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Abstract. Linear arithmetic constraints in the form of equalities and inequalities
constitute the vast majority of proof obligations that arise in embedded applic
tions of theorem proving such as extended typechecking, softwarkaaddare
verification, and compiler optimization. Such constraints involve the cotipmc

of equalities, inequalities, and disequalities over arithmetic, uninterpreted fu
tions, and other datatypes. Nelson presented a practical schemé/fog $ioear
inequalities based on the simplex algorithm for linear programming. We @éxten
Nelson’s version of the simplex algorithm in a number of ways. Amongeteas
tensions are an improved treatment of the combination of restrictedn@getive
slack) and unrestricted variables, a method for adding equalities arplidlgies

to a simplex tableau, an optimized method for propagating equality information
and dficient techniques for generating proofs and models. Our algorithms are
supported by simple and rigorous correctness arguments.

Introduction

Theorem proving in the form of constraint solving has a nundfeapplications in-
cluding hardware and software verification, program arns/ympiler optimization,
Al planning, and scheduling. As one might expect, lineaqiradities and equalities
constitute a significant fraction of the constraints th&eanaturally in such applica-
tions. There are many peculiarities to the use of constsailving in theorem proving

applications:
1. Not all constraints are in the form of linear equalitiesl @amequalities so that the
arithmetic solver must be used in combination with otheves.
2. The constraints must be procesgetementallyby means of amnlinealgorithm.
3. Equality information derived by the inequality solver shbe propagated to other
inference procedures.
4. The procedure must admit queries that determine if a gieestraint is redundant

or inconsistent with respect to the prior constraints.

. The procedure should produc®dels explanationsn terms of an approximation

of the minimal set of input formulas leading to an unsatisfigbor even proofs
that are constructed from the input formulas according ference rules for arith-
metic equality and inequality.



There are several other incremental algorithms for solumegjualities including
Fourier elimination [2] and Shostak’s loop residue meth@jdtjut these are exponen-
tial in complexity even on simple examples. In contrast,@ar-based methods have
the advantage of being polynomial in the average case. Véeagiwmified presentation of
a simplex-based algorithm for solving linear inequalityuality, and disequality con-
straints together with equality propagation for derivingplied equalities, and proof
and model construction. Our algorithm is comprehensive welttoptimized, and is
accompanied by rigorous proofs of correctness.

Related WorkOur work builds on Nelson’s method presented in his thessrasthod
for incrementally adding inequalities to a simplex tabl&ju Nelson maintains a sin-
gle tableau that mixes restricted and unrestricted vagalEqualities are derived in
an incomplete way by maximizing the newly added tableauyemtisee if it is maxi-
mized at 0. The addition of equalities= b into the tableau is performed ifieiently
by addinga < b anda > b. Retraction of assertions is carried out by recording and
undoing pivoting steps. The Simplify prover [3] observed fires the incompleteness
in equality propagation by maximizing all tableau entrigéslso has a procedure for
adding equalities that improves on the method of Nelsorgsith Necula [5] gives a
proof-producing version of Nelson’s algorithm. The Casaiogw1] algorithm improves
on Nelson’s method by separating the tableau into restriatel unrestricted parts, as
is also the case in our algorithm, and introduces a simpleeteghnt mechanism for
retracting assertions.

Hentenryck and Graf [4] present an elegant normal form dale2 for the simplex
tableau where the first non-zero ¢lo@ent in each entry is positive. The entries them-
selves can be ordered lexicographically and a lexicogeapivioting rule is used to
maintain the SF2 normal form of the tableau. The SF2 repta8en leaves no implicit
equalities in the tableau and yields a simple algorithm @rstructing models satisfy-
ing disequalities. The top-level algorithm for processimggualities is not spelled out
by Hentenryck and Graf [4] and equalities are handled as Isdwés algorithm. Lexi-
cographic pivoting is an alternative to Bland’s rule [9] famoiding pivoting cycles, but
can be more expensive, particularly in situations wherdigitjgqualities are rare.

Compared to the previous work, our procedure is compreberisi processing
equality, inequality, and disequality constraints, tbgetwith equality propagation, and
proof and model generation. For instance, Cassowary doeseat disequalities or
equality propagation. Nelson’s procedure is incompleteefuality propagation and
does not address proof and model generation. Necula’s geadration algorithm is
roughly similar to the one given here but his constructioomizre complicated and
his justification is missing the key invariant of input séibility. Our inference-style
presentation of the simplex-based algorithm admits easgcimess arguments. In con-
trast, the correctness arguments in prior work are sketchgm-existent. Our algorithm
is also more fiicient than the prior algorithms. The rules are carefullyirojted to
avoid unnecessary pivoting steps. Redundant input assswire eliminatedfgciently.
We also introduce anfigcient analysis technique for detecting implicit equaditie a
simplex tableau with minimal pivoting. The algorithms meted here can be employed
within a Nelson-Oppen [7] or Shostak-like [8] combinatioarhework.



2 Preliminaries

A linear arithmetic expressiois a sum of monomials of the formp + ... + rp. A
monomialis either a rational constaktor an expression of the forkn« x for a variable

x and rational constark. The set of variables in an expressiaris represented as
varga). The negatiorn-r of a monomiak = x is (—K) = x, and the negatiora of a linear
arithmetic expressioa of the formrg + ...+ rpis —rg +... + —r,. An assignmenp for

a set of variableX maps the variables iX to rational numbers. The interpretatip(e)

of a terme with respect to an assignmemi@applies the mapping as a substitution and
evaluates the resulting expression.

Linear arithmeticliterals are of the forma > 0,a = O ora # 0, wherea is a
linear arithmetic expression and the relation symbgls, and+ have their expected
interpretation. A literal issatisfiableiff there is an assignment under which it holds.
The special unsatisfiable literalcan be seen as an abbreviation fot Q.

A constraintis a finite set of literals. The set of variables in a constréaits rep-
resented asargl"). A constraint issatisfiablef there is some assignmenbf rational
values to variables under which each literal in the constiaisatisfied. Otherwise, the
set of constraints is unsatisfiable. The implicatios> L is valid when the constraint
I' is unsatisfiable, and this is indicated by the judgement = 1. The judgement
E I' = pfor aliteral pis an abbreviation fo I, =p = L. We writel” ~ " when any
satisfying assignment far can be extended to one fbf, and vice-versa.

We assume a total ordering on the variables so xhat y when the variablex
precedes the variablg in the ordering. Given such an ordering, a linear arithmetic
expressiora can be placed in aordered sum-of-producterm ko + Ky X +. . . + Kq * X,
where eaclk (i = 1,...,n) is a nonzero rational constant ard< x; if i < j. An
expression in the ordered sum-of-products form is said todmonicaland we write
a = bwhen the canonical forms @fandb are identical. Note that = b is valid if and
only if a = h. If ais a canonical expression of the fokgi ki x; +. . . + Ky Xn, we write|al
to represent the constant p&gt a~ to represent the negative pakty g ki X, anda* to
represent the positive paXf.x-okiX. Wheneis canonical, the equality = |a| +a~ +a*
is valid. Finally, letx(a, v) represent the cdicient ofv in the canonical expressian
We assume that arithmetic expressions are always maidtaireanonical form.

The operatiorsolvéXx)(a = b) returns the result of solving = b for a variablex
in varga— b). The result isL if a = b is unsatisfiable (in the rationals), the empty set
0 if a = bis valid, or the equivalent solved form for For examplesolvgx)(x = X)
is 0, solvegx)(x = x+ 1) is L, andsolvgx)(x + y— 3 = 0) isx = 3 —y. When the first
argument is omitted, as solvea = b), then we can pick any elementwdrga — b) for
the first argument.

The basic data structure of our simplex algorithm isoéution set Sof the form
{x1 = a1, ..., %) = an}, wherex; z x; fori # j, nox; occurs in anya;, and eacla; is
in canonical form. For a solution s& thelookup §X) of xin Siseif (x =€) € S,
andx otherwise. Thesubstitution $a] represents the result of replacing eacim a by
S(x), and placing the result in canonical form. The extensi8fes = b] and S[I"] of
substitution to equalities and to a set of literalare defined in the obvious manner.
Let dom(S) representx | S(X) # x}, andvargS) represent the set of variables$
Thefusion S » S, of two solution set$S; andS; is {x = Sy[€] | (X = €) € S3}. Such



a fusion is a solution set wharargS;[€e]) N dom(S;) = 0 for each & = €) € S;. Our
use of fusion is restricted to situations where the resultlimshown to be a solution
set. Thecomposition $0 S, of two domain-disjoint solution setS; and S, is just
(S1»Sy) U S,. As with fusion, we use the composition operation only wheyields a
solution set as the result.

Proposition 1.
— {x==¢} =~ {a=Db}forxevarga=Db)and(x=¢€) =solvdx)(a=b) # L.
- S1US; = S;08,, for domain-disjoint solution sets;&nd S;.
— S[a] = S[b] iff E S = a= b, for solution set S.
— S[S[a]] = S[a], for solution set S.

The simplex procedure preprocesses inequaktied into equalities = a, where
wis a frestslack variablghat is interpreted over nonnegative rationals. Equaldie 0
are similarly preprocessed into the foar= e, wherez is a zero-slack variableand
interpreted over the single value 0. The zero-slack vaggbannot be simply replaced
by 0 in our algorithms, since this would result in the loss odgé information. We
partition the set of variables into the s€bf ordinaryunrestrictedvariables that range
over the rational numbers, and the ¥eof restrictedor slackvariables that range over
the non-negativerational numbers. The set of zero-slack variables is writisVj,
whereV, C V. The metavariables andy range over the unrestricted variablasy, w
range over slack variables, amdanges over zero-slack variables. An expressiam
canonical form igestrictedif it contains only slack variables. A restricted expregsio
ais maximizedat|al if a* = 0, that is,varga*) C V. Similarly, it is minimizedat |¢| if
e = 0. For example, 8z —2xv,—3+Vv3 is maximized at 3, and-2xz —3x7,+2xV1 + 5%V,
is minimized at 3.

A simplex tableau Tis a solution set which contains no unrestricted variab¥es.
tableaurl partitions the slack variables into the dependent variglttet is, the left-hand
side variables ifT, and the independent variables. We typically use the metdolau
to range over the dependent variables, aitwolrange over the independent variables in
the given tableau. A tablealuis feasibleif |T (u)| > O for allu € vargT).

Given a solution se8, the basic assignmends is a solution set whose domain
is varqdS) — dom(S) such thatos(y) = 0 for each independent variabjein S. The
completionof an assignmend with respect to a solution s& is given byp/S and
defined ap/S(X) = p(S(X)) for x € dom(S), andp/S(y) = p(y) for y € varqS) —
dom(S). An assignmenp satisfies the tableal if p(v) > 0 for eachv € varqT),
p(2) = 0 for eachz € varqT) N Vp, andp(u) = p(e) for eachu = e € T. Given a feasible
tableauT, the assignmentr /T satisfiesT.

The most significant operation in simplex is thatpvoting A pair of variables
(u,v) is apivot candidatein T if uis a dependent variable andis an independent
variable inT. Pivoting when applied to a tableduand pivot candidateu( V) returns
the tableau obtained by exchangimgndv as follows.

pivot(T)(u, V) = (T — {u = T(u)} o solvév)(u = T(u))

For example, for the feasible table@y of the form{u; = 1+ 2« vy — 3% vy, Up =
3V, -2V}, pivot(To)(Us, V) yields the non-feasible table@p = $+5vi— Uy, Up =
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-2+ 25 v; + 2+ up}. As shown below, the simplex algorithms rules out such frigpt
steps that do not preserve feasibility. An independenatei is unboundedn tableau
T if k(T(u),v) > 0 for all u € donm(T). A restricted expressioa is unbounded irT if
there is a variable € varga*) — Vy that is unbounded ifi. An independent variable
isboundedn T if it is not unbounded ifT . For exampley; is unbounded in the tableau
To, andvs is bounded.

Given a feasible tableali, and pivot candidateu(Vv), thegain (T, u, v) of (u,Vv) in
T is defined as

o(T,u,v) = —|T(u)|/«(T(u), V), for (T (u),v) <0 Q)

Note thatg(T, u, v) > 0. The pivot candidateu(V) is pivotablein T, formally pivotabl€T)(u, v),
if vis not a zero-slack variable(T (u),Vv) < 0, and for all pivot candidates/( V'), the

triple (g(T, u,v), v, uy is lexicographically smaller tha¢g(T, u’, V'), V', u’). This lexico-
graphic ordering on the gain, and the variable ordering erinblependent and depen-
dent variables in the pivot candidate captures Bland’s falgoreventing pivoting cy-

cles [9] to ensure that any pivoting sequence on a tableateoges to a tableau where

no further pivots are applicable. For example, in tabl€gaabovepivotabl€Tg)(uz, Va)
holds, butpivotablgTg)(us, Vo) does not. IfT is a feasible tableau andis bounded in

T, then there is always a dependent variab&eich thapivotabldT)(u, v).

Proposition 2. If tableau T is feasible with pivotal€)(u, v), then pivofT)(u, V) is
feasible with T= pivot(T)(u, v).

Given a feasible tableall andv ¢ dom(T), we define théeasible gairfor vin T as

oo, if vunbounded irm

G(T,v) = {g(T, u,v), for u: pivotablgT)(u, v), otherwise

The feasible gain is always non-negative.

Proposition 3. If T is a feasible tableau, ¥ dom(T), K < G(T,v) for some non-
negative rational number K, angr is a basic assignment for T, thern{v « K}/T is
a satisfying assignment for T.

Proposition 4. For a restricted expression a withe varga*) and a feasible tableau
T and T = pivot(T)(u, Vv): [T’[a]| > |al. In particular, [T’[a]| — |a| = x(a, V) * G(T, V).

We now give a method for maximizing a restricted expressiavith respect to a
feasible tablead’. The operatiormaxa, T) computes a paira, T’) according to the
definition below.

aT), if aunbounded i
maxa, T) = { maxT’[a], T’), otherwise, wher@ivotabl&T)(u, v), 2
k(a,v) > 0, andT’ = pivot(T)(u, V)
aT), if aunbounded inm
aT), if [aj >0

maxqa, T) = max{T’[a], T’), otherwise, wherpivotabldT)(u, v), (3)

k(a,v) > 0, andT’ = pivot(T)(u, V)



ThemaxandmaxQOoperations are terminating as defined since we have rulepiamit
ing cycles.

Proposition 5. Given a feasible tableali and a restricted expressi@such that
T[a] = a letmaxXa;T) = (&, T'); thenT’ is feasible,T ~ T, T = a = &, and

& is either unbounded i’ or is maximized. Similarly, fomax(a; T) = (&, T’), we
haveT ~ T’,E T = a = &, andais either unbounded, maximized at or below 0, or
la > 0.

Example 1.In the tablead” of the form{u; = 1+v; —2%V,, Uy = 3—2xV; +2xV,} the
computation omax -1 + v; — Vp; T) returns the maximized expressiof2t (1/3) = u,
together with tableafu; = 5/2 — (1/3) = Uz — Vo, V1 = (3/2) — (1/3) = Up + Va}.

A zero-tableau 4s either empty or it is a sequence of the fodfyw = e where
Z’ is recursively a zero-tableau afgll= 0 andvarge") C vargZ’) U V. For example,
(Wo = =Vo,W1 = Z+ Vo — Vi,Wo = Z+ V; — b} IS a zero-tableau. In a zero-tableau
Z, all the variables irvargZ) are maximized at 0 and hence there are no unbounded
variables. IfT is a feasible tableau witdom(T) N vargZ) = 0, thenT;Z is also a
feasible tableau. A few definitions have to be modified to take account the zero-
tableau. In particulapivotabl€T; Z)(u, v) only holds whenu andv do not appear in
vargZ). Also equivalence, maximization, and minimization candeéined modulc
so thata = 0(Z) holds whervarga) c vargZ) U Vp, anda is maximized (respectively,
minimized) tolal(Z) if a* = 0(Z) (respectivelya™ = 0(2)).

3 Online Processing of Linear Constraints

We describe an online procedure for processing constraint9, a = 0, anda # O.
The procedure is required to detect unsatisfiability angh@gate equalities. We also
identify a crucial invariant that is preserved by the simpddgorithm and employed
in proof generation. The decision procedure is presentesh agerence systeri?, +)
consisting of a set of configuratiot¥sand a binary inference relatierbetween config-
urations. In the inference systems we consider, each caafign is just a constraint.
A configurationy is irreducibleif there is noy’ such thaiy + /. An inference system
is progressivdf there are no infinite chains of the forg + 1 + ..., for any initial
configurationq. An inference system isanonizingwhen any nont irreducible con-
figurationy is satisfiable. We writey ~ ¢/ when any model oy can be extended to
one fory’, and vice-versa. An inference relatiers conservativef whenevery + y/,
theny =~ y’. A progressive, conservative, and canonizing inferensgegy provides a
decision proceduréor satisfiability. An inference relation geterministiovheny + '
andy + " impliesy’ = y” for all y. If f is a deterministic inference system, thigg)
represents the irreducible configuratighsuch thaty +* *.

Configurations.The simplex procedure is presented in the form ofrderence system
over configurations of the forfi; R; T; Z; D; W.

— I'is a finite set ofinput constraintsof the forma > 0,a = 0, anda # 0 for
unrestricted.

— Ris a solution set such that the variableslom(R) C X.

— T is a feasible simplex tableau.



a>0I;, R T;Z D;W for & = S[al,

AddinegR ; y evarga’) N X
I Rosolvey)w =a); T; Z; Dy w=aW | o 4o
AddineqT a0 R T, Z D W ifW = w=a Wforwg¢ dom(W)
) [ Re (T 2), T 27 Dy W T;Z’ = addinedw = S[a]; T; Z; W)
a=0I;R T, Z D;W ]
DeleteEq if S[a] =0()

I''RT,Z D,W

a=0,I"R T; Z D, W
S LR B if X

AddEQR T Rosovey)(S[a =0) T D: W Z if y e vargS[a]) N

if varS[a]) N X =10

a=0r; R T;Z D;W o = | Slal. if S[a] > 0,
AddEQT TR 2y T -7 D W Sla], otherwise
» Re(T5 2, T, 25 D; W = z=a, W for z¢ dom(W)
T';Z =addedz=a;T;Z;W)
. a+0I R T, Z D;W
AddDiseq I'RT,Z a#0,D;, W
I''RT;Z a+#0,D; W .
Contrad z if S[a] = 0(2)

i

Fig. 1. The procesdnference system for online constraint processing

— Zis a zero-tableau, ardbm(T) N vargZ) = 0.

— D is afinite set of disequalities of the forax 0 with unrestricted.

— Wiis aslack mapa solution set with entries of the form= a, wherew is a slack
variable introduced for an input constrait 0 ora = 0 so that is an unrestricted
expression andargT; Z) € domW) andvargR) NV € domW). A configuration
satisfies a crucial invarianinput satisfiability which asserts that each entry e
in R, T; Z is such thaWW(l) andW[e] are identical as canonical expressions, that is,
W satisfieR; T; Z.

Since the only steps in the algorithm are the introductiomesf slack variables,
solving existing equalities in the configuration, and cosipg solution sets, the preser-
vation of theinput satisfiabilityinvariant follows from the propositions below.

Proposition 6. If S is a solution set, and W is a slack map satisfying S, then

1. W[S[€]] = e for any unrestricted term e.
2. For any solution set Ssuch that W also satisfies SV satisfies $ S’ provided S
and S have non-overlapping domains.

Proposition 7. If W is a slack map satisfying-a b, then for any variable x in vafa = b),
W also satisfies solyg)(a = b)

Inference RulesThe inference rules are presented in Figure 1. In processing0
ora = 0, the first step is to comput asS[a]. Thena > 0 is processed ag = &,
anda = 0 asz = & for fresh slack variablew or z. Whena’' contains an unrestricted



variabley, then the rulesAddineqR and AddEQR solve fory and add the resulting
equation tdR. Whena' is a restricted expression, the auxiliary (deterministirence
systemaddineqis invoked by the ruleAddineqT to addw = & to T. Similarly, the
AddEQT rule uses the inference systatdeqto addz = & to T. TheAddDiseqrule
simply moves an input disequality# 0 to D. TheContrad rule checks ifS[a] = 0(2)
for somea # 0 in D to report a contradiction.

Correctness.Given a configuratiod”; R; T; Z; D; W of processwe abbreviatdR; T; Z
asS and clearlyps/S satisfiesS.

Theorem 1. Theprocesgrocedure is progressive, conservative, and canonizing.

Proof. Propositions 8 and 9 assert tlatdinegandaddeqgare progressive, conserva-
tive, and canonizing. Therocessnference system in Figure 1 is then progressive since
it consumes an input formula in each inference step. Thesé@mice system is also con-
servative since the auxiliary systems are conservativa;eathe steps introducing slack
variables, executing solving, application, and compaosifby Proposition 1). The as-
signmenips /S satisfiesS but might not satisfyD. The model construction in Section 7
proves the canonicity gfrocessas asserted in Proposition]13. m

Example 2.The processnference procedure when applied to the input constraint
0,y>0,z>0,x+y>2andz-y < -3yieldsR; T; Z; D; W, whereR = {Xx = wp,Yy =

3+Wo+Wg,Z =W}, T = {Wp = 3+Wp +Wg,W3 = 1+Wg+Wo+ Wy}, Z =0,

D =0,andW = {wWp = X,W; = Y,Wp = ZW3 = -2+ X+ Y,W4 = -3+ Yy — 2. Then,
it is easy to check input satisfiability. For exampléw;) = y = W[3 + w, + w,] and
W(ws) = =2+ X+Yy =W[1 + Wy + Wy + Wy].

4 Processing Inequalities

Given a feasible simplex tabledy a zero-tablead, a slack mapVfor T; Z, arestricted
expressiora, and a slack variable, w ¢ varqT; Z)Uvarga), the addition ofv = ato T

is carried out by the inference system in Figure 2. The imfegeconfiguration is either
1 or ofthe formw = a; T; Z; Wor T; Z; W. We assume thatis canonical with respect
toT;Z, thatis, [;2Z)[a] = a. If ais maximized below 0, a contradiction is reported
by theMaximize rule. If ais minimized at or above @}, then the inequalitg > 0 is
already implied byT; Z and is therefore redundant and is discarded byMirémize
rule. If |a] > 0, thenw = a can be safely composed withwhile preserving feasibility.
There are two cases according to whetags maximized at 0. If it is, and/, T’ =
max{a, T; Z), then zero-propagation is invoked ®f1 Z usingincZeroe$T’; Z)(w = &)

to turn implicit equalities into explicit ones as descriiadSection 6. Otherwise, as
we argue in Sectioh!6, no new implicit equalities are intimstly andw = a can be
composed withT. If |a] < 0 andais unbounded ifT; Z, thena® contains an occurrence
of an independent variable that is unbounded iT;Z. We can solvew = a for v
to obtainv = & which can be composed wifh sincela’| > 0. This case also does
not generate any new implicit equalities. In the remainiage; wherjal < 0, a is
neither unbounded, maximized belowzZ,(nor minimized at or above &jf, then we
pick v € varga®) andu such thatpivotablgT; Z)(u,v) and letT’ be pivot(T)(u, v).
As noted in Proposition/4T’[a]| > |al. The pivoting step is repeated until either



- w=aT,;Z;W . .
Maximize — if ais maximized atal(Z), |al < O
. w=aT,Z;W e
Minimize 5w if ais minimized ata|(Z), |a > 0
la >0
R ais not minimized at )
=aT;Z;W
FeasibleZero W_l_aw a, T =maxqa,T;Z2)
e & is maximized at @)
T”,2” = incZeroe$T’; Z)(w = &)
e laj >0
w=aT;Z;W
FeasibleNonzero ToWw=aZw a, T’ =max@a,T;Z2)
- 1 & |a/| > 0
if ais unbounded iT; Z,
w=aT;Z;W lal <O,
Unbounded T osolvev)(w = a); Z; W |V e varga®)
v unbounded ifT; Z
R if |a| < 0, anot unbounded iT; Z
=aT;Z;W
Pivot _w=a s W pivotabldT; Z)(u, v)
w=T'[a;T;Z,W
- T T’ = pivot(T)(u, V)

Fig. 2. Theaddineqinference system.

is unbounded, maximized belowZ)( minimized at or above @), or|a] > 0. The
inference system is progressive because of the selectimiegy of pivotable variable
pairs based on Bland's rule [9].

Proposition 8. Theaddinegprocedure is progressive, conservative, and canonizing.

5 Adding Restricted Equalities

We now describe thaddegprocedure used in Figure 1.t is invoked on a configuration
z=1¢T;Z;W, whereeis restricted andT(; Z)[€] = e. The inference rules are displayed
in Figure[ 3. The point of this procedure is turn the zeroidshariablez into an inde-
pendent variable before composing the new equality Witlf e is maximized below
0(2), then a contradiction is reported by tBgMax rule. If |g < 0 ande™ contains a
variablev ¢ vargZ) U V, such thalG(T; Z,v) > —|€//«(e, V), then we solve = efor v

to obtainv = € which is composed witfi to yield T’ (EqSwap). In this casey can
also be unbounded if; Z. SinceG(T;Zv) > |€] > 0, the compositioT o {v = €}
yields a feasible tableau. For example, if we are addiag-1 + v; — v, to the tableau
T containingu = 1 — v4, then one application dEqSwapyieldsv; = 1+ z+ v, which
can be composed with to yieldu=0-z—-v,,v; = 1+ z+ Vv, for T’. Note thatu and

Vv, are maximized to O if’. RuleEqO handles the cage| = 0, then we can solve= e
for v for somev € varge) and compose the resulting solutier= € with T to obtain
T’. The solution seT”’ is still feasible sincee’| = 0. If || < 0, thene" must contain a
variablev sinceeis not maximized below 0. We findwasuch thapivotableT; Z)(u, v)
and perform the pivot to obtaifY = pivot(T)(u, v) (EqPivotUp). Note thafT’[€]| > |€].



=eT;Z,W |, . L
EqMax % if eis maximized below @)
if vevarge) — (vardZ) U Vo)
z=eT,Z,W ||d <0,-|e/k(e V) < G(T;ZV)
EqSwap T2 W (v=¢) = solvev)(z=e)
T’;Z =incZeroe§T; Z)(v =€)
z=eT,ZW |
EqDelete W ife= O(Z)
if lel =0,
EqO z=¢eT,;Z;W |vevarge) - (vargZ) U Vp)
q T ZW | (v=¢) = solvev)(z = €)
T’;Z = incZeroe§T; Z)(v =€)
if enot unbounded i; Z,
. lel <0, vevarget)
=eT;Z;W
EqgPivotUp %\/ pivotabldT; Z)(u, v)
2= T T EWI G(r,v) < —je/x(e)
T’ = pivot(T)(u, V)

Fig. 3. Theaddedqinference system.

Each inference step eddeceither involves &olveor apivotoperation which preserves
solutions as well as the feasibility of the tableau and tiariants on a valigprocess
configuration.

Proposition 9. The addeq procedure is progressive, conservative, andniaing.

6 Detecting and Propagating Implicit Equalities

The zero-tablead serves to collect those slack variables that are explieitjyal to
0. A variablev is explicitly equal to 0 inT; Z if it is a zero-slack owv € vargZ). A
slack variablev is implicitly equal to 0 inT; Z if v ¢ vardZ) U Vy andv is maximized
to 0@2) in T;Z. The set of variables that are implicitly equal to OTinare called the
zero-variablesof T. When there are no zero-variablesTinthe pairT; Z is said to be
0-closed. IfT; Z is 0-closed, then an expressienan be simplified asI(; Z)[ €] to yield
€, ande’ can be maximized te” in T; Z. If & # 0(Z), then by Propositionh 3, we can
find an assignment satisfyingT; Z such thajp(e) # 0.

Proposition 10. If T; Z isO-closed, then TZ = e= 0iff (T; Z)[€] = 0(2).

Two tableauxT; andT, are said to be-@quivalentin symbolsT; ~¢ T»(Z), when
for eachv € varqT) — Vo, €1, T{ = max@v, T1; Z) ande;, T, = maxqv, T2; Z), €, is
maximized to OF) iff e, is maximized to ). A transformation fronT to T’ is said to
be zero-preserving whéin~q T’(Z). The detection of zero-variablesTninvolves such
zero-preserving transformations. Defifie= {u = e € T|lel = 0}. ThenT =~y T(Z) since
if €, T = max(v, T;Z) such thate/| = 0(2), then the maximization must not have
involved any pivoting steps using the entriesTin- T. Let boundedT ; Z) represent the
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tableau{u = e € T|eis not unbounded if; Z}. For example, ifl is {uy = v; — Vo, Uz =
Vo — V3, Ug = V3 — Vo) andZ is empty, therboundedT; Z) is {U3 = Vo — V3, Uz = V3 — Vo)
sincev; is unbounded ifT. ThenT =~ boundedT;Z) (Z) again because &, T’ =
maxqv, T; Z) such thate/| = 0(Z), then the maximization must not have employed any
pivoting steps on entries ifi — boundedT) since this would have yielded athat is
unbounded irT; Z.

From the tableall, we can construct the 0-equivalent tabléaunded(T) without
any pivoting steps. We abbrevidteunded(T) by T?, and its complemenr — T°, by
T#. The mutually recursive operatiofndZeroesandmaxentriesare used to compute
a 0-closedl”;Z’ fromT;Z such thafl’; 2 =~ T; Z.

FindZeroefd; Z) = 0;Z
FindZeroe$T;Z) = T";Z’, where
T’;Z’ = maxentrie6T’; Z)
T =TiUT
maxentrief); Z) = 0; Z
maxentriefy = e, T; Z) = FindZeroegu = €,T"”;Z"), where
e, T =maxqe T; Z2)
T {u =€, T:Zifeis L_mbounded im’:Z
' T’;Z,u=¢€ otherwise

The FindZeroesoperation always terminates since the number of unbouncdtei@®in
T decreases with each recursive call. For exampl€,iff {uz = Vo — V3, Us = V3 — Va},
thenv, — vz is maximized to-1 = uy4, and hencel; andu, are found to be equal to 0,
while T’ becomeqv, = vz}. Sincevs is unbounded, the result #indZeroe$T; 0) is
{V2 = va}; {Uz = =1 x Ug).

Proposition 11. If T’; 2’ = FindZeroe$T ; Z) for zero-tableau Z and T such that(u)| =
0 for u € don(T), then Z is also a zero-tableau, T2’ ~ T;Z, and T* = 0. In other
words, T;Z’ is O-closed.

We now introduce incremental zero propagation todddineqand addeqproce-
dures. When a new entny = a is added to a O-closed tabledyZ in the addineq
procedure in Figure 2, the rules thdfext the simplex tableau aRgvot, Unbounded,
FeasibleZerg andFeasibleNonzeroTheUnboundedrule does not introduce any new
zero-variables into the tableau since we solve for an untbedirvariablev to obtain
v = & with |&'| > 0, which is then composed with the tableau. Smoecurs only pos-
itively in the tableau, no new zero-variable candidatesimreduced. When pivoting
the tableadr to obtainT’, we haveT =~ T’, and since we have already analyZeébr
zero-variables, no new ones are introduced'inif & is either positive or unbounded
in T’, then we simply add = & to T’ usingFeasibleNonzercand no further analysis
is needed. That leaves tReasibleZerorule as the only source of new zero-variables.
This can only happen whem = ais composed witdl and|al = 0. Similarly, inaddeq
the EqPivotUp step does not introduce any new implicit zero-variabled jrso the
only rules that trigger zero propagation & gSwapandEqQ.
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When a new entryy = e is composed withl' to obtainT’, any dfected entries
U = € must also be analyzed to see if they generate zeroes. We de@dto examine
all of T for this purpose but only the transitive closure of tifieeted entries as defined
below. Definevars (T) = {vive varde”) foru=ee T}.

posvalT; Z)(X) = {u=ec T| g = 0A (varde*) — vargZ)) N X # 0}
T;Z/T’ = posva(T; Z)(vars (T’))
incboundedT; Z2)(T' UT; Z/T)if T;Z/T" #0

incboundedT; 2)(T’) = {T’ otherwise

In other words, we are only interested in those entries thiatiagn positive occurrences
of a variablev that is being set to 0, and transitively, the entries thusiénfted.

Lemma 1. If T is O-closed and w= a is such that Ta] = a, [aj = 0, and w¢ vargT),
then for any entry = e € T — incboundedT)(w = a) if ; T’ = max(e; T), then éis
not maximized ab.

Proof. LetT” = incboundedT)(w = a), we know that for any positive variablein e,
thatv does not occur negatively ii”. Hence, all the pivoting steps in the computation
of max{e; T) occur within the entries if — T” and hence withif itself. SinceT is
0-closed, we know thatis not maximized to O ifT. L]

We can now us@ncboundedandFindZeroedo define a single operation for incre-
mental zero propagation when adding the enteyeto the tablead ; Z.

incZeroe§T; Z)(u=€) = T"; Z, where

T =Tou=eg,
T” = incboundedT’; Z)(T’ - T),
TH=T-T",

T;Z = FindZeroegT”; 2)
T = (T o T)s2

By Proposition 11 and Lemma 1, we have the following propmsit

Proposition 12. If T,u = e is a feasible tableau, Z is a zero-tableayZTis 0-closed
and T'; Z’ = incZeroe$T; Z)(u = €), then Z is a zero-tableau, Tis a feasible tableau,
T’;Z is also0-closed, and T, 2/ ~ T; Z.

Example 3.Let T be of the form{ug = Vo — V3, U1 = Vo — Vg, Up = V1 — Vo, Ug = V5 — V1)
andZ be empty. If we add the equality = —v; + v3 to T, then theFeasibleZerorule

is applicable. The operatiomax@-v; + v3; T) yields € of the form—ug — u, and T’
of the form{vz = Vi —Ug — Up; Uy = V1 — V4 — Up; Vo = V1 — Up; U3 = V5 — V1}. Now,
incZeroe$T’)(w = €) yields T’; {w = —ug — Uy} sinceT’ does not have any positive
occurrences of the variableg andus.

7 Model Generation

Given an irreducible stat®; D for the processnference system, the assignmegi'S
satisfiesS, but may violate some of the disequalitiesdnFor model generation in the
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presence of disequalities, we use a total ordering on Magauch that the unrestricted
variables precede the restricted ones. First, we computes S[D]. SinceS; D is ir-
reducible, and particular, tHéontrad rule is inapplicable, it must be the case that for
each disequalitg # 0 € D’, e # 0(Z). Then we rearrang®’ to getsld(D’) in which
each disequalitg # 0 from D’ is placed in a solved form # €, wherex is the minimal
variable invarge) — (vargZ) U Vp). Given an assignmept let p., be the solution set
(V. = p(V)IV > v}. Fora, T’ = maxv,T) let M(v, T, p) be defined to b¢a”’| if &’ is
bounded, ando otherwise, wher@” = p.,[a]. DefineQ(x, D, p) as{p(¢)|x # € € D}.
Starting withp = ps andD’, a model is constructed by repeating the following steps.
SinceD might contain variables not occurring 8 we assume thaits(x) = 0 for such
variables.

mode(S, D) = mdl(S, sld(S[D]), vargS[D]) — (vardZ) U Vp), ps)
mdi(S, D, 0,p) = p
mdi(S, D, Y, p) = mdiS,D, Y - {x},p"), where
unrestrictedk is maximal inY
p' =pix < gtforgé¢ Q(x D, p)
mdi(S, D, Y,p) = mdi(D, Y - {x},p’), where
restrictedv is maximal inY
S=RZT
p =pixeagfor0<gq<M(v,T,p),q¢ Q(v,D,p)

Since every configuration in therocessinference system is 0-closed, by Proposi-
tion[12, we know that since ¢ vargZ) U Vo, it can consistently take on any value
between 0 and(v, T, p). In the definition ofmdi(S, D, Y, p), the setY contains the yet
unassigned variablesymryS[D])-vargZ). We can check that wheneved|(S, D, Y, p)
is invoked, therp/S satisfiesS, S[D] = D, M(v, T,p) > 0 for anyv € Y, and for any
disequalityx # ein D such thatvvargx # €) N Y C vargZ) U Vo, p satisfiesx # e, then
for p’ = md(S, D, Y, ps), o’ /S satisfiesS; D. Hencemode(S, D) satisfiesS; D.

Proposition 13. Theprocessnference system is canonizing.

8 Proof Generation

Proof construction can be used to justify the validity of teatradictions generated by
the rulesContrad, Maximize, andEqMax. The proofs depend only on the inputs cor-
responding to the slack variables that actually appearintipal literals in the premise
of these rules. For example, @ontrad, only the input literals corresponding to the
slack variables irS[a] are relevant that for any variable. For proof constructioe
need the proof rules shown in Figure 4. The basic proof cootirs are defined in
terms of those given by the proof rules.

Definition 1.

zeroproofZ, u = €; W)(v) = zeroproofZ; W)(v), if v € vargZ)
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. I'r+re>0 TI,+e<0
Axiom ——e>0erl Equal L 2
I're>0 Irur,re=0
I're>0 I'rv=0
| — Kk Zer | _—
Scale Frkeecor <0 |#eroscald oo
Irnre<0 Inre<o I're=0
IneqSum ZerolLeq
Irulre+6<0 I're<0
. I're<0 I're=0
StrictSum _ 0 ZeroGe -
I'rk+e<0 < q I'nre=0
I'i+re>x0 TI,re<O0 . I'ire=0 T+e#0
Contrad S 2r = Diseq L 2re#
Iiul,r L I'iUls kL

Fig. 4. The Proof Rules

zeroproofZ, u = €; W)(v) = EqualAxiom(W(u) > 0), maxproofZ; W)(e)),
ifu=v,v¢vargZ),ve domWw)
zeroproofZ, u = e, W)(v) = zeroproo{Z,v = €; W)(v), if (v =€) = solvgv)(u = €)
maxproof{Z; W)(k + €) = StrictSunfk)(maxproo{Z; W)(e)), ifk <0
maxproo{Z; W)(k = v + €) = IneqSunimaxproofZ; W)(k = v), maxproo{Z; W)(€))
maxproo{Z; W)(k = v) = Scalék)(AxiomW(v) > 0)), if k < 0,v e domW)
maxproof{Z; W)(k = v) = ZeroLedZeroScalék)(zeroproo{Z; W)(v))), if v € varqZ)
eqgzproofZ; W)(e) = EqualmaxproofZ; W)(e), maxproo{Z; W)(-e))
inegproof(Z; W)(u = €) = Contrad Axiom(W(u) > 0), maxproof{Z; W)(e)), if u € domW)
egproof(Z; W)(z = e) = ContradZeroGe@Axiom(W(z) = 0)), maxproof{Z; W)(e))
diseqproofR; T; Z; D; W)(e) = DiseqeqzproofZ; W)(S[€]), Axiom(e # 0)),
ifS=RT;ZS[e] =0@Z)fore+0eD

By the definition of a zero-tableau, we know thakifs of the formZ’,u = eandv
does not occur iZ’, then it must either ba or occur negatively ire. If u = v, then by
the Axiom rule, I" + W(v) > 0. The expressior is of the formky = vy + ... + K, = vy,
where for each, 1 < i < n, eithery; € varZ’) ork; < 0. Wheny, € vardZ’), we use
zeroproofZ’; W)(v;) to construct a proof of + W(v;) = 0, andZeroScaleto construct
a proof ofI" + W[k; = vi] = 0. Whenk; < 0, then theAxiom and Scalerules can be
used to construct a proof &W[k; = vi] < 0. These proofs of can be combined with
ZerolLeq andIneqSumto derive a proof of” + W[e] < 0. Since by input satisfiability
W(v) = W[e], we can uséequal to derivel” + W(v) = 0 from those of” + W(v) > 0
andl" - W(v) < 0. If u # v, thenv occurs negatively i. Thensolvev)(u = €) yields
v = €, whereg' is also maximized at 0 modul®. Note thatv does not occur iZ’. The
above proof construction can be applied/te € to yield a proof ofl” + W(v) = 0.

Theorem 2. If W is a slack map, Z is a zero-tableau, @}y € domW), varge) <
domW), andl” = {W(v) > Olv € dom(W)}, then
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maxproofZ; W)(e) provesl” + W[e] < 0, if e is maximized ad(2).

maxproofZ; W)(e) provesl” + W[e] < O, if e is maximized belo®(Z).
zeroproofZ; W)(v) provesl” + W(Vv) = 0.

(Maximize) inegproof(Z; W)(w = €) provesl” + L, if e is maximized belo@(2).
(EgMax) egproof(Z; W)(z = €) provesI + L, if e is maximized belo@(Z).
(Contrad) diseqproofR; T; Z; D; W)(e) provesl,D + 1,if S = R T;Z, S¢ =
0(z) fore+ 0 € D.

oukhwNE

9 Conclusions

We have presented the details of an incremental constmaliversfor linear arithmetic
equality, disequality, and inequality constraints basethe simplex algorithm for lin-
ear programming. Our procedure builds on a large body ofr pvirk in linear pro-
gramming. Our algorithm propagates equalities and geeerabdels and proofs. The
equality propagation step uses a novel analysis to avoichnted pivoting. We have
identified a number of crucial properties of the simplex pawre including the input
satisfiability invariant. This invariant is used to justifyoof generation and is also the
key to dficient retraction, which we have omitted for lack of spacer @unstraint
solver has been implemented in the ICS system available 88ivinternational where
it is part of a combination involving a number of other demisprocedures including a
SAT solver. Our procedure can also be extended to the caspafites and inequal-
ities involving integer variables and mixed-integer pebb. This is done through a
combination of pure and mixed-integer Gomory cuts and casdysis based on the
integer disequalities. The generation @iadent explanations and proofs is the key to a
number of applications.
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