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Abstract. Linear arithmetic constraints in the form of equalities and inequalities
constitute the vast majority of proof obligations that arise in embedded applica-
tions of theorem proving such as extended typechecking, software andhardware
verification, and compiler optimization. Such constraints involve the conjunction
of equalities, inequalities, and disequalities over arithmetic, uninterpreted func-
tions, and other datatypes. Nelson presented a practical scheme for solving linear
inequalities based on the simplex algorithm for linear programming. We extend
Nelson’s version of the simplex algorithm in a number of ways. Among these ex-
tensions are an improved treatment of the combination of restricted (non-negative
slack) and unrestricted variables, a method for adding equalities and disequalities
to a simplex tableau, an optimized method for propagating equality information,
and efficient techniques for generating proofs and models. Our algorithms are
supported by simple and rigorous correctness arguments.

1 Introduction
Theorem proving in the form of constraint solving has a number of applications in-
cluding hardware and software verification, program analysis, compiler optimization,
AI planning, and scheduling. As one might expect, linear inequalities and equalities
constitute a significant fraction of the constraints that arise naturally in such applica-
tions. There are many peculiarities to the use of constraintsolving in theorem proving
applications:

1. Not all constraints are in the form of linear equalities and inequalities so that the
arithmetic solver must be used in combination with other solvers.

2. The constraints must be processedincrementallyby means of anonlinealgorithm.
3. Equality information derived by the inequality solver must be propagated to other

inference procedures.
4. The procedure must admit queries that determine if a givenconstraint is redundant

or inconsistent with respect to the prior constraints.
5. The procedure should producemodels, explanationsin terms of an approximation

of the minimal set of input formulas leading to an unsatisfiability, or evenproofs
that are constructed from the input formulas according to inference rules for arith-
metic equality and inequality.



There are several other incremental algorithms for solvinginequalities including
Fourier elimination [2] and Shostak’s loop residue method [?], but these are exponen-
tial in complexity even on simple examples. In contrast, simplex-based methods have
the advantage of being polynomial in the average case. We give a unified presentation of
a simplex-based algorithm for solving linear inequality, equality, and disequality con-
straints together with equality propagation for deriving implied equalities, and proof
and model construction. Our algorithm is comprehensive andwell-optimized, and is
accompanied by rigorous proofs of correctness.

Related WorkOur work builds on Nelson’s method presented in his thesis asa method
for incrementally adding inequalities to a simplex tableau[6]. Nelson maintains a sin-
gle tableau that mixes restricted and unrestricted variables. Equalities are derived in
an incomplete way by maximizing the newly added tableau entry to see if it is maxi-
mized at 0. The addition of equalitiesa = b into the tableau is performed inefficiently
by addinga ≤ b anda ≥ b. Retraction of assertions is carried out by recording and
undoing pivoting steps. The Simplify prover [3] observes and fixes the incompleteness
in equality propagation by maximizing all tableau entries.It also has a procedure for
adding equalities that improves on the method of Nelson’s thesis. Necula [5] gives a
proof-producing version of Nelson’s algorithm. The Cassowary [1] algorithm improves
on Nelson’s method by separating the tableau into restricted and unrestricted parts, as
is also the case in our algorithm, and introduces a simple andelegant mechanism for
retracting assertions.

Hentenryck and Graf [4] present an elegant normal form called SF2 for the simplex
tableau where the first non-zero coefficient in each entry is positive. The entries them-
selves can be ordered lexicographically and a lexicographic pivoting rule is used to
maintain the SF2 normal form of the tableau. The SF2 representation leaves no implicit
equalities in the tableau and yields a simple algorithm for constructing models satisfy-
ing disequalities. The top-level algorithm for processinginequalities is not spelled out
by Hentenryck and Graf [4] and equalities are handled as in Nelson’s algorithm. Lexi-
cographic pivoting is an alternative to Bland’s rule [9] foravoiding pivoting cycles, but
can be more expensive, particularly in situations where implicit equalities are rare.

Compared to the previous work, our procedure is comprehensive in processing
equality, inequality, and disequality constraints, together with equality propagation, and
proof and model generation. For instance, Cassowary does not treat disequalities or
equality propagation. Nelson’s procedure is incomplete for equality propagation and
does not address proof and model generation. Necula’s proofgeneration algorithm is
roughly similar to the one given here but his construction ismore complicated and
his justification is missing the key invariant of input satisfiability. Our inference-style
presentation of the simplex-based algorithm admits easy correctness arguments. In con-
trast, the correctness arguments in prior work are sketchy or non-existent. Our algorithm
is also more efficient than the prior algorithms. The rules are carefully optimized to
avoid unnecessary pivoting steps. Redundant input assertions are eliminated efficiently.
We also introduce an efficient analysis technique for detecting implicit equalities in a
simplex tableau with minimal pivoting. The algorithms presented here can be employed
within a Nelson-Oppen [7] or Shostak-like [8] combination framework.
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2 Preliminaries

A linear arithmetic expressionis a sum of monomials of the formr0 + . . . + rn. A
monomialis either a rational constantk or an expression of the formk ∗ x for a variable
x and rational constantk. The set of variables in an expressiona is represented as
vars(a). The negation−r of a monomialk∗ x is (−k) ∗ x, and the negation−a of a linear
arithmetic expressiona of the formr0 + . . . + rn is−r0 + . . . + −rn. An assignmentρ for
a set of variablesX maps the variables inX to rational numbers. The interpretationρ(e)
of a terme with respect to an assignmentρ applies the mapping as a substitution and
evaluates the resulting expression.

Linear arithmeticliterals are of the forma ≥ 0, a = 0 or a , 0, wherea is a
linear arithmetic expression and the relation symbols=, ≥, and, have their expected
interpretation. A literal issatisfiableiff there is an assignment under which it holds.
The special unsatisfiable literal⊥ can be seen as an abbreviation for 0= 1.

A constraintis a finite set of literals. The set of variables in a constraint Γ is rep-
resented asvars(Γ). A constraint issatisfiableif there is some assignmentρ of rational
values to variables under which each literal in the constraint is satisfied. Otherwise, the
set of constraints is unsatisfiable. The implicationΓ ⇒ ⊥ is valid when the constraint
Γ is unsatisfiable, and this is indicated by the judgement|= Γ ⇒ ⊥. The judgement
|= Γ ⇒ p for a literal p is an abbreviation for|= Γ,¬p⇒ ⊥. We writeΓ ≃ Γ′ when any
satisfying assignment forΓ can be extended to one forΓ′, and vice-versa.

We assume a total ordering on the variables so thatx ≺ y when the variablex
precedes the variabley in the ordering. Given such an ordering, a linear arithmetic
expressiona can be placed in anordered sum-of-productsform k0+k1∗ x1+ . . .+kn∗ xn,
where eachki (i = 1, . . . ,n) is a nonzero rational constant andxi ≺ x j if i < j. An
expression in the ordered sum-of-products form is said to becanonicaland we write
a ≡ b when the canonical forms ofa andb are identical. Note thata = b is valid if and
only if a ≡ b. If a is a canonical expression of the formk0+k1x1+ . . .+knxn, we write|a|
to represent the constant partk0, a− to represent the negative partΣ{i:ki<0}ki xi , anda+ to
represent the positive partΣ{i:ki>0}ki xi . Whene is canonical, the equalitya = |a|+a−+a+

is valid. Finally, letκ(a, v) represent the coefficient ofv in the canonical expressiona.
We assume that arithmetic expressions are always maintained in canonical form.

The operationsolve(x)(a = b) returns the result of solvinga = b for a variablex
in vars(a− b). The result is⊥ if a = b is unsatisfiable (in the rationals), the empty set
∅ if a = b is valid, or the equivalent solved form forx. For example,solve(x)(x = x)
is ∅, solve(x)(x = x+ 1) is⊥, andsolve(x)(x+ y− 3 = 0) is x = 3 − y. When the first
argument is omitted, as insolve(a = b), then we can pick any element ofvars(a− b) for
the first argument.

The basic data structure of our simplex algorithm is asolution set Sof the form
{x1 = a1, . . . , xn = an}, wherexi . x j for i , j, no xi occurs in anya j , and eacha j is
in canonical form. For a solution setS, the lookup S(x) of x in S is e if ( x = e) ∈ S,
andx otherwise. Thesubstitution S[a] represents the result of replacing eachx in a by
S(x), and placing the result in canonical form. The extensionsS[a = b] and S[Γ] of
substitution to equalities and to a set of literalsΓ are defined in the obvious manner.
Let dom(S) represent{x | S(x) . x}, andvars(S) represent the set of variables inS.
The fusion S1 ⊲S2 of two solution setsS1 andS2 is {x = S2[e] | (x = e) ∈ S1}. Such
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a fusion is a solution set whenvars(S2[e]) ∩ dom(S1) = ∅ for each (x = e) ∈ S1. Our
use of fusion is restricted to situations where the result can be shown to be a solution
set. Thecomposition S1 ◦S2 of two domain-disjoint solution setsS1 and S2 is just
(S1 ⊲S2) ∪ S2. As with fusion, we use the composition operation only when it yields a
solution set as the result.

Proposition 1.
– {x = e} ≃ {a = b} for x ∈ vars(a = b) and(x = e) ≡ solve(x)(a = b) , ⊥ .
– S1 ∪ S2 ≃ S1 ◦S2, for domain-disjoint solution sets S1 and S2.
– S[a] ≡ S[b] iff |= S⇒ a = b, for solution set S .
– S[S[a]] ≡ S[a], for solution set S .

The simplex procedure preprocesses inequalitiesa ≥ 0 into equalitiesw = a, where
w is a freshslack variablethat is interpreted over nonnegative rationals. Equalitiese= 0
are similarly preprocessed into the formz = e, wherez is a zero-slack variableand
interpreted over the single value 0. The zero-slack variables cannot be simply replaced
by 0 in our algorithms, since this would result in the loss of proof information. We
partition the set of variables into the setX of ordinaryunrestrictedvariables that range
over the rational numbers, and the setV of restrictedor slackvariables that range over
the non-negativerational numbers. The set of zero-slack variables is written asV0,
whereV0 ⊆ V. The metavariablesx andy range over the unrestricted variables,u, v, w
range over slack variables, andz ranges over zero-slack variables. An expressiona in
canonical form isrestrictedif it contains only slack variables. A restricted expression
a is maximizedat |a| if a+ ≡ 0, that is,vars(a+) ⊆ V0. Similarly, it is minimizedat |e| if
e− ≡ 0. For example, 3+z1−2∗v2−3∗v3 is maximized at 3, and 3−2∗z1−3∗z2+2∗v1+5∗v2

is minimized at 3.
A simplex tableau Tis a solution set which contains no unrestricted variables.A

tableauT partitions the slack variables into the dependent variables, that is, the left-hand
side variables inT, and the independent variables. We typically use the metavariableu
to range over the dependent variables, andv to range over the independent variables in
the given tableau. A tableauT is feasibleif |T(u)| ≥ 0 for all u ∈ vars(T).

Given a solution setS, the basic assignmentρS is a solution set whose domain
is vars(S) − dom(S) such thatρS(y) = 0 for each independent variabley in S. The
completionof an assignmentρ with respect to a solution setS is given byρ/S and
defined asρ/S(x) = ρ(S(x)) for x ∈ dom(S), andρ/S(y) = ρ(y) for y ∈ vars(S) −
dom(S). An assignmentρ satisfies the tableauT if ρ(v) ≥ 0 for eachv ∈ vars(T),
ρ(z) = 0 for eachz ∈ vars(T)∩V0, andρ(u) = ρ(e) for eachu = e ∈ T. Given a feasible
tableauT, the assignmentρT/T satisfiesT.

The most significant operation in simplex is that ofpivoting. A pair of variables
(u, v) is a pivot candidatein T if u is a dependent variable andv is an independent
variable inT. Pivoting when applied to a tableauT and pivot candidate (u, v) returns
the tableau obtained by exchangingu andv as follows.

pivot(T)(u, v) = (T − {u = T(u)} ◦ solve(v)(u = T(u))

For example, for the feasible tableauT0 of the form{u1 = 1+ 2 ∗ v1 − 3 ∗ v2, u2 =

3∗v1−2∗v2}, pivot(T0)(u1, v2) yields the non-feasible tableau{v2 =
1
3+

2
3∗v1−

1
3∗u1, u2 =
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− 2
3 +

5
3 ∗ v1 +

2
3 ∗ u1}. As shown below, the simplex algorithms rules out such pivoting

steps that do not preserve feasibility. An independent variablev is unboundedin tableau
T if κ(T(u), v) ≥ 0 for all u ∈ dom(T). A restricted expressiona is unbounded inT if
there is a variablev ∈ vars(a+) − V0 that is unbounded inT. An independent variablev
is boundedin T if it is not unbounded inT. For example,v1 is unbounded in the tableau
T0, andv2 is bounded.

Given a feasible tableauT, and pivot candidate (u, v), thegain g(T,u, v) of (u, v) in
T is defined as

g(T,u, v) = −|T(u)|/κ(T(u), v), for κ(T(u), v) < 0 (1)

Note thatg(T,u, v) ≥ 0. The pivot candidate (u, v) ispivotablein T, formallypivotable(T)(u, v),
if v is not a zero-slack variable,κ(T(u), v) < 0, and for all pivot candidates (u′, v′), the
triple 〈g(T,u, v), v,u〉 is lexicographically smaller than〈g(T,u′, v′), v′,u′〉. This lexico-
graphic ordering on the gain, and the variable ordering on the independent and depen-
dent variables in the pivot candidate captures Bland’s rulefor preventing pivoting cy-
cles [9] to ensure that any pivoting sequence on a tableau converges to a tableau where
no further pivots are applicable. For example, in tableauT0 abovepivotable(T0)(u2, v2)
holds, butpivotable(T0)(u1, v2) does not. IfT is a feasible tableau andv is bounded in
T, then there is always a dependent variableu such thatpivotable(T)(u, v).

Proposition 2. If tableau T is feasible with pivotable(T)(u, v), then pivot(T)(u, v) is
feasible with T≃ pivot(T)(u, v).

Given a feasible tableauT andv < dom(T), we define thefeasible gainfor v in T as

G(T, v) =

{

∞, if v unbounded inT
g(T,u, v), for u : pivotable(T)(u, v), otherwise.

The feasible gain is always non-negative.

Proposition 3. If T is a feasible tableau, v< dom(T), K ≤ G(T, v) for some non-
negative rational number K, andρT is a basic assignment for T , thenρT{v← K}/T is
a satisfying assignment for T .

Proposition 4. For a restricted expression a with v∈ vars(a+) and a feasible tableau
T and T′ = pivot(T)(u, v): |T′[a]| ≥ |a|. In particular, |T′[a]| − |a| = κ(a, v) ∗G(T, v).

We now give a method for maximizing a restricted expressiona with respect to a
feasible tableauT. The operationmax(a,T) computes a pair (a′,T′) according to the
definition below.

max(a,T) =



















(a,T), if a unbounded inT
max(T′[a], T′), otherwise, wherepivotable(T)(u, v),

κ(a, v) > 0, andT′ = pivot(T)(u, v)
(2)

max0(a,T) =































(a,T), if a unbounded inT
(a,T), if |a| > 0
max0(T′[a], T′), otherwise, wherepivotable(T)(u, v),

κ(a, v) > 0, andT′ = pivot(T)(u, v)

(3)
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Themaxandmax0operations are terminating as defined since we have ruled outpivot-
ing cycles.

Proposition 5. Given a feasible tableauT and a restricted expressiona such that
T[a] ≡ a, let max(a; T) = (a′,T′); thenT′ is feasible,T ≃ T′, |= T ⇒ a = a′, and
a′ is either unbounded inT′ or is maximized. Similarly, formax0(a; T) = (a′,T′), we
haveT ≃ T′, |= T ⇒ a = a′, anda is either unbounded, maximized at or below 0, or
|a| > 0.

Example 1.In the tableauT of the form{u1 = 1+v1−2∗v2, u2 = 3−2∗v1+2∗v2} the
computation ofmax(−1+ v1 − v2; T) returns the maximized expression 1/2− (1/3)∗u2

together with tableau{u1 = 5/2− (1/3) ∗ u2 − v2, v1 = (3/2)− (1/3) ∗ u2 + v2}.

A zero-tableau Zis either empty or it is a sequence of the formZ′,w = e where
Z′ is recursively a zero-tableau and|e| = 0 andvars(e+) ⊆ vars(Z′) ∪ V0. For example,
{w0 = −v0,w1 = z+ v0 − v1,w2 = z + v1 − v2} is a zero-tableau. In a zero-tableau
Z, all the variables invars(Z) are maximized at 0 and hence there are no unbounded
variables. IfT is a feasible tableau withdom(T) ∩ vars(Z) = ∅, thenT; Z is also a
feasible tableau. A few definitions have to be modified to takeinto account the zero-
tableau. In particularpivotable(T; Z)(u, v) only holds whenu andv do not appear in
vars(Z). Also equivalence, maximization, and minimization can bedefined moduloZ
so thata ≡ 0(Z) holds whenvars(a) ⊆ vars(Z) ∪ V0, anda is maximized (respectively,
minimized) to|a|(Z) if a+ ≡ 0(Z) (respectively,a− ≡ 0(Z)).

3 Online Processing of Linear Constraints
We describe an online procedure for processing constraintsa ≥ 0, a = 0, anda , 0.
The procedure is required to detect unsatisfiability and propagate equalities. We also
identify a crucial invariant that is preserved by the simplex algorithm and employed
in proof generation. The decision procedure is presented asan inference system〈Ψ, ⊢〉
consisting of a set of configurationsΨ and a binary inference relation⊢ between config-
urations. In the inference systems we consider, each configuration is just a constraint.
A configurationψ is irreducible if there is noψ′ such thatψ ⊢ ψ′. An inference system
is progressiveif there are no infinite chains of the formψ0 ⊢ ψ1 ⊢ . . ., for any initial
configurationψ0. An inference system iscanonizingwhen any non-⊥ irreducible con-
figurationψ is satisfiable. We writeψ ≃ ψ′ when any model ofψ can be extended to
one forψ′, and vice-versa. An inference relation⊢ is conservativeif wheneverψ ⊢ ψ′,
thenψ ≃ ψ′. A progressive, conservative, and canonizing inference system provides a
decision procedurefor satisfiability. An inference relation isdeterministicwhenψ ⊢ ψ′

andψ ⊢ ψ′′ impliesψ′ ≡ ψ′′ for all ψ. If f is a deterministic inference system, thenf (ψ)
represents the irreducible configurationψ∗ such thatψ ⊢∗ ψ∗.

Configurations.The simplex procedure is presented in the form of aninference system
over configurations of the formΓ; R; T; Z; D; W.

– Γ is a finite set ofinput constraintsof the form a ≥ 0, a = 0, anda , 0 for
unrestricteda.

– R is a solution set such that the variables indom(R) ⊆ X.
– T is a feasible simplex tableau.
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AddIneqR
a ≥ 0, Γ; R; T; Z; D; W

Γ; R◦ solve(y)(w = a′); T; Z; D; w = a,W

for a′ = S[a],
y ∈ vars(a′) ∩ X
w < dom(W)

AddIneqT
a ≥ 0, Γ; R; T; Z; D; W

Γ; R⊲ (T′; Z′); T′; Z′; D; W′

if W′
= w = a,W for w < dom(W)

T′; Z′ = addineq(w = S[a]; T; Z; W′)

DeleteEq
a = 0, Γ; R; T; Z; D; W

Γ; R; T; Z; D; W
if S[a] ≡ 0(Z)

AddEqR
a = 0, Γ; R; T; Z; D; W

Γ; R◦ solve(y)(S[a] = 0); T ; D; W; Z
if y ∈ vars(S[a]) ∩ X

AddEqT
a = 0, Γ; R; T; Z; D; W

Γ; R⊲ (T′; Z′); T′; Z′; D; W′

if vars(S[a]) ∩ X = ∅

a′ =

{

−S[a], if S[a] > 0,
S[a], otherwise

W′
= z= a′,W for z < dom(W)

T′; Z′ = addeq(z= a′; T; Z; W′)

AddDiseq
a , 0, Γ; R; T; Z; D; W

Γ; R; T; Z; a , 0,D; W

Contrad
Γ; R; T; Z; a , 0,D; W

⊥
if S[a] ≡ 0(Z)

Fig. 1.Theprocessinference system for online constraint processing

– Z is a zero-tableau, anddom(T) ∩ vars(Z) = ∅.
– D is a finite set of disequalities of the forma , 0 with unrestricteda.
– W is aslack map, a solution set with entries of the formw = a, wherew is a slack

variable introduced for an input constrainta ≥ 0 ora = 0 so thata is an unrestricted
expression andvars(T; Z) ⊆ dom(W) andvars(R) ∩ V ⊆ dom(W). A configuration
satisfies a crucial invariant (input satisfiability) which asserts that each entryl = e
in R; T; Z is such thatW(l) andW[e] are identical as canonical expressions, that is,
W satisfiesR; T; Z.

Since the only steps in the algorithm are the introduction ofnew slack variables,
solving existing equalities in the configuration, and composing solution sets, the preser-
vation of theinput satisfiabilityinvariant follows from the propositions below.

Proposition 6. If S is a solution set, and W is a slack map satisfying S , then

1. W[S[e]] ≡ e for any unrestricted term e.
2. For any solution set S′ such that W also satisfies S′, W satisfies S◦ S′ provided S

and S′ have non-overlapping domains.

Proposition 7. If W is a slack map satisfying a= b, then for any variable x in vars(a = b),
W also satisfies solve(x)(a = b)

Inference Rules.The inference rules are presented in Figure 1. In processinga ≥ 0
or a = 0, the first step is to computea′ asS[a]. Thena ≥ 0 is processed asw = a′,
anda = 0 asz = a′ for fresh slack variablesw or z. Whena′ contains an unrestricted
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variabley, then the rulesAddIneqR andAddEqR solve fory and add the resulting
equation toR. Whena′ is a restricted expression, the auxiliary (deterministic)inference
systemaddineqis invoked by the ruleAddIneqT to addw = a′ to T. Similarly, the
AddEqT rule uses the inference systemaddeqto addz = a′ to T. TheAddDiseq rule
simply moves an input disequalitya , 0 to D. TheContrad rule checks ifS[a] ≡ 0(Z)
for somea , 0 in D to report a contradiction.

Correctness.Given a configurationΓ; R; T; Z; D; W of process, we abbreviateR; T; Z
asS and clearly,ρS/S satisfiesS.

Theorem 1. Theprocessprocedure is progressive, conservative, and canonizing.

Proof. Propositions 8 and 9 assert thataddineqandaddeqare progressive, conserva-
tive, and canonizing. Theprocessinference system in Figure 1 is then progressive since
it consumes an input formula in each inference step. This inference system is also con-
servative since the auxiliary systems are conservative, asare the steps introducing slack
variables, executing solving, application, and composition (by Proposition 1). The as-
signmentρS/S satisfiesS but might not satisfyD. The model construction in Section 7
proves the canonicity ofprocessas asserted in Proposition 13.

Example 2.Theprocessinference procedure when applied to the input constraintx ≥
0, y ≥ 0, z ≥ 0, x+ y ≥ 2 andz− y ≤ −3 yieldsR; T; Z; D; W, whereR = {x = w0, y =
3 + w2 + w4, z = w2}, T = {w1 = 3 + w2 + w4,w3 = 1 + w0 + w2 + w4}, Z = ∅,
D = ∅, andW = {w0 = x,w1 = y,w2 = z,w3 = −2 + x + y,w4 = −3 + y − z}. Then,
it is easy to check input satisfiability. For example,W(w1) ≡ y ≡ W[3 + w4 + w2] and
W(w3) = −2+ x+ y =W[1 + w0 + w2 + w4].

4 Processing Inequalities
Given a feasible simplex tableauT, a zero-tableauZ, a slack mapW for T; Z, a restricted
expressiona, and a slack variablew, w < vars(T; Z)∪vars(a), the addition ofw = a to T
is carried out by the inference system in Figure 2. The inference configuration is either
⊥ or of the formw = a; T; Z; W or T; Z; W. We assume thata is canonical with respect
to T; Z, that is, (T; Z)[a] ≡ a. If a is maximized below 0, a contradiction is reported
by theMaximize rule. If a is minimized at or above 0(Z), then the inequalitya ≥ 0 is
already implied byT; Z and is therefore redundant and is discarded by theMinimize
rule. If |a| ≥ 0, thenw = a can be safely composed withT while preserving feasibility.
There are two cases according to whethera is maximized at 0. If it is, anda′,T′ =
max0(a,T; Z), then zero-propagation is invoked onT′; Z usingincZeroes(T′; Z)(w = a′)
to turn implicit equalities into explicit ones as describedin Section 6. Otherwise, as
we argue in Section 6, no new implicit equalities are introduced, andw = a can be
composed withT. If |a| < 0 anda is unbounded inT; Z, thena+ contains an occurrence
of an independent variablev that is unbounded inT; Z. We can solvew = a for v
to obtainv = a′ which can be composed withT since |a′| > 0. This case also does
not generate any new implicit equalities. In the remaining case, when|a| < 0, a is
neither unbounded, maximized below 0(Z), nor minimized at or above 0(Z), then we
pick v ∈ vars(a+) and u such thatpivotable(T; Z)(u, v) and letT′ be pivot(T)(u, v).
As noted in Proposition 4,|T′[a]| ≥ |a|. The pivoting step is repeated until eithera
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Maximize
w = a; T; Z; W

⊥
if a is maximized at|a|(Z), |a| < 0

Minimize
w = a; T; Z; W

T; Z; W
if a is minimized at|a|(Z), |a| ≥ 0

FeasibleZero
w = a; T; Z; W

T′′; Z′′; W

|a| ≥ 0
a is not minimized at 0(Z)
a′,T′ = max0(a,T; Z)
a′ is maximized at 0(Z)
T′′; Z′′ = incZeroes(T′; Z)(w = a′)

FeasibleNonzero
w = a; T; Z; W

T ◦ {w = a}; Z; W

|a| ≥ 0
a′,T′ = max0(a,T; Z)
|a′| > 0

Unbounded
w = a; T; Z; W

T ◦ solve(v)(w = a); Z; W

if a is unbounded inT; Z,
|a| < 0,
v ∈ vars(a+)
v unbounded inT; Z

Pivot
w = a; T; Z; W

w = T′[a]; T′; Z; W

if |a| < 0, a not unbounded inT; Z
pivotable(T; Z)(u, v)
T′ = pivot(T)(u, v)

Fig. 2.Theaddineqinference system.

is unbounded, maximized below 0(Z), minimized at or above 0(Z), or |a| ≥ 0. The
inference system is progressive because of the selection strategy of pivotable variable
pairs based on Bland’s rule [9].

Proposition 8. Theaddineqprocedure is progressive, conservative, and canonizing.

5 Adding Restricted Equalities
We now describe theaddeqprocedure used in Figure 1.It is invoked on a configuration
z= e; T; Z; W, wheree is restricted and (T; Z)[e] ≡ e. The inference rules are displayed
in Figure 3. The point of this procedure is turn the zero-slack variablez into an inde-
pendent variable before composing the new equality withT. If e is maximized below
0(Z), then a contradiction is reported by theEqMax rule. If |e| < 0 ande+ contains a
variablev < vars(Z) ∪ V0 such thatG(T; Z, v) ≥ −|e|/κ(e, v), then we solvez = e for v
to obtainv = e′ which is composed withT to yield T′ (EqSwap). In this case,v can
also be unbounded inT; Z. SinceG(T; Z, v) ≥ |e′| ≥ 0, the compositionT ◦ {v = e′}
yields a feasible tableau. For example, if we are addingz= −1+ v1 − v2 to the tableau
T containingu = 1− v1, then one application ofEqSwapyieldsv1 = 1+ z+ v2 which
can be composed withT to yield u = 0− z− v2, v1 = 1+ z+ v2 for T′. Note thatu and
v2 are maximized to 0 inT′. RuleEq0 handles the case|e| = 0, then we can solvez= e
for v for somev ∈ vars(e) and compose the resulting solutionv = e′ with T to obtain
T′. The solution setT′ is still feasible since|e′| = 0. If |e| < 0, thene+ must contain a
variablev sincee is not maximized below 0. We find au such thatpivotable(T; Z)(u, v)
and perform the pivot to obtainT′ = pivot(T)(u, v) (EqPivotUp). Note that|T′[e]| ≥ |e|.
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EqMax
z= e; T; Z; W

⊥
if e is maximized below 0(Z)

EqSwap
z= e; T; Z; W

T′; Z′; W

if v ∈ vars(e+) − (vars(Z) ∪ V0)
|e| < 0,−|e|/κ(e, v) ≤ G(T; Z, v)
(v = e′) = solve(v)(z= e)
T′; Z′ = incZeroes(T; Z)(v = e′)

EqDelete
z= e; T; Z; W

T; Z; W
if e≡ 0(Z)

Eq0
z= e; T; Z; W

T′; Z′; W

if |e| = 0,
v ∈ vars(e) − (vars(Z) ∪ V0)
(v = e′) = solve(v)(z= e)
T′; Z′ = incZeroes(T; Z)(v = e′)

EqPivotUp
z= e; T; Z; W

z= T′[e]; T′; Z; W

if enot unbounded inT; Z,
|e| < 0, v ∈ vars(e+)
pivotable(T; Z)(u, v)
G(T, v) ≤ −|e|/κ(e, v)
T′ = pivot(T)(u, v)

Fig. 3.Theaddeqinference system.

Each inference step inaddeqeither involves asolveor apivotoperation which preserves
solutions as well as the feasibility of the tableau and the invariants on a validprocess
configuration.

Proposition 9. The addeq procedure is progressive, conservative, and canonizing.

6 Detecting and Propagating Implicit Equalities
The zero-tableauZ serves to collect those slack variables that are explicitlyequal to
0. A variablev is explicitly equal to 0 inT; Z if it is a zero-slack orv ∈ vars(Z). A
slack variablev is implicitly equal to 0 inT; Z if v < vars(Z) ∪ V0 andv is maximized
to 0(Z) in T; Z. The set of variables that are implicitly equal to 0 inT are called the
zero-variablesof T. When there are no zero-variables inT, the pairT; Z is said to be
0-closed. IfT; Z is 0-closed, then an expressionecan be simplified as (T; Z)[e] to yield
e′, ande′ can be maximized toe′′ in T; Z. If e′′ . 0(Z), then by Proposition 3, we can
find an assignmentρ satisfyingT; Z such thatρ(e) , 0.

Proposition 10. If T ; Z is 0-closed, then T; Z⇒ e= 0 iff (T; Z)[e] ≡ 0(Z).

Two tableauxT1 andT2 are said to be 0-equivalent, in symbolsT1 ≃0 T2(Z), when
for eachv ∈ vars(T) − V0, e1,T′1 = max0(v,T1; Z) ande2,T′2 = max0(v,T2; Z), e1 is
maximized to 0(Z) iff e2 is maximized to 0(Z). A transformation fromT to T′ is said to
be zero-preserving whenT ≃0 T′(Z). The detection of zero-variables inT involves such
zero-preserving transformations. DefineT = {u = e ∈ T ||e| = 0}. ThenT ≃0 T(Z) since
if e′,T′ = max0(v,T; Z) such that|e′| ≡ 0(Z), then the maximization must not have
involved any pivoting steps using the entries inT − T. Let bounded(T; Z) represent the
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tableau{u = e ∈ T |e is not unbounded inT; Z}. For example, ifT is {u2 = v1 − v2,u3 =

v2 − v3,u4 = v3 − v2} andZ is empty, thenbounded(T; Z) is {u3 = v2 − v3,u4 = v3 − v2}

sincev1 is unbounded inT. ThenT ≃0 bounded(T; Z) (Z) again because ife′,T′ =
max0(v,T; Z) such that|e′| ≡ 0(Z), then the maximization must not have employed any
pivoting steps on entries inT − bounded(T) since this would have yielded ane′ that is
unbounded inT; Z.

From the tableauT, we can construct the 0-equivalent tableaubounded∗(T) without
any pivoting steps. We abbreviatebounded∗(T) by T♭, and its complementT − T♭, by
T♯. The mutually recursive operationsFindZeroesandmaxentriesare used to compute
a 0-closedT′; Z′ from T; Z such thatT′; Z′ ≃ T; Z.

FindZeroes(∅; Z) = ∅; Z

FindZeroes(T; Z) = T′′; Z′, where

T′; Z′ = maxentries(T♭; Z)

T′′ = T♯ ∪ T′

maxentries(∅; Z) = ∅; Z

maxentries(w = e,T; Z) = FindZeroes(u = e′,T′′; Z′′), where

e′,T′ = max0(e,T; Z)

T′′; Z′′ =

{

u = e′,T′; Z, if e′ is unbounded inT′; Z
T′; Z,u = e′ otherwise.

TheFindZeroesoperation always terminates since the number of unbounded entries in
T decreases with each recursive call. For example, ifT is {u3 = v2 − v3,u4 = v3 − v2},
thenv2 − v3 is maximized to−1 ∗ u4, and henceu3 andu4 are found to be equal to 0,
while T′ becomes{v2 = v3}. Sincev3 is unbounded, the result ofFindZeroes(T; ∅) is
{v2 = v3}; {u3 = −1 ∗ u4}.

Proposition 11. If T ′; Z′ = FindZeroes(T; Z) for zero-tableau Z and T such that|T(u)| =
0 for u ∈ dom(T), then Z′ is also a zero-tableau, T′; Z′ ≃ T; Z, and T′♭ = ∅. In other
words, T′; Z′ is 0-closed.

We now introduce incremental zero propagation to theaddineqandaddeqproce-
dures. When a new entryw = a is added to a 0-closed tableauT; Z in the addineq
procedure in Figure 2, the rules that affect the simplex tableau arePivot, Unbounded,
FeasibleZero, andFeasibleNonzero. TheUnboundedrule does not introduce any new
zero-variables into the tableau since we solve for an unbounded variablev to obtain
v = a′ with |a′| > 0, which is then composed with the tableau. Sincev occurs only pos-
itively in the tableau, no new zero-variable candidates areintroduced. When pivoting
the tableauT to obtainT′, we haveT ≃ T′, and since we have already analyzedT for
zero-variables, no new ones are introduced inT′. If a′ is either positive or unbounded
in T′, then we simply addu = a′ to T′ usingFeasibleNonzeroand no further analysis
is needed. That leaves theFeasibleZerorule as the only source of new zero-variables.
This can only happen whenw = a is composed withT and|a| = 0. Similarly, inaddeq,
the EqPivotUp step does not introduce any new implicit zero-variables inT, so the
only rules that trigger zero propagation areEqSwapandEq0.
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When a new entryu = e is composed withT to obtainT′, any affected entries
u′ = e′ must also be analyzed to see if they generate zeroes. We do notneed to examine
all of T′ for this purpose but only the transitive closure of the affected entries as defined
below. Definevars−(T) = {v|v ∈ vars(e−) for u = e ∈ T}.

posvar(T; Z)(X) = {u = e ∈ T | |e| = 0∧ (vars(e+) − vars(Z)) ∩ X , ∅}

T; Z/T′ = posvar(T; Z)(vars−(T′))

incbounded(T; Z)(T′) =

{

incbounded(T; Z)(T′ ∪ T; Z/T′) if T; Z/T′ , ∅
T′, otherwise

In other words, we are only interested in those entries that contain positive occurrences
of a variablev that is being set to 0, and transitively, the entries thus influenced.

Lemma 1. If T is 0-closed and w= a is such that T[a] = a, |a| = 0, and w< vars(T),
then for any entry u= e ∈ T − incbounded(T)(w = a) if e′; T′ = max0(e; T), then e′ is
not maximized at0.

Proof. Let T′′ = incbounded(T)(w = a), we know that for any positive variablev in e,
thatv does not occur negatively inT′′. Hence, all the pivoting steps in the computation
of max0(e; T) occur within the entries inT − T′′ and hence withinT itself. SinceT is
0-closed, we know thate is not maximized to 0 inT.

We can now useincboundedandFindZeroesto define a single operation for incre-
mental zero propagation when adding the entryu = e to the tableauT; Z.

incZeroes(T; Z)(u = e) = T′′′; Ẑ, where

T′ = T ◦ u = e,
T′′ = incbounded(T′; Z)(T′ − T),
T+ = T − T′′,
T̂; Ẑ = FindZeroes(T′′; Z)
T′′′ = (T+ ◦ T̂) ⊲ Ẑ

By Proposition 11 and Lemma 1, we have the following proposition.

Proposition 12. If T,u = e is a feasible tableau, Z is a zero-tableau, T; Z is 0-closed
and T′; Z′ = incZeroes(T; Z)(u = e), then Z′ is a zero-tableau, T′ is a feasible tableau,
T′; Z′ is also0-closed, and T′; Z′ ≃ T; Z.

Example 3.Let T be of the form{u0 = v2 − v3,u1 = v2 − v4,u2 = v1 − v2,u3 = v5 − v1}

andZ be empty. If we add the equalityw = −v1 + v3 to T, then theFeasibleZerorule
is applicable. The operationmax0(−v1 + v3; T) yields e′ of the form−u0 − u2 andT′

of the form{v3 = v1 − u0 − u2; u1 = v1 − v4 − u2; v2 = v1 − u2; u3 = v5 − v1}. Now,
incZeroes(T′)(w = e′) yields T′; {w = −u0 − u2} sinceT′ does not have any positive
occurrences of the variablesu0 andu2.

7 Model Generation
Given an irreducible stateS; D for theprocessinference system, the assignmentρS/S
satisfiesS, but may violate some of the disequalities inD. For model generation in the
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presence of disequalities, we use a total ordering on variables such that the unrestricted
variables precede the restricted ones. First, we computeD′ asS[D]. SinceS; D is ir-
reducible, and particular, theContrad rule is inapplicable, it must be the case that for
each disequalitye , 0 ∈ D′, e . 0(Z). Then we rearrangeD′ to getsld(D′) in which
each disequalitye, 0 fromD′ is placed in a solved formx , e′, wherex is the minimal
variable invars(e) − (vars(Z) ∪ V0). Given an assignmentρ, let ρ≻v be the solution set
{v′ = ρ(v′)|v′ ≻ v}. For a′,T′ = max(v,T) let M(v,T, ρ) be defined to be|a′′| if a′′ is
bounded, and∞ otherwise, wherea′′ = ρ≻v[a′]. DefineQ(x,D, ρ) as{ρ(e′)|x , e′ ∈ D}.
Starting withρ = ρS andD′, a model is constructed by repeating the following steps.
SinceD might contain variables not occurring inS, we assume thatρS(x) = 0 for such
variables.

model(S,D) = mdl(S, sld(S[D]), vars(S[D]) − (vars(Z) ∪ V0), ρS)

mdl(S,D, ∅, ρ) = ρ

mdl(S,D,Y, ρ) = mdl(S,D,Y− {x}, ρ′), where

unrestrictedx is maximal inY

ρ′ = ρ{x← q} for q < Q(x,D, ρ)

mdl(S,D,Y, ρ) = mdl(D,Y− {x}, ρ′), where

restrictedv is maximal inY

S = R; Z; T

ρ′ = ρ{x← q} for 0 < q < M(v,T, ρ),q < Q(v,D, ρ)

Since every configuration in theprocessinference system is 0-closed, by Proposi-
tion 12, we know that sincev < vars(Z) ∪ V0, it can consistently take on any value
between 0 andM(v,T, ρ). In the definition ofmdl(S,D,Y, ρ), the setY contains the yet
unassigned variables invars(S[D])−vars(Z). We can check that whenevermdl(S,D,Y, ρ)
is invoked, thenρ/S satisfiesS, S[D] ≡ D, M(v,T, ρ) > 0 for anyv ∈ Y, and for any
disequalityx , e in D such thatvars(x , e) ∩ Y ⊆ vars(Z) ∪ V0, ρ satisfiesx , e, then
for ρ′ = mdl(S,D,Y, ρS), ρ′/S satisfiesS; D. Hence,model(S,D) satisfiesS; D.

Proposition 13. Theprocessinference system is canonizing.

8 Proof Generation
Proof construction can be used to justify the validity of thecontradictions generated by
the rulesContrad, Maximize, andEqMax. The proofs depend only on the inputs cor-
responding to the slack variables that actually appear in principal literals in the premise
of these rules. For example, inContrad, only the input literals corresponding to the
slack variables inS[a] are relevant that for any variable. For proof construction, we
need the proof rules shown in Figure 4. The basic proof constructors are defined in
terms of those given by the proof rules.

Definition 1.

zeroproof(Z,u = e; W)(v) = zeroproof(Z; W)(v), if v ∈ vars(Z)
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Axiom
Γ ⊢ e≥ 0

e≥ 0 ∈ Γ

Scale
Γ ⊢ e≥ 0

Γ ⊢ k ∗ e≤ 0
k < 0

IneqSum
Γ1 ⊢ e1 ≤ 0 Γ2 ⊢ e2 ≤ 0
Γ1 ∪ Γ2 ⊢ e1 + e2 ≤ 0

StrictSum
Γ ⊢ e≤ 0

Γ ⊢ k+ e< 0
k < 0

Contrad
Γ1 ⊢ e≥ 0 Γ2 ⊢ e< 0

Γ1 ∪ Γ2 ⊢ ⊥

Equal
Γ1 ⊢ e≥ 0 Γ2 ⊢ e≤ 0

Γ1 ∪ Γ2 ⊢ e= 0

ZeroScale
Γ ⊢ v = 0

Γ ⊢ k ∗ v = 0

ZeroLeq
Γ ⊢ e= 0
Γ ⊢ e≤ 0

ZeroGeq
Γ1 ⊢ e= 0
Γ1 ⊢ e≥ 0

Diseq
Γ1 ⊢ e= 0 Γ2 ⊢ e, 0

Γ1 ∪ Γ2 ⊢ ⊥

Fig. 4.The Proof Rules

zeroproof(Z,u = e; W)(v) = Equal(Axiom(W(u) ≥ 0),maxproof(Z; W)(e)),

if u ≡ v, v < vars(Z), v ∈ dom(W)

zeroproof(Z,u = e; W)(v) = zeroproof(Z, v = e′; W)(v), if (v = e′) = solve(v)(u = e)

maxproof(Z; W)(k+ e) = StrictSum(k)(maxproof(Z; W)(e)), if k < 0

maxproof(Z; W)(k ∗ v+ e) = IneqSum(maxproof(Z; W)(k ∗ v),maxproof(Z; W)(e))

maxproof(Z; W)(k ∗ v) = Scale(k)(Axiom(W(v) ≥ 0)), if k < 0, v ∈ dom(W)

maxproof(Z; W)(k ∗ v) = ZeroLeq(ZeroScale(k)(zeroproof(Z; W)(v))), if v ∈ vars(Z)

eqzproof(Z; W)(e) = Equal(maxproof(Z; W)(e),maxproof(Z; W)(−e))

ineqproof(Z; W)(u = e) = Contrad(Axiom(W(u) ≥ 0),maxproof(Z; W)(e)), if u ∈ dom(W)

eqproof(Z; W)(z= e) = Contrad(ZeroGeq(Axiom(W(z) = 0)),maxproof(Z; W)(e))

diseqproof(R; T; Z; D; W)(e) = Diseq(eqzproof(Z; W)(S[e]),Axiom(e, 0)),

if S = R; T; Z,S[e] ≡ 0(Z) for e, 0 ∈ D

By the definition of a zero-tableau, we know that ifZ is of the formZ′,u = e andv
does not occur inZ′, then it must either beu or occur negatively ine. If u ≡ v, then by
theAxiom rule,Γ ⊢ W(v) ≥ 0. The expressione is of the formk1 ∗ v1 + . . . + kn ∗ vn,
where for eachi, 1 ≤ i ≤ n, eithervi ∈ vars(Z′) or ki < 0. Whenvi ∈ vars(Z′), we use
zeroproof(Z′; W)(vi) to construct a proof ofΓ ⊢ W(vi) = 0, andZeroScaleto construct
a proof ofΓ ⊢ W[ki ∗ vi ] = 0. Whenki < 0, then theAxiom andScalerules can be
used to construct a proof ofW[ki ∗ vi ] ≤ 0. These proofs of can be combined with
ZeroLeq andIneqSum to derive a proof ofΓ ⊢ W[e] ≤ 0. Since by input satisfiability
W(v) ≡ W[e], we can useEqual to deriveΓ ⊢ W(v) = 0 from those ofΓ ⊢ W(v) ≥ 0
andΓ ⊢ W(v) ≤ 0. If u . v, thenv occurs negatively ine. Thensolve(v)(u = e) yields
v = e′, wheree′ is also maximized at 0 moduloZ′. Note thatv does not occur inZ′. The
above proof construction can be applied tov = e′ to yield a proof ofΓ ⊢W(v) = 0.

Theorem 2. If W is a slack map, Z is a zero-tableau, vars(Z) ⊆ dom(W), vars(e) ⊆
dom(W), andΓ = {W(v) ≥ 0|v ∈ dom(W)}, then
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1. maxproof(Z; W)(e) provesΓ ⊢W[e] ≤ 0, if e is maximized at0(Z).
2. maxproof(Z; W)(e) provesΓ ⊢W[e] < 0, if e is maximized below0(Z).
3. zeroproof(Z; W)(v) provesΓ ⊢W(v) = 0.
4. (Maximize) ineqproof(Z; W)(w = e) provesΓ ⊢ ⊥, if e is maximized below0(Z).
5. (EqMax) eqproof(Z; W)(z= e) provesΓ ⊢ ⊥, if e is maximized below0(Z).
6. (Contrad) diseqproof(R; T; Z; D; W)(e) provesΓ,D ⊢ ⊥, if S = R; T; Z, S[e] ≡

0(Z) for e, 0 ∈ D.

9 Conclusions
We have presented the details of an incremental constraint solver for linear arithmetic
equality, disequality, and inequality constraints based on the simplex algorithm for lin-
ear programming. Our procedure builds on a large body of prior work in linear pro-
gramming. Our algorithm propagates equalities and generates models and proofs. The
equality propagation step uses a novel analysis to avoid unwanted pivoting. We have
identified a number of crucial properties of the simplex procedure including the input
satisfiability invariant. This invariant is used to justifyproof generation and is also the
key to efficient retraction, which we have omitted for lack of space. Our constraint
solver has been implemented in the ICS system available fromSRI International where
it is part of a combination involving a number of other decision procedures including a
SAT solver. Our procedure can also be extended to the case of equalities and inequal-
ities involving integer variables and mixed-integer problems. This is done through a
combination of pure and mixed-integer Gomory cuts and case analysis based on the
integer disequalities. The generation of efficient explanations and proofs is the key to a
number of applications.
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