
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Congruence Closure (Cont.)

1. Variable abstract

(Sv; Su; alf(@1,...,%s)] = b)
{z=2}USy; {x = f(z1,...,2,)} USy; alx] =b)

x fresh

Irreducible states of the foritby; Sy; * = y).

2. Merggx =vy)
(Sv; SU)
(Sy o{r = y}; Su>{zr =y}

Y=<

3. Closd.5)
(Sv; SU)

merge(Sy; Sy)
if x,y € dom(Sy), Sy(z) #Z Sv(y), Sv(z) = Sv(y)
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Example
Validity problem

=y {f(f(f(2)) =2z, 2= f(f(z));=f(z) =2

Start state

So = ({z =210 {f(f(f(2)) ==, == f(f(2))}

Abstraction

abst({z = z}; 0; f(f(f(2))) = o)
{x =z, vi =v1, V3 = vy, V3 = V3}
T ( {1 = f(x), v2 = f(v1), v3= f(v2)} )

Ug — X
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Example (Cont.)

{$ — &, U1 = V1,V = V2, U3 = UB}
( {Ul — f(x)a Uy = f(?h), U3 = f(Uz)} )
U3 = T

{fzil?, U1 = V1, U2 = Vg, U3:£U} >

merge ~~ ( {Ul _ f(x), Vo = f(vl), U3 = f(v2)}



Example (Cont.)

Variablesz, y areincongruenin S if
Sv(z) # Sv(y) and
Su({z}) N Sy({y}) # 0

There are no incongruences in our running example.

(e )
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Example (Cont.)

( (o Foh or e oo e T )

Processing of = f(f(x)). Canonization and orientation
yield v, = x, which is merged

(o)

The Incongruence between, vs IS fixed by close

L S TR (e B
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Example (Cont.)

Irreducible configuratiory™.

(6= 2750

Now, cang:(f(x)) = x = cang(x)
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Soundness and Completeness

Forvars(a = b) C vars(FE) andS := process(idg; ); E)
=, E=a = biff cang(a) = cang(b)

SinceS U-preservesidy; (); E),

— E=a=bIf =4, S=a=0

To show: =y S=a = biff cang(a) = cang(b)
(<) Fy S=a = cang(a) = cang(b) = b.

(=) assumingcang(a) # cang(b), construct a
Y. p-structure)M and a variable assignmens.t.
M, p = E=a=0.

Shostak Combinations (p.17 of 63)



Soundness and Completeness (Cont.)

Dg ={a € Trm(Xp,vars(S)) | cang(a) = a}

Foray,...,a, € Dg:

I A
Let ps(x) = Sy (x) for x € vars(S)

Ms[c]ps = cang(c) (induction on structure af)
Thus, Mg, ps = S, (*)
andMg, ps = a = b, (**)

since, by assumptiorang(a) # cang(b).
From (*), (**), 2y S=a = b.
Finally, sinceS U/-preserved, -, E=a = b.

Shostak Combinations (p.18 of 63)




Shostak theories

A canonizableandsolvabletheory is aShostak theory

A canonizeroc maps terms to normal form terms s.t.
equal terms in the theory are mapped to same form.

A solver solve maps an equation to an “equivalent”
solved form.

e.g., linear arithmetic
Canonizer returns ordered sum-of-monomials

Rational solver isolates, say, largest variable
through scaling and cancellation.

Integral solver based on Euclid’s algorithm
euclid(3x+5y=1) = {xr= —3+5bk, y=2—3k}

Wh e rek IS freSh " Shostak Combinations (p.19 of 63)



Canonizable Theories

A theory7 Is said to becanonizabldf there is a
computabler(a) such that

=r a=0biff 0(a) = o(b)

vars(o(a)) C vars(a)
o(b) = b for every subternd of o(a)
o(o(a)) = o(a)

Thuso solves thavord problemfor 7.

It follows:

=7 o(a) = a.

A terma is said to becanonicalif o(a) = a
Canonizer for linear arithmetic

oAly+x+3+2x)=2r+y+3

Shostak Combinations (p.20 of 63)



Solvable Theories

A theory7 is calledsolvableif there is a computable
proceduresolve(a = b)

solve(a = b) = L iff a = bis7T-unsatisfiable
Otherwise solve(a = b), is a (functional) solution
set such that
dom(S) C vars(a = b)
solve(a = b) T-preserves = b
Notice thatfreshvariables, that is, variables not in
vars(a = b) might be introduced on right-hand sides.
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Theory of Lists

Signature. >, := {cons(.,.), car(.), cdr(.) }
Theory L of lists axiomatized by (universally closed)

car(cons(x,y)) = =«
cdr(cons(x,y)) = vy
cons(car(x), cdr(x)) = x
car(x) # «x

cdr(x) # =«

car(cdr(x)) #

Canonizer.

or(a) is the normal form of the terminating and
CO nfl u e nt T R S above . Shostak Combinations (p.22 of 63)



List Solver

K;E; S if car(z) € [ET orecdr(xz) € [ET],
K;or(R[E]);Sor R R = {x = cons(y1,y2)},y1,y2 fresh

K; cons(a,b) = cons(a’,b"), E; S
Kia=d,b=V,E;S

K;a=a,FE;S
K;FE;S
K,x=a,E;S

Kiop({z = al[E]);Sop {z=a} | TZEHK zFars(a), zFa

K,x=a,FE;S
Kior({z = a}[E]); Sbe {z = a}

if £ ¢ K, (a ¢ K) oranon-atomi¢c = Z a

K;xz=a,I;S if a constructor term
1 a Z x,r € vars(a)
with
SR = {x=0g(Rla]) | (r=a) € R} (Fuse)
SorR = (SbR)UR (Compose)
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List Solver (Cont.)

For list equalitya = b, let
(vars(a = b),{oc(a) = o-(b)}, D) be a starting
configuration.

An irreducible configuration is either
1 or

of the form(K, (), S) with S a functional solution
set withdom(5) C K.

List solver inference rules are terminating and
L-preserving.

In the first case, definelve,(a = b) to be L and
otherwise we arbitrarily choose (using Hilber’s
combinator) an irreducible configuration of the form

(K, (0, S) and definesolve,s(a = b) := S.

Shostak Combinations (p.24 of 63)



Example

Solvex = cons(car(xz),y) in L.
{z,y}; {x = cons(car(z),y)};
{x,y};{cons(z1, z0) = cons(z1,y)}; {x = cons(z1, z0) }
{x,y};{z1 = 21,20 = y}; {x = cons(z1, 20) }
{2,y {22 = yhi{w = cons(z, 22)}
{z,y};:0;{z = cons(z1, 22), y = 22}
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Booleans

Signature.
Y.g = {true, false, ITE(., ., .)}

Canonizer Given an ordering on variablesg returns
equivalent reduced ordered binary decision diagrams

Solver.

solveg(a = b) = solve(a < )
solve(true) = {}
solve(false) = L
solve(ITE(x,p,n)) = {x=((pA(n=90))}

op solve(p V n)

where the)’'s are fresh
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Example: Boolean Solver

solveg(x Ny = )
= solve(ITE(x, ITE(y, false, true), false))

= {x = ITE(y, false, true)}
op solve(ITE(y, false, true))

= {x = true, y = false}

Shostak Combinations (p.27 of 63)



Deciding a Shostak Theory

Let7 be aShostak theorywith canonizew7(.) and
solversolver(.)

We consider theiniform word problem

—r F=a=0

Templatefor decision procedure

1. Build a solution sef5 := process(id(FE), E') using
a finite number of/ -preserving transformations.

2. Compute canonical forms := cang(a),
b’ := cang(b)
3. If ' =V thenYeselseNo

Shostak Combinations (p.28 of 63)



Deciding a Shostak Theory (Cont.)

Canonization.

cang(a) := or(S]al)

Fusion.
S R:={a=cang(b)|a=be S}
Composition.
Sol = 1
1lo§ = L
SoR = RU (St R)

For solved formsS o § = S

Shostak Combinations (p.29 of 63)



Deciding a Shostak Theory (Cont.)

Configuration(S, F) with
Input equalitiest), and
solutionsetS ={x1 =ay,..., 2, = a,}

Building a solution set‘(Gaussian Eliminationy’

process(S,0) = S

process(S, a=b U E) = process(assert(a ="b, S), F)

process(L, F) = L
)

assert(a=b, S) = Sosolve(cang(a)= cang(bh))

For S = process(id(F), ),
—7 (E=a=0) Iff (S = L or cang(a) = cang(b))

Shostak Combinations (p.30 of 63)



Soundness and Completeness
Let S := process(id(F), E);

S T-preservedy, that is, for every/ -structure)M and
assignmenp

M, p = Eiff there is ap’ extendingp (to the
variables invars(S)) such thatM/, p' = S

Soundnesslf o(S|a]) = o(S|b]), then
=7 S=a = S|a] = o(Sla]) = a(S[b]) = S[b] = b

Thus,=7 E=a = b.

CompletenessAssumingor(S|al) # o7 (Sb]),
constructM, ps.t. M,p = EandM, p = a = b.
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Soundness and Completeness (Cont.)

Whenor(S|a|) # o7 (S|b])

there is &/ -modelM, p st M, p
dom(p) = vars(S)\dom(S).

— Sla] # S[b] with

Extendp to an assignment with dom(p’) = vars(S)

oy | M|S(x)]p if z € dom(S)
p) = { p(x) P otherwise

Now, M, p = E=-a # b, Since

by construction), o’ = S, and, since’

T-preservedy, M,p = L.

M, p" = a= Sla]= or(S[a]) # or(S[b]) = S[b]= b
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Combining Shostak Theories

Problem. Combination of the theory ; of equality
over UIF with several disjoint Shostak theories

T1,...7,.

Let o, andsolve; be the canonizer and solver for
theory7 ;.

Aterm f(aq,...,a,)is ani-termif f € 3.

A terma Is apure:-termif every subternd of ¢ Is an
i-term.
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Composable Shostak Theories

Resolve possible semantic incompatiblilities between
Shostak theories.

Canonical term model
Dr ={aecT (3, X)|or(a) =a}
Foray,...,a, € D,
Mz (f)(a1,...,a,) :=07(f(a,...,a))
Canonical term model/ + not necessarily & -model!

A Shostak theory Is composablaf the canonical
model M 7 Is (iIsomorphic to) & -model.

Proposition.
A composable Shostak thed¥yis convex.

Exercise[Krstic] If 7 Is convex and universal, thén
IS CompOsable. Shostak Combinations (p.34 of 63)



Term modelsvs. Canonization

Let 7 be a Shostak theory and be 7 -satisfiable.
With S := process(id(E), ) define, forz € vars(S)

[ MAS@)id S(z) £
ps() '_{x S(x) =x

Then, fora with vars(a) C S, Mr[a]ps = o7(S]al).
The proof is by induction on the structure af

Shostak Combinations (p.35 of 63)



Term modelsvs. Canonization

Let 7 be a Shostak theory and be 7 -satisfiable.
With S := process(id(E), ) define, forz € vars(S)

[ MAS@)id S(z) £
ps() '_{x S(x) =x

Then, fora with vars(a) C S, Mr[a]ps = o7(S]al).

The proof is by induction on the structure af
1. Casen =y with S(y) =y
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Term modelsvs. Canonization

Let 7 be a Shostak theory and be 7 -satisfiable.
With S := process(id(E), ) define, forz € vars(S)

[ MAS@)id S(z) £
ps() '_{x S(x) =x

Then, fora with vars(a) C S, Mr[a]ps = o7(S]al).

The proof is by induction on the structure af
2.Casen = ywith S(y) =b#y

Mrylps = ps(y) = Mr[S(y)]id = o7 (b) = o7 (S(y)) = o7 (S[y])
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Term modelsvs. Canonization

Let 7 be a Shostak theory and be 7 -satisfiable.
With S := process(id(E), ) define, forz € vars(S)

[ MAS@)id S(z) £
ps() '_{x S(x) =x

Then, fora with vars(a) C S, Mr[a]ps = o7(S]al).

The proof is by induction on the structure af
3.Casen = f(ay,...,ay,)
Mr[f(as,...,an)]ps Mz (f)(Mr[alps, - -, Mr[an]lps)
Mz (f)(oz(S[a]), - ., o7 (Slan)))
or(f(or(Sla]);. .., o7 (Slan)))

[ ] 7777 S[an]))
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Convexity of Composable Theories

For a composable Shostak thedry

=7 E=a; =b1V...Va, =0, Implies
=1 I’=-aj = b, for somek.

wlog, F is 7T -satisfiable. LelS := process(id(E), F)
thenM7, ps = S and, sinceS 7 -preserved’, Mr,ps E E. (%)

Proof by contraposition. Thus, for&l=1,...,n assume

~=r E=ar = by (**)
From (**) and Mz |a]ps = o7(S|al), cang(ay) # cang(by), and
therefore M+, ps = ax # by, for all k. (***)

From (*), ***), M1,ps = E=a, =b1V ... Va, =b,

SinceMy is composabletr E=a; =b, V... Va, =b,.
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Combining Canonizers

...Is easy Treat alien terms as variables and apply
to canonizef(a) whenf € 7.
For example

1. f(x —y) + car(x) — car(x) becomes: + v — v.
2. o4(u+v—v)=u

3. canonical form isf(z — ).

Chosen bijection®etween variables andterms

T, X—>{aeT(Z,X)\a;—éf(al,...,an), fGZZ'}

m;|a] replacesenaming variableswith corresponding
alien termsr; (v).

The inverser; *[a] substitutes-alien terms with
corresponding variables(assume ¢ vars(a)).
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Combining Canonizers

Individual canonizers for impure terms.

oi(a) = mioi(mla])

Combined Candidate Canonizet. = o + ...+ o,
olr) = x
O(fi(a17"'7an)) — O'g(fi(O'(CLl),...,O'(CLn)))

Combined Word Problem|[Krstic/Conchon]

If 7, (for: =1,...,n) are disjoint, convex theories
with canonizersr;, theno; + ... + o,, as defined
above Is a canonizer f&f; +...+7,,.

Shostak Combinations (p.38 of 63)



Combining Canonizers

Individual canonizers for impure terms.

oi(a) = mioi(mla])

Combined Candidate Canonizet. = oy + ...+ o,

olr) = x
U(fi(a17 SR an)) — O-z/'(fi(o-(al)a R O(Qn)))

Combined Word Problem|[Krstic/Conchon]

If 7, (for: =1,...,n) are disjoint, convex theories
with canonizersr;, theno; + ... + o,, as defined
above Is a canonizer f&f; +...+7,,.

Our Shostak combination does not make use of such
combined canonizer; + ... + o,.
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Combining Solvers. The Problem

... already shows up when combining Shostak theories

Consider

S5+ car(x +2) =cdr(z+1) + 3

N7 4+ 7,.

The individual theorieg 4 (arithmetic) and/ , (lists)
have solvers and canonizers.

Assumea combined solver which treats alien terms as
variables and applies component solverge 4 or
solve ; according to the top-level symbol.
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The Problem (Cont.)

Example b+car(x + 2) = cdr(x + 1) + 3
(solveq) ~» car(x+2)=cdr(z+1)—
(solvep) ~» x+2 = cons(cdr(z+ 1) — 2, k)
(solvey) ~~ x = cons(cdr(z+1)—2,k)—

Theorem.[Krstic/Conchon]

Suppos€/ 1, T, are stably-infinite with non-collapsing
function symbols (that ig;(x,...,x) # xis

7T ;-satisfiable), and suppose, o, are canonizers for
these theories. W + o0, IS a canonizer fotf ; + 7 o,
then7, + 7, does not have a solver.

Shostak combination can not use combination of
solvers
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The Solution

Shostak theories can be combined without combining
solvers
Key ideas
Maintain theory-wise solution sets
Communicate variable equalities as in NO
Construct combined canonizer (as required in a
Shostak combination)
For7 4 + 7, configurationss := (Sy, S4,57)
consist of
variable equalitie$, in canonical form
a solution set5 4 for the theoryZ 4
a solution seb, for the theory?
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Process
process(S;0) = S
process(S;{a =b}UT) := process(assert(S;a =10);T)
assert(S;a =0) := close™(merge(abst™(S;cang(a =0b))))

1. Canonizex = bw.r.t. Sto geta’ = 0.

2. Variable abstract’ = bv': Replacef(z1,...,z,) by a freshr and
r = f(x1,...,x,)t0.S;. Iteration yields variable equality = y
froma’ = V.

3. Mergex = yinto Stoyield (y < x) Sy o {z = y}.

4. CloseS: Whenz, y such that

S;(x) = S;(y) but Sy (z) # Sy (y), merger = y into S.

Sv(x) = Sy (y) but S;(x) £ S;(y), merge
SOZUG(Si (x) — Sl(y)) Into SZ Shostak Combinations (p.42 of 63)



Example

Variable abstract + car(z + 2) = cdr(z + 1) + 3 to
U3 — U

( {Z = z,v1 = V1,V = Vg, U3 = Vs, Vg = Vg, Vs = Us, Vg = Vg } \

{vy=x+2,v3=v9+ b, vy =2+ 1,056 = v5 + 3}
\ {vg = car(vy),vs = cdr(vy)} )

Sincevs andvg are merged irby but not inSy4, solve
Sa(vg) = Sa(vg) In A.

solvea(vy +5 =v5+3) = {vy =v5 — 2}
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Example (Cont.)
... Result of solve waév, = v; — 2}

Compose result

/ {Z = z,v1 = V1,V = Uy, U3 = Vg, Vg = Vg, Vs = Us, Vg = Ug}
{fvu=x+2,v3=0v5+3,vs=x+ 1,06 =3+ v5,03 = v5 — 2}
\ {ve = car(vy),vs = cdr(vy)}

No new variable equalities to be propagated.

The different solved forms of bothy andvs are
tolerated, since canonizer picks a solution that is

appropriate to the context.
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Example (Cont.)

Canonical state

/ {r =x,v1 = V1,09 = V2, U3 = Vg, Vg = V4, U5 = Vs, Vs = Vg }
{’Ul:CIZ—|—2,U3:U5—|—3,’U4:£C—|—1,’U6:3—|—’U5,UQ:U5—2};
\ {ve = car(vy),vs = cdr(vy)}

5+ car(x+2) ~» 54 car(vy) ~ b+ vy ~> 34 v5 ~~ Ug
cdr(x + 1) + 3~ cdr(vy) + 3 ~ v5 + 3 ~ vg
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Combined Canonizer

Component Canonizerg: > 0)
o T2, X)—T(X;, X)
o;:T'(X, X) — T (X, X) is extension of; that
treats alien terms as variables.

Inverse Lookup.(: > 0)

1 Sy(x) , If (x =a) €S,
% a) = {Sv(a) , otherwise.

Combined Canonizer(: > 0)
cang(z) = Sy(x)
cans(fo(a, ..., an)) = Sy (fo(cans(ar),. .., cang(an)))
cans(fi(ay,...,a,)) = S; (ol(fi(Si(cang(ay)), ..., Si(cang(a

Shostak Combinations (p.46 of 63)



Canonical Solution States

Invariants onS = (Sy; Sp; S1;...;.5,)
Sy Is functional and idempotent
Sp 1S normalized 6y > Sy = Sp)

S; (¢ > 0) are solution sets, idempotent,
normalized §; > Sy = S;)

A solution stateS' is confluentif for all
x,y € dom(Sy)andi, 0 <¢ < N:

Sv(z) = Svly) < Si({z}) N Si({y}) # 0

A canonicalsolution stated I1s confluent and satisfies
the invariants above.
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Properties of Combined Canonizer

For canonicals

=7 S = cang(a) =a
cang(cang(a)) = cang(a)
cang(f(ay,...,a,)) = cang(f(cang(ay),..., cang(ay)))
cang(x) = cang(a)for (z =a) € S;
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Canonical Teem Modéel

Let S be a canonical solution state.

Definition.
Dg :={a € T(X%, vars(S)) | cang(a) = a}
Foray,...,a, € Dg,

Ms(f)(ai,...,a,) = cang(f(ai,...,ap))

ps(z) = Sy (z)
Properties.

Ms[c]ps = cang(c)

Mg,ps =5
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Canonical Term Model (Cont.)

Lemma.For canonicals,

Msla]ps = cang(a)

Proof. by induction on the structure af
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Canonical Term Model (Cont.)

Lemma.For canonicals,

Msla]ps = cang(a)

Proof. by induction on the structure af
Casea ==z

Ms[x]ps = ps(x) = Sy (x) = cang(x)
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Canonical Term

Model (Cont.)

Lemma.For canonicals,

Msla]ps = cans(a)
Proof. by induction on the structure af
Casea = f(ay,...,a,)
Ms|f(a,...,an)]ps
— Ms(f)(MS[[aﬂ]Ps, ; MS[[%]]PS)
— Mg(f)(ccmg(al), ; CanS(an))
= cang(f(cang(ai),...,cang(a,)))
= cang(f(ay,...,a,))
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Multi-Shostak

Consider disjointunio =7,+71+ ...+ 7, of
the uninterpreted equaliyy-theory 7, (= i),

and
a finite set of composable Shostaktheories’
(t=1,...,n).

M s said to be arn-modelif, forevery: =1,... n,

the reduct of)M to X; Is (Isomorphic to) &/ ;- _model.

M 1s an/-model Iff it Is a7 -model.

M 1s a7 -model Iff the reduct of\/ to X, IS
(iIsomorphic to) &/ ;-model for every; =0, ..., n.

Any >.y-structure is & (-model.

Uniform word problem
—; F=a=0Iff = E=a=0
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Multi-Shostak: Process

Decision procedure
1. ComputeS := process(id(E); D)

S
1, when::S;, =1

process(S; ()

process(S; E
process(S; {a=b}UFE

assert(S;a =b

= process(assert(S;a =b); F)
close® (mergey (abst™(S; a' = 1))

)
)
)
)

wherea' = cang(a),b’ = cang(b)

2. If cang(a) = cang(b) thenYeselseNo
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Multi-Shostak: Process

abstract

Replace maximal puretermc with fresh
variabler, addingz = cto S;.

mergey (X =Y)
SV; SU > Svo{x:y}; SUD{CE:y}

merge;(X =)
Sz' A sz, O, SOZUB(SZ'(f) — Sz(y))

close(S)
Apply merge; or mergey, to restore canonicity.
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Multi-Shostak: Abstraction

abst(S; r =vy)
abst(S; a =)

(S; z=1y),
(8" {c==}|a] = {c==z}[b])
whensS’, c,i: ¢ € maz(Ja = b];),
r & vars(S U{a = b}),
Sy = Sy U{z =z},
S = 5iU{z = c},
Si =95, fori#

maz([|a = b|; iIs a maximal pure-term

If g(x)in f(g(x)) is replaced withy and f(y) by =z
then {y = g(x), z =1(y) } Is not idempotent.
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Multi-Shostak: Close

close(S) = 1, wheni:S;, =1,
close(S) = S’ whenS’ i, z,y
x,y € dom(Sy),
(2 >0,5v(x) = Sy(y), Si(x) £ S;(y), and
5" = merge;(S; x = y))
or
(i 2 0,5v(z) Z Sv(y), Si({z}) N Si({y}) # 0, &

5" = mergey (S; Sv(z) = Sv(y)))
close(S) = normalize(S), otherwise.

normalize(S) = (Sy; So; S1>Sy; ...; Sy>Sy).
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Multi-Shostak: Merge

merge;(S;x =vy) = S', where i > 0,
S! = S; 0; solve(S;(x) = S;(y)),
S; =95, fori # j,
57, = Sy.

mergey (S;x =x) = S

merge, (S;x=vy) = (SyoR; Sy R; S1; ...; SN)

whereR = orient(x = vy).
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Soundness and Completeness

Theorem. LetX = >y + ... + X, with 3; N X; = (for
v # 7). Let7T be the union of

the uninterpreted’,-theory7

and7; (: =1,...,n) be composabl&,;-Shostak
theories.

Furthermore, leb := process*(id(FE); E) and
I ={1,...,n}; then:
—; F=a =10
Iff
eitherS = 1L or cang(a) = cang(b)
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Soundness and Completeness

Theorem. LetX = >y + ... + X, with 3; N X; = (for
v # 7). Let7T be the union of

the uninterpreted’,-theory7

and7; (: =1,...,n) be composabl&,;-Shostak
theories.

Furthermore, leb := process*(id(FE); E) and
I ={1,...,n}; then:
—; F=a =10
Iff
eitherS = 1L or cang(a) = cang(b)
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Proof Outline

If S := process(id(FE); E), then

S [-preservedy, and
S IS canonical.

Soundness. If cang(a) = cang(b), then

SinceS I-preserves,

— F=a=0

Completeness by contraposition:

if cang(a) #Z cang(b) then

—; S=a = cang(a) = cang(b) = b

#] E=a

b
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Proof Outline (Cont.)

Assume.cang(a) Z cang(b)

We showfor the canonical term mod&l s andpg

Mg, ps E S,
sinceM s|c|ps = cang(c) andcang(.)
validates all equalities 1.

Mg, ps #= a = b,
follows from M s|c|ps = cang(c) and the
assumptiorcang(a) #Z cang(b).

Mg Is an/-model,

since the reduct o#/ 5 to >; Is Isomorphic to
M ; foreachi (1 < i < n).

Slnces [-preserveﬂ, #[ Eja/ — b_ Shostak Combinations (p.59 of 63)



Proof Outline (Cont.)

The reduct of the canonical term mod#éls to >.; Is
Isomorphic to the canonicaterm model)M; (¢ > 0).

Define.For: > 0 anda € Dg:

pia) = w7 [Si(a)]

1; 1S an iIsomorpism betweells andM/;, since
(; 1S a bijection betweews andD;, and
the reduct ofu; to >2; IS a homomorphism, since

M;(f)(pilar), .. pilan)) = pi(Ms(f)(ay, - .., an))
for al,...,a, < Dg andf e 2.
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Proof Outline (Cont.)

pi(Ms(f)(ay, ..., an))

(def Ms) = pi(cang(f(aq,..., an)))
(5 ) = s S a5

(defu;) = 7 [oi(f(Si(ar), ..., Si(an)))]

(defo)) = m; [miloi(f(m; " [Si(ar))

(m; bij.) = oi(f(m; [Si(a)],.. 7" [Si(an)]))

(defp;) = oi(f(piar), ..., pian)))

defM) = Mi(f)((a)

......



Convexity Revisited

Property.Let 7 be defined as in Shostak combination.
[-validity, and thereford -validity is convex.

Proof is analogous to the one with only a single
Shostak theory.

clausal7 -validity reduced to uniform word problems.

Since every convex Shostak theory iIs composable:

For pairwise disjoint, convex Shostak theories
7T4,...,7,,the combined theory
T1+...+7, 1S CONVEX.

More generally, the Shostak condition might be
dropped by doing a similar proof using a NO for
convex theories.
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Summary

Decision procedure based on Shostak’s ideas for the
combination of equality over UIF and disjoint,
composable Shostak theories.

Key idea: separate solution sets for individual theories
Variable dependencies can be cyclic across theories.
Shostak decision procedures areremental
Generation of proof objects (similar to LICS’01).

Adaptations for combining unification and matching
algorithms with constraint solving in Shostak theories.

Shostak combination @finementof NO
combination. (Ganzinger, Ruel3, Shankar; 2004).

Added advantage Is a global canonizer

Shostak Combinations (p.63 of 63)
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