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Abstract

Linear logic, in tro duced b y Girard, is a re�nemen t of classical logic with a natural,

in trinsic accoun ting of resources. This accoun ting is made p ossible b y remo ving

the \structural" rules of con traction and w eak ening; adding a mo dal op erator; and

adding �ner v ersions of the prop ositional connectiv es. Linear logic has fundamen tal

logical in terest and applications to computer science, particularly to P etri nets,

concurrency , storage allo cation, garbage collection, and the con trol structure of logic

programs. In addition, there is a direct corresp ondence b et w een p olynomial-time

computation and pro of normalization in a b ounded form of linear logic.

In this pap er w e sho w that unlik e most other prop ositional (quan ti�er-free) log-

ics, full prop ositional linear logic is undecidable. F urther, w e pro v e that without the

mo dal stor age op erator, whic h indicates un b oundedness of resources, the decision

problem b ecomes psp a ce -complete. W e also establish mem b ership in np for the

m ultiplicativ e fragmen t, np -completeness for the m ultiplicativ e fragmen t extended

with unrestricted w eak ening, and undecidabilit y for fragmen ts of noncomm utativ e

prop ositional linear logic.
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Chapter 1

In tro duction

Linear logic is a re�nemen t of classical logic in tro duced b y Girard [Gir87a ]. This

logic has a \resource sensitiv e" c haracter, re
ected in the fact that t w o assumptions

of a form ula A are distinguished from a single assumption of A . In this pap er, w e

study the decision problem for full prop ositional linear logic and sev eral natural

fragmen ts. The easiest result to state is that full prop ositional linear logic is unde-

cidable. W e also sho w that an \in tuitionistic" fragmen t is undecidable, a natural

fragmen t is psp a ce -complete, and a smaller fragmen t that is in np b ecomes np -

complete with an additional rule. Before describing these results, w e giv e a short

o v erview of linear logic b y explaining the passage from classical to linear logic.

F ormally , linear logic ma y b e deriv ed in three steps from a Gen tzen-st yle sequen t

calculus axiomatization of classical logic. The �rst step is to drop t w o structural

rules, c ontr action and we akening . This forces a reexamination of conjunction and

disjunction, leading to t w o forms of eac h connectiv e. The third step is to reco v er

the full expressiv e p o w er of classical logic b y adding t w o mo dal op erators, ! and ?.

These three steps are describ ed in more detail in the follo wing paragraphs. The

resulting logic is surprisingly natural, from b oth pro of-theoretic and computational

standp oin ts. In particular, Gen tzen-st yle cut-elimination , a crucial pro of-theoretic

prop ert y (see [Gen69 , GL T89 ], for example), has b een established for linear logic in

[Gir87a ]. This yields consistency and pro vides a natural computational mec hanism

that resem bles reduction in lam b da calculus ( e.g. , [HS86, GL T89 ]).

The deriv ation of linear logic b egins b y dropping the structural rules c ontr ac-

tion and we akening, whic h are an essen tial part of classical and in tuitionistic logic.

Eac h rule ma y b e applied to either the left or righ t side of a sequen t. On the left,

con traction allo ws rep eated assumptions of some form ula to b e replaced b y a single

assumption of the same form ula. This means that a single h yp othesis is as go o d

as an y n um b er of duplicates, or, a h yp othesis ma y b e \reused" as often as desired.

Con traction on the righ t also allo ws duplicates to b e dropp ed, whic h has essen tially

the same e�ect. W eak ening on the left allo ws us to add irrelev an t h yp otheses, and,

3



4 Decision Problems for Prop ositional Linear Logic

on the righ t, to extend the set of p ossible conclusions arbitrarily . Since con traction

and w eak ening mak e it p ossible to use an assumption as little or as often as desired,

these rules are resp onsible for what w e ma y regard as a loss of con trol o v er resources

in b oth classical and in tuitionistic logic. Excluding these rules pro duces a line ar

system in whic h eac h assumption m ust b e used exactly onc e , and eac h conclusion

m ust follo w from the h yp otheses. In linear logic, form ulas ma y b e regarded as �xed

resources that cannot necessarily b e discarded or duplicated without e�ort.

The second step in deriving linear logic in v olv es the prop ositional connectiv es.

Brie
y , the c hange in structural rules leads to t w o forms of conjunction and disjunc-

tion. The reason for the split is that w e m ust decide whether w e require linearit y of

the en tire conjunction or disjunction, or whether it su�ces to ha v e eac h conjunct or

disjunct alone dep end linearly on the surrounding form ulas. One form, called ad-

ditive conjunction or disjunction, is informally describ ed as \sharing of resources"

since the t w o conjuncts or disjuncts ma y dep end on a shared set of h yp otheses. In

the other multiplic ative form, there is no suc h sharing. The general situation ma y b e

illustrated b y examining t w o consequences of the pair of linear implications A � � B

and A � � C . In tuitiv ely , A � � B sa ys that from A w e ma y conclude B , or, in more

computational terms, w e ha v e a pro cess that will consume A and pro duce B . Giv en

the t w o assumptions A � � B and A � � C , there are t w o p ossible conclusions in v olving

conjunctions of B and C . Using additiv e conjunction, written & , w e ma y conclude

A � � ( B & C ) since from A w e are capable of obtaining B and w e are capable of

obtaining C . With m ultiplicativ e conjunction, written 
 , sharing is not allo w ed.

Ho w ev er, w e ma y obtain B and C from t w o separate A 's. This is written sym b ol-

ically as ( A 
 A ) � � ( B 
 C ). One w a y of describing the distinction is that B & C

indicates a c hoice b et w een B and C , while B 
 C re
ects an abilit y to ha v e b oth

sim ultaneously .

The �nal step in deriving linear logic is to add t w o mo dal op erators. These are

a stor age or r euse op erator, ! , and a dual c onsumption op erator ? , de�nable from

! using negation. In tuitiv ely , the form ula ! A pro vides unlimited use of the resource

A and ? B allo ws the unlimited consumption of B . Using a computational metaphor

that w e ha v e found useful and faithful to the logic, w e ma y read ! A as, \the datum

A is stored in the memory and ma y b e referenced an unlimited n um b er of times".

In deductiv e terms, if B follo ws from an y n um b er of assumptions of A , then B

follo ws from the single assumption ! A . A view of ! whic h suggests the translation of

classical logic in to linear logic is that while w e do not ha v e con traction and w eak ening

as structural rules, w e ma y apply con traction and w eak ening to form ulas b eginning

with !. Since the basic framew ork remains linear, un b ounded use is allo w ed only

\lo cally", at form ulas sp eci�cally mark ed with ! or ?.

The �rst application of the resource-sensitiv e asp ect of the logic w as the dev el-

opmen t of a functional programming language implemen tation in whic h garbage

collection w as replaced b y explicit duplication op erations based on linear logic
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[Laf88 ]. F urther studies ha v e demonstrated connections with P etri nets [Asp87 ,

GG89 , MOM89 , AF G90 , GG90 ] and other mo dels of concurrency [Laf90 , A V90 ].

With regard to concurrency , there is a similarit y b et w een pr o of nets, the inheren t

mo del of computation asso ciated with cut-elimination in m ultiplicativ e linear logic

( cf [Gir87a , Gir87b, DR89 , Laf90 ]), and c onne ction gr aphs, whic h w ere designed

to mo del connection mac hine computation [Ba w86 ]. Other applications include

optimization of cop ying in lazy functional programming language implemen tation

[GH90 ] and analyzing the con trol structure of logic programs [Cer90, AP90 ]. A nat-

ural c haracterization of p olynomial time computations can b e giv en in a b ounded

v ersion of linear logic [GSS90 ] obtained b y limiting reuse to sp eci�ed b ounds, i.e. ,

b y b ounding the n um b er of references to eac h datum in memory . Informal in tro-

ductions to linear logic ma y b e found in [Gir90 , Sce90 ].

W e no w summarize the main results of this pap er (whic h w ere sk etc hed in

[LMSS90]), b eginning with the smallest fragmen t considered. Multiplicativ e lin-

ear logic con tains only linear implication, negation, and the m ultiplicativ e forms

of conjunction and disjunction. Recall that these forms require the a v ailable re-

source to b e partitioned rather than shared. W e sho w that the decision problem

for this fragmen t is in np . With unrestricted w eak ening added, w e sho w that the

m ultiplicativ e fragmen t is np -complete.

There are t w o natural fragmen ts extending pure m ultiplicativ e linear logic, one

with additiv e connectiv es and the other with the ! op erator. W e sho w that the

�rst extension, with additiv e and m ultiplicativ e connectiv es but not !, is psp a ce -

complete. The pro of, b y reduction from classical quan ti�ed b o olean form ulas, in-

v olv es enco ding quan ti�er order using only comm utativ e prop ositional connectiv es.

W e note here in passing that the fragmen t with only m ultiplicativ e connectiv es and

the ! op erator is at least as hard as the reac habilit y problem for P etri nets (or, equiv-

alen tly , comm utativ e semi-Th ue systems or v ector addition systems). This follo ws

from conserv ativit y prop erties established in this pap er and previous w ork relating

linear logic and P etri nets. Although reac habilit y is decidable [Ma y81 , Kos82 ], the

b est kno wn lo w er b ound is expsp a ce [Lip76 , MM82 ]. A lik ely upp er b ound on P etri

net reac habilit y is primitiv e recursiv e in the Ac k ermann function [McA84 , Clo86 ].

W e do not kno w if m ultiplicativ e linear logic with ! is decidable.

Finally , w e sho w that pro v abilit y in full prop ositional linear logic with additiv e

and m ultiplicativ e connectiv es and mo dal storage op erator is undecidable. It follo ws

from this undecidabilit y result that when prop ositional linear logic is extended with

quan ti�cation o v er prop ositions, the resulting logic is also undecidable. (Pro v abilit y

is trivially r e cursively enumer able, since the pro of system is e�ectiv e.) Undecidabil-

it y also holds for a restricted form called in tuitionistic prop ositional linear logic. In

addition, w e establish the undecidabilit y of a noncomm utativ e v arian t of linear logic

(ev en without additiv e connectiv es), a system that extends the calculus in [Lam58];

see [Gir89 , Y et90 ].
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Our undecidabilit y pro of uses a direct enco ding of a form of alternating coun ter

mac hines. Our \and-branc hing coun ter mac hines" resem ble the alternating T uring

mac hines of [CKS81]), but lac k a basic op eration to test for zero. The basic tran-

sitions of these mac hines ma y b e axiomatized using the m ultiplicativ e and additiv e

connectiv es, while the ! op erator is needed to allo w an instruction to b e executed an

arbitrary n um b er of times. Additiv e connectiv es are used to enco de and -branc hing,

whic h is needed to sim ulate the zero tests of con v en tional coun ter mac hines. As for

the other lo w er b ounds, the bulk of the tec hnical w ork lies in establishing that the

enco ding is faithful, i.e. , eac h deduction in linear logic determines some computa-

tion. F aithfulness is demonstrated using a detailed examination of cut-elimination

in linear logic [Gir87a ]. This yields a v ersion of the deduction theorem for linear

logic and v arious conserv ativit y results of indep enden t in terest.

A k ey insigh t is that searc hing for a pro of of a certain sp ecial form for a giv en lin-

ear logic sequen t corresp onds directly to searc hing for an accepting computation in a

particular mac hine mo del. A successful searc h is exactly an accepting computation.

F or prop ositional linear logic without storage, mem b ership in psp a ce is sho wn

using a pro of b ound based on cut-elimination. psp a ce -hardness is demonstrated

b y a (log-space) construction of form ulas that ma y b e pro v ed only b y alternating

b et w een rules that sim ulate classical univ ersal and existen tial prop ositional quan-

ti�ers. This construction demonstrates a surprising prop ert y of linear logic: the

connectiv es are su�cien t to express sync hronization to the p oin t of \sequen tialit y".

Undecidabilit y of noncomm utativ e linear logic is pro v ed b y enco ding the w ord prob-

lem for semigroups. Unlik e our other reductions, this do es not require the additiv e

connectiv es. Mem b ership in np for m ultiplicativ e linear logic, with or without un-

restricted w eak ening, is based on a p olynomial b ound on pro of-size resulting from

cut-elimination. With unrestricted w eak ening, w e sho w np -completeness b y reduc-

tion from the v ertex co v er problem [GJ79 ].

A logic that is sup er�cially related to linear logic is prop ositional relev ance logic,

whic h is pro v ed undecidable in [Urq84 ]. Lik e linear logic, relev ance logic lac ks w eak-

ening. Ho w ev er, relev ance logic do es ha v e unrestricted con traction. In addition,

relev ance logic has a distributivit y axiom, absen t from linear logic. Without the dis-

tributivit y axiom, relev ance logic b ecomes decidable [Mey66 ]. The system with dis-

tributivit y also lac ks cut-free Gen tzen-t yp e form ulation. See, for example, [Avr88].

Th us b oth the motiv ation and tec hnical prop erties of linear logic are signi�can tly

di�eren t from relev ance logic.



Chapter 2

Multiplicativ e Additiv e

Prop ositional Linear Logic is

PSP A CE -complete

In this c hapter, w e analyze the complexit y of the fragmen t of prop ositional linear

logic without the mo dal storage op erator ! and its dual ?, but including all the

remaining connectiv es and constan ts of linear logic.

W e b egin with some standard de�nitions. A de duction in prop ositional linear

logic is a tree, usually presen ted with the ro ot at the b ottom, and the lea v es at the

top. Eac h branc h of a deduction is a sequence of applications of the pro of rules

giv en in App endix B, some of whic h, suc h as & , represen t branc hing p oin ts in the

deduction tree, some, suc h as P , whic h extend the length of a branc h, and some,

suc h as iden tit y , whic h terminate a branc h. The lea v es em b o dy the assumptions,

and the ro ot the conclusion. Suc h a structure is said to b e a deduction of the

conclusion from the assumptions. A pr o of in linear logic is a deduction with no

assumptions. That is, eac h branc h terminates with an application of iden tit y , > ,

or 1. One in teresting feature of linear logic, as presen ted in App endix B, is that

negation is de�ned, and it is not a connectiv e. In particular, the prop ositional

literals are assumed to b e giv en in pairs, one p ositiv e (written p

i

for some i ) and

one negativ e (written p

?

i

).

In this c hapter w e are concerned with the m ultiplicativ e-additiv e fragmen t of

linear logic, whic h w e abbreviate as mall . The logical sym b ols used in this frag-

men t are m ultiplicativ e conjunction ( 
 ) and disjunction ( P ), additiv e conjunction

(&) and disjunction ( � ), and the constan ts 0, 1, > , and ? . mall form ulas and se-

quen ts con tain only these connectiv es and constan ts, in addition to the p ositiv e and

negativ e literals. The pro of rules of mall are all of the rules in the App endix B that

are asso ciated with these connectiv es and constan ts. This logic has b een studied

7
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b y Girard [Gir87a ] and Bellin [Bel90 ]. While pro v abilit y for the classical prop osi-

tional logic is co-NP-complete, w e sho w b elo w that pro v abilit y for mall is psp a ce -

complete.

An imp ortan t prop ert y of the sequen t calculus form ulation of mall is cut-

elimination. This prop ert y follo ws from the Theorem A.3 of App endix A.

Theorem 2.1 A ny se quent pr ovable in mall is pr ovable without the cut rule.

Pro of. Since mall is a fragmen t of linear logic, w e ma y use the cut-elimination

pro cedure from Theorem A.3 to con v ert a mall pro of to a cut-free pro of in linear

logic. By the subform ula prop ert y (Theorem A.4), suc h a cut-free pro of of a mall

sequen t con tains only mall form ulas. Since all the rules whic h apply to mall

form ulas are already in mall , an y cut-free pro of of a mall sequen t m ust already

b e a mall pro of.

Mem b ership in psp a ce is straigh tforw ard, giv en cut elimination, but w e include

a short sk etc h to illustrate the imp ortance of Theorem 2.1. The pro of of psp a ce -

hardness is more tec hnical. Pro of searc h in the cut-free sequen t calculus is crucial to

the pro of. The primitiv e step in pro of searc h is a r e duction , namely the application

of an inference rule to transform a sequen t matc hing the conclusion of the rule

to the collection of sequen ts giv en b y the corresp onding premises of the rule. A

reduction is the in v erse of an inference rule, and driv es conclusions to premises.

Pro of searc h is the pro cess of constructing a cut-free pro of in a b ottom-up manner

b y nondeterministically applying reductions starting from the conclusion sequen t.

2.1 Mem b ership in PSP A CE

Theorem 2.2 The pr ovability in mall of a given se quent c an b e de cide d by a

p olynomial-sp ac e b ounde d T uring machine.

Pro of. By Theorem 2.1, a pro v able mall sequen t has a cut-free mall pro of. In a

cut-free mall pro of, there are at most t w o premises to eac h rule, and eac h premise is

strictly smaller than the consequen t. Therefore, the depth of a cut-free mall pro of

tree is at most linear in the length of the �nal sequen t of the pro of. An alternating

T uring mac hine [CKS81] ma y guess and c hec k a cut-free pro of in linear time, using

OR-branc hing to nondeterministically guess a reduction in the cut-free pro of, and

AND-branc hing to generate and c hec k the pro ofs of b oth premises of a t w o premise

rule in parallel.

Mem b ership in psp a ce can also b e pro v ed without reference to alternation. A

nondeterministic T uring mac hine can b e de�ned to generate and c hec k a cut-free

sequen t pro of in a depth-�rst manner. Giv en the linear b ound on the depth of an y

cut-free pro of with resp ect to the size of the conclusion sequen t, the searc h stac k
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need con tain no more than a linear n um b er of sequen ts. Since eac h sequen t in a

cut-free pro of is no larger than the conclusion sequen t, w e get a quadratic b ound on

the stac k size.

2.2 Informal Outline of PSP A CE -hardness of MALL

Since there are a n um b er of tec hnical details to the pro of of psp a ce -hardness, w e

will illustrate the k ey in tuitions b y means of an example; the details of the pro of

are giv en in Section 2.4.

The psp a ce -hardness of mall pro v abilit y is demonstrated b y a transforma-

tion from the v alidit y problem for quan ti�ed Bo olean form ulas (QBF). A quanti�e d

Bo ole an formula has the (prenex) form Q

m

X

m

: : : Q

1

X

1

: M , where

1. eac h Q

i

is either 8 or 9 ,

2. M is a quan ti�er-free Bo ole an matrix con taining only the connectiv es : and

^ , and Bo ole an variables .

A close d QBF con tains no free v ariables. Our con v en tions in this section are that

G and H range o v er quan ti�ed Bo olean form ulas; M and N range o v er quan ti�er-

free Bo olean form ulas; U; V ; X ; Y ; Z range o v er Bo olean v ariables; and I ranges o v er

truth v alue assignmen ts. F or exp ository con v enience, w e refer to quan ti�er-free

Bo olean form ulas simply as Bo olean form ulas.

An assignment I for a set of Bo olean v ariables f X

1

; : : : ; X

n

g maps eac h X

i

to

a truth v alue from f T ; F g . An assignmen t is represen ted b y a sequence of Bo olean

v ariables and negated Bo olean v ariables. F or example, the assignmen t X

1

; : X

2

; X

3

maps X

1

to T , X

2

to F , and X

3

to T . The assignmen t I ; X assigns T to X , but

b eha v es lik e I , otherwise. If I is an assignmen t for the free v ariables in G , w e use

the standard notation I j = G to indicate that G is v alid under I , and write I 6j = G

if I falsi�es G . Note that

I j = 8 X : G i� I ; X j = G and I ; : X j = G

I j = 9 X : G i� I ; X j = G or I ; : X j = G

If G is a QBF and I is an assignmen t for the free v ariables in G , w e sa y G is

valid under I exactly if I j = G . If G is a closed QBF, then G is said to b e v alid if it

is v alid under the empt y assignmen t. The v alidit y of a closed QBF G is represen ted

as j = G . The QBF v alidit y problem is: Given a close d QBF G , is G valid?

W e demonstrate the psp a ce -hardness of mall pro v abilit y b y de�ning a succinct

enco ding of a QBF as a mall sequen t that is pro v able exactly when the giv en QBF

is v alid.

The transformation of the QBF v alidit y problem to mall pro v abilit y tak es place

in t w o steps:
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� Giv en a quan ti�er-free Bo olean form ula M and an assignmen t I for the free

v ariables in M , w e sho w that there is a mall sequen t enco ding M and I whic h

is pro v able exactly when M is v alid under I . This essen tially demonstrates

that the pro cess of ev aluating Bo olean functions can b e represen ted b y the

pro cess of cut-free pro of searc h in the mall sequen t calculus.

� Giv en a QBF G and an assignmen t I for the free v ariables in G , there exists

a mall sequen t enco ding the quan ti�er pre�x and the Bo olean matrix of G

so that the mall sequen t is pro v able exactly when G is v alid under I . The

idea here is to sim ulate the Bo olean quan ti�ers 9 and 8 b y using the additiv e

connectiv es � and &.

Tw o-sided vs. one-sided sequen ts. W e use a form ulation of mall with one-

sided sequen ts to simplify the pro ofs. In linear logic, a t w o-sided sequen t A

1

; : : : ; A

m

`

B

1

; : : : ; B

n

has the one-sided form ` A

?

1

; : : : ; A

?

m

; B

1

; : : : ; B

n

. Th us, a form ula A � � B

on the left of a t w o-sided sequen t b ecomes A 
 B

?

in a one-sided sequen t. Similarly ,

the pro v able t w o-sided sequen t A; A � � B ` B b ecomes ` A

?

; A 
 B

?

; B . While

one-sided sequen ts simplify the tec hnical argumen ts considerably , the reader migh t

gain further insigh t b y rewriting parts of our enco ding in a t w o-sided form.

2.2.1 Enco ding Bo olean Ev aluation

The enco ding of the Bo olean connectiv es and quan ti�ers in mall is describ ed here

b y means of an example. The full de�nition of the enco ding app ears in Section 2.3.

The enco ding from QBF v alidit y to mall pro v abilit y mak es no use of the mall

constan ts. Consider the valid QBF G giv en b y

8 X

2

9 X

1

: : ( : X

1

^ X

2

) ^ : ( : X

2

^ X

1

) :

The matrix M of G is essen tially a restatemen t of ( X

1

( ) X

2

). Let H b e

the falsi�able form ula 9 X

1

8 X

2

: M that is obtained from G b y rev ersing the order

of the quan ti�ers. It is crucial that the enco dings of G and H in mall resp ect the

ordering of quan ti�ers so that the enco ding of G is pro v able but the enco ding of H

is not.

The enco ding of the Bo olean matrix describ es the form ula as a circuit with

signals lab eled b y mall literals. Let the assignmen t I b e enco ded b y a sequence of

mall form ulas h I i , and [ M ]

a

b e the mall form ula enco ding M with output lab eled

b y the literal a . Then I j = M is enco ded b y the sequen t

` h I i ; [ M ]

a

; a

whereas I 6j = M is enco ded b y

` h I i ; [ M ]

a

; a

?

:
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Since w e are using one-sided sequen ts, w e enco de the assignmen t X

1

; : X

2

b y

x

?

1

; x

2

. The mall literals enco ding the assignmen t are to b e seen as the input

signals to the enco ding of the Bo olean form ula.

W e �rst consider the Bo olean connectiv es : and ^ , then construct the full en-

co ding of M . The enco ding [ : X

1

]

a

of : X

1

with output lab eled a is the form ula

not ( x

1

; a ). F or literals x and y , the de�nition of not ( x; y ) is just the represen ta-

tion of the truth table for negation within mall , as sho wn b elo w:

not ( x; y ) = ( x 
 y ) � ( x

?


 y

?

) : (2 : 1)

not ( x

1

; a ) is simply the linear negation of the form ula

( x

1

� � a

?

)&( x

?

1

� � a )

whic h is more p erspicuous in describing a as the Bo olean negation of x

1

. The sequen t

` x

1

; not ( x

1

; a ) ; a (2 : 2)

enco des the situation where the input X

1

is F , and asserts (correctly) that the

output : X

1

is T .

The sequen t (2.2) is easily seen to ha v e the mall pro of

` x

1

; x

?

1

I

` a

?

; a

I




` x

1

; ( x

?

1


 a

?

) ; a

` x

1

; ( x

1


 a ) � ( x

?

1


 a

?

) ; a

�

Similarly , the sequen t (2.3) represen ting f X

1

 T g 6j = : X

1

is also pro v able.

` x

?

1

; not ( x

1

; a ) ; a

?

: (2 : 3)

On the other hand, the sequen t

` x

?

1

; not ( x

1

; a ) ; a (2 : 4)

asserts (falsely) that f X

1

 T g j = : X

1

. T o see wh y sequen t (2.4) is not pro v able, w e

observ e that mall is a re�nemen t of classical logic in whic h no classically falsi�able

sequen ts are pro v able. The sequen t ` x

?

1

; not ( x

1

; a ) ; a is falsi�ed b y assigning T to

x

1

and F to a , while in terpreting 
 and & as classical conjunction and � and P

as classical disjunction. A sequen t is in terpreted classically as the disjunction of the

sequence of form ulas that it con tains.

The enco ding for conjunction, [ X ^ Y ]

b

is giv en b y and ( x; y ; b ) as de�ned b elo w.
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and ( x; y ; b ) =

2

6

6

6

4

( x 
 y 
 b

?

) �

( x

?


 y

?


 b ) �

( x 
 y

?


 b ) �

( x

?


 y 
 b )

3

7

7

7

5

(2 : 5)

Sequen t (2.6) represen ts X ; Y j = ( X ^ Y ):

` x

?

; y

?

; and ( x; y ; b ) ; b: (2 : 6)

Sequen t (2.6) has the pro of

` x

?

; x

I

` y

?

; y

I

` b

?

; b

I




` y

?

; ( y 
 b

?

) ; b




` x

?

; y

?

; ( x 
 y 
 b

?

) ; b

�

` x

?

; y

?

; and ( x; y ; b ) ; b

As with sequen t (2.4), the mall sequen t represen ting the false assertion : X ; Y j =

( X ^ Y ) is giv en b y

` x; y

?

; and ( x; y ; b ) ; b

and is not pro v able since it can b e falsi�ed b y the classical in terpretation assigning

F to x and b , and T to y .

The next step is to construct the enco ding of the Bo olean form ula M giv en at

the b eginning of this section, from the enco dings of the Bo olean connectiv es. The

form ula M is though t of as a Bo olean circuit with the distinctly lab eled signals.

The enco ding [( : X

1

^ X

2

)]

b

is giv en b y the form ula and ( a; x

2

; b ) P not ( x

1

; a ). Let

implies ( x; y ; u; v ; w ) represen t the form ula

not ( v ; w ) P and ( u; y ; v ) P not ( x; u ) ;

then implies ( x

1

; x

2

; a; b; c ) is the enco ding [ : ( : X

1

^ X

2

)]

c

. The literals a , b and c

are the distinct literals lab eling the output signals of the Bo olean gates.

W e no w consider the problem that the input signals in M ha v e a fanout greater

than one. An almost correct enco ding in mall of the Bo olean form ula M is giv en

b y the form ula

and ( c; f ; g ) P implies ( x

1

; x

2

; a; b; c ) P implies ( x

2

; x

1

; d; e; f ) :

The v alidit y of M under the assignmen t f X

1

 T ; X

2

 T g w ould then b e

represen ted b y

` x

?

1

; x

?

2

; and ( c; f ; g ) P implies ( x

1

; x

2

; a; b; c ) P implies ( x

2

; x

1

; d; e; f ) ; g : (2 : 7)
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The follo wing deduction represen ts one attempt to pro v e sequen t (2.7).

` g

?

; g

I

.

.

.

` x

?

1

; x

?

2

; implies ( x

1

; x

2

; a; b; c ) ; c

.

.

.

` implies ( x

2

; x

1

; d; e; f ) ; f




` x

?

1

; x

?

2

; ( c 
 f ) ; implies ( x

1

; x

2

; a; b; c ) ; implies ( x

2

; x

1

; d; e; f )




` x

?

1

; x

?

2

; ( c 
 f 
 g

?

) ; implies ( x

1

; x

2

; a; b; c ) ; implies ( x

2

; x

1

; d; e; f ) ; g

�

` x

?

1

; x

?

2

; and ( c; f ; g ) ; implies ( x

1

; x

2

; a; b; c ) ; implies ( x

2

; x

1

; d; e; f ) ; g

` x

?

1

; x

?

2

; and ( c; f ; g ) P implies ( x

1

; x

2

; a; b; c ) P implies ( x

2

; x

1

; d; e; f ) ; g

P

Since mall lac ks a rule of con traction, eac h of the assignmen t literals, x

?

1

and

x

?

2

, can app ear in only one premise of a 
 rule. As a result, one of the remaining

subgoals in the ab o v e deduction lac ks the required input literals. W e therefore need

to b e able to explicitly duplicate the assignmen t literals in the sequen t (2.7) to matc h

the n um b er of duplicate o ccurrences of X

1

and X

2

in M . The form ula copy ( x

1

)

de�ned as

( x

1


 ( x

?

1

P x

?

1

)) � ( x

?

1


 ( x

1

P x

1

))

serv es to duplicate an instance of x

1

or x

?

1

. If M is no w enco ded as

and ( c; f ; g ) P copy ( x

1

) P copy ( x

2

) P �

1

P �

2

where �

1

abbreviates implies ( x

1

; x

2

; a; b; c ), and �

2

abbreviates implies ( x

2

; x

1

; d; e; f ),

the desired deduction of (2.7) can then b e constructed.

` x

1

; x

?

1

I

` x

2

; x

?

2

I

` g ; g

?

I

.

.

.

` x

?

1

; x

?

2

; �

1

; c

.

.

.

` x

?

1

; x

?

2

; �

2

; f




` x

?

1

; x

?

1

; x

?

2

; x

?

2

; ( c 
 f ) ; �

1

; �

2




` x

?

1

; x

?

1

; x

?

2

; x

?

2

; ( c 
 f 
 g

?

) ; �

1

; �

2

; g




` x

?

1

; x

?

1

; x

?

2

; and ( c; f ; g ) ; x

2


 ( x

?

2

P x

?

2

) ; �

1

; �

2

; g




` x

?

1

; x

?

2

; and ( c; f ; g ) ; x

1


 ( x

?

1

P x

?

1

) ; copy ( x

2

) ; �

1

; �

2

; g

�

` x

?

1

; x

?

2

; and ( c; f ; g ) ; copy ( x

1

) ; copy ( x

2

) ; �

1

; �

2

; g

` x

?

1

; x

?

2

; and ( c; f ; g ) P copy ( x

1

) P copy ( x

2

) P �

1

P �

2

; g

P

In summary , w e ha v e informally describ ed the enco ding in mall of the ev aluation

of Bo olean form ulas under an assignmen t. The connectiv es P ; 
 ; and � w ere used

to represen t the truth tables of : and ^ , and mall literals w ere used to represen t the

\signals" in the Bo olean form ula. The duplication of input signals forms a crucial

part of the enco ding since mall lac ks a rule of con traction.
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2.2.2 Enco ding Bo olean Quan ti�cation

Recall that G is the form ula 8 X

2

9 X

1

: M , and H is the form ula 9 X

1

8 X

2

: M , where

M is : ( : X

1

^ X

2

) ^ : ( : X

2

^ X

1

). In tuitiv ely , it is useful to separate the enco ding of

the Bo olean quan ti�er pre�x as separately enco ding the individual quan ti�ers and

the dep endencies b et w een quan ti�ers. Giv en the ab o v e enco ding for assignmen ts

and Bo olean form ulas, an almost correct w a y to enco de Bo olean quan ti�ers w ould

b e to enco de 9 X

1

as the form ula ( x

1

� x

?

1

), and 8 X

2

as ( x

2

& x

?

2

). The enco ding of

G w ould then b e giv en b y the sequen t

` ( x

2

& x

?

2

) ; ( x

1

� x

?

1

) ; [ M ]

g

; g :

The form ula ( x

1

� x

?

1

) b eha v es lik e existen tial quan ti�cation in pro of searc h since

a nondeterministic c hoice can b e made b et w een

.

.

.

` x

?

1

; �

` ( x

1

� x

?

1

) ; �

�

and

.

.

.

` x

1

; �

` ( x

1

� x

?

1

) ; �

�

according to the assignmen t ( T or F , resp ectiv ely) to X

1

whic h mak es 9 X

1

: M

v alid. Similarly , the rule for reducing ( x

2

& x

?

2

) in a pro of b eha v es lik e univ ersal

quan ti�cation requiring pro ofs of b oth ` x

?

2

; � and ` x

2

; �.

.

.

.

` x

?

2

; �

.

.

.

` x

2

; �

&

` ( x

2

& x

?

2

) ; �

Ho w ev er, with this mapping of quan ti�ers, the mall enco ding of G and H w ould

b e iden tical and pro v able, but H is not a v alid QBF.

A correct enco ding of 9 X

1

8 X

2

: M should ensure that if the enco ding is pro v-

able in mall , then there is a pro of in whic h the c hoice of a truth v alue for X

1

is

indep enden t of whether X

2

is T or F . The order of reductions b elo w sho w ho w the

c hoice of a truth v alue for 9 X

1

in a pro of of the mall enco ding can dep end on the

quan ti�er 8 X

2

.

.

.

.

` x

1

; x

2

; �

` ( x

1

� x

?

1

) ; x

2

; �

�

.

.

.

` x

?

1

; x

?

2

; �

` ( x

1

� x

?

1

) ; x

?

2

; �

�

&

` ( x

1

� x

?

1

) ; ( x

2

& x

?

2

) ; �

In this ordering of the reductions, ( x

1

� x

?

1

) is reduced di�eren tly on the x

2

and

x

?

2

branc hes of the pro of leading to distinct witnesses for X

1

according to whether
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X

2

is T or F . The solution to this quan ti�er order problem is to enco de the quan ti�er

dep endencies in the mall form ula so that if there is an y pro of, then there is some

pro of of the enco ding in whic h ( x

1

� x

?

1

) is reduced b elow ( x

2

& x

?

2

), th us ensuring

that the truth v alue of X

1

has b een c hosen indep enden tly of the truth v alue for X

2

.

F or this purp ose, w e in tro duce new mall atoms q

0

; q

1

; q

2

, and enco de 9 X

1

8 X

2

: M

as

` q

2

;

q

?

2


 (( q

1

P x

1

) � ( q

1

P x

?

1

)) ;

q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ;

q

?

0


 [ M ]

g

; g

The idea here is that the quan ti�er enco ding for 9 X

1

hides the \k ey" q

1

that is

needed to unlo c k the quan ti�er enco ding for 8 X

2

. If w e no w attempt to violate the

quan ti�er dep endencies, the follo wing w ould b e one p ossible deduction.

` q

2

; q

?

2

I

?

` q

?

1

; q

1

; x

1

` q

?

1

; q

1

P x

1

P

` q

?

1

; (( q

1

P x

1

) � ( q

1

P x

?

1

))

�




` q

2

; q

?

1

; q

?

2


 (( q

1

P x

1

) � ( q

1

P x

?

1

))

.

.

.

` ( q

0

P x

2

)&( q

0

P x

?

2

) ; q

?

0


 [ M ]

g

; g




` q

2

; q

?

2


 (( q

1

P x

1

) � ( q

1

P x

?

1

)) ; q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ; q

?

0


 [ M ]

g

; g

In the ab o v e deduction, w e are left with a subgoal of the form ` q

?

1

; q

1

; x

1

, and

since x

1

is not a constan t, w e cannot reduce this sequen t to a mall axiom. (Recall

that mall lac ks an unrestricted w eak ening rule.) Other deductions attempting to

violate the quan ti�er ordering also fail. On the other hand, the deduction whic h

do es resp ect the order of the quan ti�er enco dings can b e p erformed as sho wn b elo w.

The quan ti�er enco ding for 9 X

1

pro vides the k ey q

1

for unlo c king the quan ti�er

enco ding of 8 X

2

.

` q

2

; q

?

2

I

.

.

.

` q

1

; x

1

; q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ; q

?

0


 [ M ]

g

; g

` q

1

P x

1

; q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ; q

?

0


 [ M ]

g

; g

P

` (( q

1

P x

1

) � ( q

1

P x

?

1

)) ; q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ; q

?

0


 [ M ]

g

; g

�




` q

2

; q

?

2


 (( q

1

P x

1

) � ( q

1

P x

?

1

)) ; q

?

1


 (( q

0

P x

2

)&( q

0

P x

?

2

)) ; q

?

0


 [ M ]

g

; g

The formal de�nition of the p olynomial time enco ding of QBF v alidit y in terms

of mall pro v abilit y is giv en in Section 2.3. In Section 2.4, w e demonstrate the

correctness of the enco ding.
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2.3 F ormal De�nition of the Enco ding

F or our purp ose, a Bo olean form ula is constructed from Bo olean v ariables using

the Bo olean connectiv es : and ^ . All quan ti�ed v ariables are assumed to o ccur in

the matrix. V ar ( M ) is the set of v ariables o ccurring in the Bo olean form ula M .

Ov erlined syn tactic v ariables suc h as X and Y range o v er sets of Bo olean v ariables.

The mall sequen t enco ding a QBF G is represen ted b y � ( G ). W e need to b e

careful ab out k eeping literals distinct. The annotation \ a new" in the de�nition

indicates that the literal a is a freshly c hosen one that has not b een used elsewhere

in the enco ding.

The sequen t � ( G ) consists of the enco ding of the QBF [ [ G ] ]

g

, where g lab els

the output signal, the k ey q

n

, and the output v alue g . The de�nition of [ [ G ] ]

g

constructs the quan ti�er enco dings b y induction on the length of the quan ti�er

pre�x. The de�nition of [ M ]

g

is b y induction on the structure of M , so that [ N ^ P ]

g

is constructed b y

� c ho osing the fresh lab els a and b for the outputs of subform ulas N and P ,

resp ectiv ely

� de�ning the relation b et w een a , b , and g b y and ( a; b; g )

� if needed, pro viding a cop ying form ula for eac h Bo olean v ariable common to

b oth N and P

� and recursiv ely constructing [ N ]

a

and [ P ]

b

T o b e precise, w e pro vide the follo wing de�nition of the enco ding.

De�nition 2.3

� ( G ) = ` q

n

; [ [ G ] ]

g

; g q

n

; g new

[ [( 8 X

i +1

: G )] ]

g

= ( q

?

i +1


 (( x

i +1

P q

i

)&( x

?

i +1

P q

i

))) ; [ [ G ] ]

g

q

i +1

new

[ [( 9 X

i +1

: G )] ]

g

= ( q

?

i +1


 (( x

i +1

P q

i

) � ( x

?

i +1

P q

i

))) ; [ [ G ] ]

g

q

i +1

new

[ [ M ] ]

g

= ( q

?

0


 [ M ]

g

) q

0

new

[ X ]

g

= ( x

?


 g ) � ( x 
 g

?

)

[ : N ]

g

= not ( a; g ) P [ N ]

a

a new

[ N ^ P ]

g

=

8

>

>

>

<

>

>

>

:

and ( a; b; g ) P

copy all ( V ar ( N ) \ V ar ( P )) P

[ N ]

a

P

[ P ]

b

a; b new; V ar ( N ) \ V ar ( P ) 6= ;

[ N ^ P ]

g

= and ( a; b; g ) P [ N ]

a

P [ P ]

b

a; b new; V ar ( N ) \ V ar ( P ) = ;

copy all ( X ) = P

X

i

2 X

copy ( x

i

)
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Note that the sequen t � ( G ) con tains no mall constan ts. The complexit y of

computing � ( G ) is at most quadratic in the size of G since the enco ding function is

de�ned inductiv ely o v er the structure of the form ula, and the in tersection op eration

can b e p erformed in linear time with a bit-v ector represen tation of sets, where the

length of eac h bit-v ector is the n um b er of distinct Bo olean v ariables o ccurring in

G . The cost of constructing the copy form ulas at eac h step in the recursion is also

linear in the size of G . The cost of eac h not and and form ula is �xed with resp ect

to the represen tation of the literals, and the literals can b e represen ted with a cost

that is logarithmic in the size of G .

The enco ding ma y b e computed in log-space, although the algorithm describ ed

ab o v e uses more than log-space, b ecause of the w ork space required to sa v e the set of

v ariables that m ust b e copied when enco ding a conjunction. The enco ding algorithm

could b e mo di�ed to mak e a n um b er of passes o v er the input to determine the

n um b er of o ccurrences of eac h v ariable and generate the required n um b er of copy

form ulas. Eac h pass w ould use only log-space, and the remainder of the algorithm

ma y b e p erformed in log-space.

2.4 Pro of of PSP A CE -hardness of MALL

The main theorem is that for an y closed QBF G , G is v alid if and only if � ( G ) is a

pro v able mall sequen t. The �rst set of lemmas demonstrates that the enco ding of

Bo olean form ulas w orks correctly . The second set of lemmas demonstrates that the

Bo olean quan ti�ers ha v e b een correctly enco ded.

If I is a truth v alue assignmen t for the Bo olean v ariables X

1

; : : : ; X

n

, then I is

enco ded as h I i , where

h I i = h X

1

i

I

; : : : ; h X

n

i

I

h X

i

i

I

=

(

x

?

i

if I ( X

i

) = T

x

i

; otherwise

If I is an assignmen t for a set of v ariables Y , and X � Y , then I = X is the

assignmen t I restricted to the subset X , and b y abuse of notation I = M is I =V ar ( M ).

The follo wing lemma is stated without pro of.

Lemma 2.4 Given sets of variables X and Y , and an assignment I for X [ Y ,

ther e is a de duction of the se quent ` h I i ; copy all ( X \ Y ) ; � fr om the se quent `

h I = X i ; h I = Y i ; � .

Lemma 2.5 L et M b e a Bo ole an formula and I an assignment for the variables in

M , then

1. if I j = M then ` h I i ; [ M ]

g

; g
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2. if I 6j = M then ` h I i ; [ M ]

g

; g

?

Pro of. By induction on the structure of M , as follo ws. The cases in the pro of

corresp ond closely to those in the de�nition of [ M ]

g

.

Base case: M � X . Supp ose I ( X ) = T , then I j = M and h I i = x

?

. The

follo wing pro of can then b e constructed, expanding the de�nition of [ M ]

g

` x

?

; x

I

` g

?

; g

I




` x

?

; ( x 
 g

?

) ; g

` x

?

; ( x

?


 g ) � ( x 
 g

?

) ; g

�

The case when I ( X ) = F is similarly straigh tforw ard.

Induction step: There are a n um b er of cases here corresp onding to the de�nition

of [ M ]

g

. W e consider a t ypical case and lea v e the remaining ones to the reader.

Let M � N ^ P , and supp ose that V ar ( N ) \ V ar ( P ) 6= ; . Consider the case

when I = N j = N and I =P 6j = P , so that I 6j = N ^ P . Expanding [ M ]

g

, and ( a; b; g ),

and using Lemma 2.4, the follo wing deduction can b e constructed.

` g ; g

?

I

.

.

.

` h I = N i ; [ N ]

a

; a

.

.

.

` h I =P i ; [ P ]

b

; b

?




` h I = N i ; h I =P i ; ( a 
 b

?

) ; [ N ]

a

; [ P ]

b




` h I = N i ; h I =P i ; ( a 
 b

?


 g ) ; [ N ]

a

; [ P ]

b

; g

?

�

` h I = N i ; h I =P i ; and ( a; b; g ) ; [ N ]

a

; [ P ]

b

; g

?

.

.

.

` h I i ; and ( a; b; g ) ; copy all ( V ar ( N ) \ V ar ( P )) ; [ N ]

a

; [ P ]

b

; g

?

` h I i ; and ( a; b; g ) P copy all ( V ar ( N ) \ V ar ( P )) P [ N ]

a

P [ P ]

b

; g

?

P

Applying the induction h yp othesis to I = N , N , and a , and to I =P , P , and b , w e

can establish that the remaining subgoals of the deduction are pro v able.

The remaining sub cases in the ev aluation of N ^ P are similar, as are the re-

maining cases in the induction argumen t.

The next step is to establish the con v erse of Lemma 2.5. The classical in terpre-

tation of the mall connectiv es ma y b e used to giv e a relativ ely easy pro of. In the

classical in terpretation, truth v alues, T and F , are assigned to the mall atoms, A

?

is read as classical negation, A 
 B and A & B are read as classical conjunction, and

A P B and A � B are read as classical disjunction. A sequen t is in terpreted as the

classical disjunction of the form ulas con tained in it.
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Lemma 2.6 If ` � is a pr ovable mall se quent, then for any assignment of truth

values to the atoms in � , ther e exists a formula A in the se quenc e � such that A is

true under the classic al interpr etation.

Pro of. The pro of is b y a straigh tforw ard induction on cut-free mall pro ofs.

Clearly , for axioms ` x; x

?

, one of x or x

?

m ust ev aluate to T in a giv en truth

assignmen t. In the induction case, supp ose that the last step in the pro of of � is a


 -rule of the form

.

.

.

` B ; �

1

.

.

.

` C ; �

2




` ( B 
 C ) ; �

1

; �

2

By the induction h yp othesis, the sequence B ; �

1

con tains a form ula A

1

, and the

sequence C ; �

2

con tains a form ula A

2

, and b oth A

1

and A

2

are true. If A

1

is

di�eren t from B , then A

1

o ccurs in the conclusion sequen t yielding the required

A , and similarly , when A

2

is di�eren t from C . Otherwise, the form ula ( B 
 C ) is

( A

1


 A

2

) and is hence true under the classical in terpretation of 
 as conjunction.

The induction argumen ts corresp onding to the other connectiv es are similar.

The main in tuition b ehind Lemma 2.7 is that b y appropriately assigning truth

v alues to the literals in h I i and [ M ]

g

, it is p ossible to mimic the ev aluation of the

Bo olean form ula M under I . Due to our use of one-sided sequen ts and the form

of our enco ding, there is exactly one truth v alue falsifying eac h form ula in h I i and

[ M ]

g

. This assignmen t turns out b e the appropriate one, i.e., the v alue of g under

this assignmen t is T exactly when I j = M . F or example, if I is f X  F g and M is

: X , then h I i is x

?

and [ M ]

g

is ( x 
 g ) � ( x

?


 g

?

). The only falsifying assignmen t

here is f x  F ; g  T g .

Lemma 2.7 L et M b e a Bo ole an formula and I b e an assignment for the variables

in M . Ther e exists an assignment K of truth values to the atoms in h I i and [ M ]

g

such that for every formula A in the se quenc e h I i ; [ M ]

g

, assignment K falsi�es A

under the classic al interpr etation, and K ( g ) = T i� I j = M .

Pro of. The pro of is b y induction on the construction of [ M ]

g

. Note that the

induction is parametric in I and g ( I and g are univ ersally quan ti�ed in the induction

h yp othesis), so that when M � ( N ^ P ), the induction h yp othesis on N has I = N

replacing I and a replacing g , where a lab els the output of N .

Base case: M � X . Then [ M ]

g

= ( x

?


 g ) � ( x 
 g

?

). If I j = X , then I ( X ) = T

and h I i = x

?

, and h I i is falsi�ed if K assigns T to x . [ M ]

g

is falsi�ed if K assigns

T to g , and the second part of the conclusion, K ( g ) = T also follo ws. If I 6j = X ,

then I ( X ) = F . Let K assign F to x and F to g to falsify b oth h I i and [ M ]

g

. Then

K ( g ) = F as required.
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Induction step: Observ e �rst that the form ula copy ( x ) de�ned as ( x 
 ( x

?

P x

?

)) �

( x

?


 ( x P x )) is classically false.

When M � : N , the enco ding [ M ]

g

is not ( a; g ) ; [ N ]

a

. By the induction

h yp othesis, w e ha v e an assignmen t K

1

falsifying h I i ; [ N ]

a

suc h that K

1

( a ) = T

i� I j = N . Supp ose K

1

( a ) = T , and hence I j = N . The form ula not ( a; g ) is

( a 
 g ) � ( a

?


 g

?

). Let K b e K

1

f g  F g . Since g do es not o ccur in h I i or [ N ]

a

,

K agrees with K

1

on h I i ; [ N ]

a

. The assignmen t K also falsi�es not ( a; g ), th us

falsifying h I i ; [ M ]

g

. Note that K ( g ) = F as required, since I 6j = M .

If K

1

( a ) = F , then I 6j = N . Letting K b e K

1

f g  T g falsi�es h I i ; [ M ]

g

.

When M � ( N ^ P ), then b y the induction h yp otheses for N and P , there exists

1. K

1

falsifying h I = N i ; [ N ]

a

suc h that K

1

( a ) = T i� I = N j = N , and

2. K

2

falsifying h I =P i ; [ P ]

b

suc h that K

2

( a ) = T i� I =P j = P

The enco ding h I i is a sequence of literals suc h that no t w o distinct literals in h I i

share a common atom. Since h I = N i and h I =P i are subsets of h I i , there is no literal x

suc h that x is in h I = N i and x

?

is in h I =P i . F orm ulas [ N ]

a

and [ P ]

b

ha v e no atoms in

common outside of those in h I i . Then the union of the assignmen ts K

1

[ K

2

, is still

an assignmen t, i.e., it assigns a unique truth v alue to eac h atom in h I i ; [ N ]

a

; [ P ]

b

.

Supp ose that K

1

( a ) = T , and hence I = N j = N , and K

2

( b ) = F , so that I =P 6j = P .

Let K b e ( K

1

[ K

2

) f g  F g . Note that g do es not o ccur in h I i , [ N ]

a

or [ P ]

b

so

that K agrees with K

1

on [ N ]

a

and with K

2

on [ P ]

b

. Eac h disjunct in and ( a; b; g )

expanded as

( a 
 b 
 g

?

) �

( a

?


 b

?


 g ) �

( a 
 b

?


 g ) �

( a

?


 b 
 g )

is falsi�ed b y K . As already observ ed, the copy form ulas are all classically false,

and th us K falsi�es h I i ; [ M ]

g

. Since in this case, I 6j = N ^ P , the second part of the

conclusion is also satis�ed.

The remaining cases are similar.

Lemma 2.8 If I is an assignment for the variables in a given Bo ole an formula M ,

then

1. if ` h I i ; [ M ]

g

; g is pr ovable, I j = M

2. if ` h I i ; [ M ]

g

; g

?

is pr ovable, I 6j = M .

Pro of. By Lemma 2.6, w e kno w that if ` h I i ; [ M ]

g

; g is pro v able, then no assign-

men t can sim ultaneously falsify h I i , [ M ]

g

, and g under the classical in terpretation.
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By Lemma 2.7, w e can �nd an assignmen t K whic h falsi�es h I i and [ M ]

g

suc h that

K ( g ) = T i� I j = M . Since K cannot also falsify g , K ( g ) = T and hence I j = M .

Similarly , when ` h I i ; [ M ]

g

; g

?

is pro v able, w e can, b y Lemmas 2.7 and 2.6, �nd

an assignmen t K suc h that K ( g ) = F and as a consequence, I 6j = M .

Lemma 2.9 ` h I i ; [ M ]

g

; g is pr ovable i� I j = M .

Pro of. F ollo ws immediately from Lemmas 2.5 and 2.8.

So far, w e ha v e demonstrated the correctness of the enco ding of the Bo olean

matrix of a giv en quan ti�ed Bo olean form ula. The remainder of the pro of deals

with the enco ding of Bo olean quan ti�ers. The next lemma states the crucial reason

wh y the mall enco ding of quan ti�ers is faithful to the quan ti�er orderings. As

observ ed in Section 2.2.2, the goal is to ensure that in an y successful pro of searc h,

the i th quan ti�er enco ding is reduced after, i.e, ab o v e, the reduction of the ( i + 1)st

quan ti�er enco ding in an y cut-free pro of. T o ac hiev e this, w e need to argue that

the k ey q

i

needed to unlo c k the i th quan ti�er enco ding is only made a v ailable when

the ( i + 1)st quan ti�er enco ding has b een reduced. In order for the i th quan ti�er

enco ding, whic h has the form q

?

i


 U

i

, to b e reduced b efore the ( i + 1)st quan ti�er

enco ding, a subgoal of the form ` q

?

i

; � w ould ha v e to b e pro v able. The only

o ccurrences of q

i

are in the subform ula U

i +1

giv en b y ( q

i

P x

i +1

) � ( q

i

P x

?

i +1

), where

� ma y b e either � or &. If U

i +1

o ccurs in �, then the only o ccurrences of q

i

in �

are as immediate argumen ts to a P . By exploiting the absence of an unrestricted

w eak ening rule in mall , it can b e sho wn that in the absence of constan ts, ` q

?

i

; � is

not pro v able when all of the o ccurrences of q

i

in � app ear as immediate argumen ts

to P . Therefore, regardless of whether U

i +1

o ccurs in �, the sequen t ` q

?

i

; � w ould

not b e pro v able, th us making it imp ossible to reduce the i th quan ti�er enco ding

b elo w the ( i + 1)st quan ti�er enco ding in a cut-free pro of.

Lemma 2.10 If q is a p ositive or ne gative liter al and the se quent ` q ; � c ontains

no c onstants, then ` q ; � is pr ovable only if either � � q

?

or � c ontains at le ast one

o c curr enc e of a subformula either of the form q

?

� A , or the form A � q

?

, wher e �

may b e either � , & , or 
 .

Pro of. W e �x � to b e either � , &, or 
 for this pro of. The pro of is b y induction

on cut-free mall pro ofs of ` q ; �. In the base case, for a cut-free pro of of depth 0,

the sequen t ` q ; � m ust b e a mall axiom, and � � q

?

holds.

In the induction step, when in the giv en cut-free pro of of ` q ; �, the conclusion

sequen t is deriv ed b y an application of either a 
 , & or a � rule, then at least one

premise m ust b e of the form ` q ; �. W e kno w b y the induction h yp othesis for the

pro of of ` q ; �, either � = q

?

or � either con tains a subform ula of the form q

?

� A ,

or the form A � q

?

. In either case, � con tains one of the forms, q

?

� A or A � q

?

.
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If in the cut-free pro of of ` q ; �, the conclusion sequen t is deriv ed b y an appli-

cation of the P rule, the premise sequen t m ust b e of the form ` q ; �, where � is

not a single form ula, Then b y the induction h yp othesis on the pro of of ` q ; �, the

sequence � m ust con tain one of the forms, q

?

� A or A � q

?

. Since ev ery subform ula

of � is a subform ula of � as w ell, � m ust also con tain one of the forms q

?

� A or

A � q

?

.

The follo wing lemma demonstrates the correctness of the mall enco ding of

Bo olean quan ti�ers. Eac h Q

i

in the statemen t b elo w is either 8 or 9 .

Lemma 2.11 (Main Induction) L et M b e a Bo ole an formula in the variables

X

1

; : : : ; X

n

, then for any m , 0 � m � n , and assignment I for X

m +1

; : : : ; X

n

, the r e-

lation I j = Q

m

X

m

: : : Q

1

X

1

: M holds i� the se quent ` q

m

; h I i ; [ [ Q

m

X

m

: : : Q

1

X

1

: M ] ]

g

; g

is pr ovable in mall .

Pro of. The pro of is b y induction on m b et w een 0 and n . Note that I is univ ersally

quan ti�ed in the induction h yp othesis.

Base case ) : Here m = 0. Then [ [ M ] ]

g

� q

?

0


 [ M ]

g

, and w e can easily construct

the follo wing deduction of the required conclusion ` q

0

; h I

0

i ; [ [ M ] ]

g

; g .

` q

0

; q

?

0

I

.

.

.

` h I i ; [ M ]

g

; g




` h I i ; q

0

; q

?

0


 [ M ]

g

; g

The pro of of the remaining subgoal ` h I i ; [ G ]

g

; g , follo ws from Lemma 2.5.

Base case ( : The deduction sho wn ab o v e is the only p ossible one in a cut-free

pro of of ` h I i ; q

0

; q

?

0


 [ M ]

g

; g since q

?

0


 [ G ] is the only comp ound form ula in the

conclusion. So if ` h I i ; q

0

; q

?

0


 [ M ]

g

; g is pro v able, b y Theorem 2.1, it m ust ha v e a

cut-free pro of con taining a pro of of ` h I i ; [ M ]

g

; g . By Lemma 2.8, w e get I j = M .

Induction step ) : Assume 0 < m � n . Let G abbreviate Q

m � 1

X

m � 1

: : : Q

1

X

1

: M .

W e m ust pro v e the lemma for Q

m

X

m

G . If Q

m

� 9 , then

[ [ Q

m

X

m

: G ] ]

g

= ( q

?

m


 (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

))) ; [ [ G ] ]

g

If I j = 9 X

m

: G , then either I ; X

m

j = G or I ; : X

m

j = G . In the former case, the

follo wing deduction of the required conclusion can b e constructed.

` q

m

; q

?

m

I

.

.

.

` h I i ; x

?

m

; q

m � 1

; [ [ G ] ]

g

; g

` h I i ; (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

)) ; [ [ G ] ]

g

; g

�




` h I i ; q

m

; ( q

?

m


 (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

))) ; [ [ G ] ]

g

; g
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Since h I ; X

m

i = h I i ; x

?

m

, the induction h yp othesis can b e applied to sho w that the

remaining subgoal of the ab o v e deduction is pro v able.

When I ; : X

m

j = G , the pro of construction only di�ers from the ab o v e one on

the � rule corresp onding to the quan ti�er enco ding.

If Q

m

� 8 , then

[ [ 8 X

m

: G ] ]

g

= ( q

?

m


 (( x

m

P q

m � 1

)&( x

?

m

P q

m � 1

))) ; [ [ G ] ]

g

Since I j = 8 X

m

: G , it follo ws that I ; X j = G and I ; : X j = G . The follo wing deduction

can b e constructed.

` q

m

; q

?

m

I

.

.

.

` h I i ; x

m

; q

m � 1

; [ [ G ] ]

g

; g

.

.

.

` h I i ; x

?

m

; q

m � 1

; [ [ G ] ]

g

; g

&

` h I i ; (( x

m

P q

m � 1

)&( x

?

m

P q

m � 1

)) ; [ [ G ] ]

g

; g




` h I i ; q

m

; ( q

?

m


 (( x

m

P q

m � 1

)&( x

?

m

P q

m � 1

)) ; [ [ G ] ]

g

; g

Since h I ; X

m

i is h I i ; x

?

m

and h I ; : X

m

i is h I i ; x

m

, the t w o remaining subgoals in the

deduction are pro v able b y the induction h yp otheses.

Induction step ( : This is the critical step in the pro of. W e are giv en that m > 0

and that the conclusion sequen t ` q

m

; h I i ; [ [ Q

m

X

m

: : : Q

1

X

1

: M ] ]

g

; g is pro v able. The-

orem 2.1 can b e applied to construct a cut-free pro of of ` q

m

; h I i ; [ [ Q

m

X

m

: : : Q

1

X

1

: M ] ]

g

; g .

W e sho w that this cut-free pro of resp ects the quan ti�er ordering, i.e., the reduction

of the enco ding of Q

m

X

m

o ccurs b elo w an y other step in the pro of.

It is easy to see that ev ery form ula in the m ultiset [ [ Q

m

X

m

: : : Q

1

X

1

: M ] ]

g

is of the

form q

?

i


 A

i

, for 0 � i � m , with A

0

� [ M ]

g

, and A

j +1

� (( x

j +1

P q

j

) � ( x

?

j +1

P q

j

)).

The connectiv e written as � can b e either & or � . The form ulas q

?

i


 A

i

are the only

comp ound form ulas in the conclusion sequen t ` q

m

; h I i ; [ [ Q

m

X

m

: : : Q

1

X

1

: M ] ]

g

; g .

F rom the mall rules, it is clear that the only applicable reduction in a cut-free

pro of searc h w ould b e an application of the 
 -rule. Hence for some k , w e can

partition the form ulas other than q

?

k


 A

k

in the conclusion sequen t in to � and �

to get a deduction of the conclusion sequen t of the follo wing form.

.

.

.

` � ; q

?

k

.

.

.

` A

k

; �




` � ; ( q

?

k


 A

k

) ; �

Supp ose for the sak e of deriving a con tradiction that k < m . Recall that there

are no constan ts in the enco ding. The form ula q

?

k +1


 A

k +1

m ust either o ccur in �

or �, and de�nitely not in b oth. Since the only o ccurrences of q

k

are within A

k +1

,

b y Lemma 2.10, if q

?

k +1


 A

k +1

o ccurs in �, then w e cannot complete the pro of
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` q

k

; �. Th us w e assume q

?

k +1


 A

k +1

o ccurs in �. It is easy to see b y insp ection

of the form of A

k +1

that the only o ccurrences of q

k

in A

k +1

ha v e the form q

k

� B

or the form B � q

k

, where � is either � , &, or 
 . Therefore, again b y Lemma 2.10,

` q

?

k

; � is not pro v able.

Th us it follo ws that k 6< m .

When k = m , w e can apply Lemma 2.10 to infer that � � q

m

, since otherwise,

� w ould not con tain an y o ccurrences of q

m

as immediate argumen ts to 
 , & or � .

If Q

m

� 9 , this yields the deduction

` q

m

; q

?

m

I

.

.

.

` h I i ; (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

)) ; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g




` h I i ; q

m

; ( q

?

m


 (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

)) ; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g

F or the same reason as b efore, the remaining subgoal cannot b e reduced b y applying

the 
 -rule to a form ula q

?

i


 A

i

since all of the o ccurrences of q

i

remain as immediate

argumen ts to P . The only p ossible reduction then is to \un wind" the quan ti�er

enco ding for Q

m

X

m

as in the ( ( ) direction of the pro of un til q

m � 1

is in tro duced as

a sequen t form ula. If the left � reduction is applied in the giv en cut-free pro of, w e

ha v e

.

.

.

` h I i ; x

m

; q

m � 1

; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g

` h I i ; ( x

m

P q

m � 1

) ; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g

P

` h I i ; (( x

m

P q

m � 1

) � ( x

?

m

P q

m � 1

)) ; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g

�

Then b y the induction h yp othesis applied to the pro of of the sequen t

` h I i ; x

m

; q

m � 1

; [ [ Q

m � 1

X

m � 1

: : : Q

0

X

0

: M ] ]

g

; g

w e get I ; : X

m

j = Q

m � 1

X

m � 1

: : : Q

0

X

0

: M , and hence I j = 9 X

m

Q

m � 1

X

m � 1

: : : Q

0

X

0

: M .

The argumen t is similar when the righ t � reduction is applied in the giv en

cut-free pro of.

The pro of when Q

m

� 8 is also similar.

When m = n in Lemma 2.11, it follo ws that a closed QBF G is v alid i� � ( G ) is

pro v able in mall . Since � is a log-space enco ding of a giv en QBF, the �nal result

b elo w follo ws immediately from Theorems 2.11 and 2.2.

Theorem 2.12 mall pr ovability is psp a ce -c omplete.

With t w o-sided sequen ts, the in tuitionistic fragmen t of mall constrains the

righ t-hand side of the sequen t to con tain at most one form ula. A t w o-sided re-

form ulation of the ab o v e pro of could b e carried out en tirely within the in tuitionistic

fragmen t of mall , sho wing that in tuitionistic mall is also psp a ce -complete.



Chapter 3

Prop ositional Linear Logic is

Undecidable

In the previous c hapter, the decision problem for mall w as sho wn to b e psp a ce -

complete. W e no w sho w that if nonlogical ( mall ) axioms are added to mall , the

decision problem b ecomes recursiv ely unsolv able. W e also sho w that nonlogical

mall axioms ma y b e enco ded in full prop ositional linear logic without nonlogical

axioms, and th us w e ha v e the result that full prop ositional linear logic is undecidable.

The pro of of undecidabilit y consists of a reduction from the halting problem for

a form of coun ter mac hine to a decision problem in linear logic. In more detail,

w e b egin b y extending prop ositional linear logic with theories whose (nonlogical)

axioms ma y b e used an y n um b er of times in a pro of. W e then describ e a form of

and -branc hing t w o-coun ter mac hine with an undecidable halting problem and sho w

ho w to enco de these mac hines in prop ositional linear logic with theories. Since the

axioms of our theories m ust ha v e a sp ecial form, w e are able to sho w the faithfulness

of this enco ding using a natural form of cut-elimination in the presence of nonlogical

axioms. T o illustrate the enco ding of t w o-coun ter mac hines, w e presen t an example

sim ulation of a simple computation in Section 3.6. On �rst reading, the reader

ma y wish to jump ahead to that section since it demonstrates the basic mec hanism

used in the undecidabilit y pro of. Also, the crucial cut-standardization step used in

this section relies hea vily on the cut-elimination pro cedure for linear logic without

nonlogical axioms, �rst sk etc hed b y Girard in [Gir87a ]. W e giv e a v ery explicit

pro of of cut-elimination for full prop ositional linear logic in App endix A, whic h

some readers ma y �nd helpful to skim b efore con tin uing.

The k ey to our enco ding of an undecidable problem in linear logic is the com bi-

nation of three p o w erful mec hanisms: resource accum ulation, arbitrary reuse, and

and-branc hing. In linear logic, ` A; A is v ery di�eren t from ` A , and this allo ws

us to represen t coun ters in unary . Inde�nitely reusable form ulas suc h as ?( B � � C ),

25
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(or axioms of the form ` B

?

; C ) ma y b e used to implemen t mac hine instructions.

Note that the ? op erator is used here to indicate a reusable resource, since w e are

w orking with one-sided sequen ts. If w e w ere to express an axiom as a form ula on

the left-hand side of the ` in a t w o-sided presen tation of linear logic, w e w ould use

! to express the unlimited p oten tial for reuse of instructions.

The op erator & ma y b e used to test a conjunction of prop erties of the sim ulated

mac hine, suc h as whether a coun ter is zero, and if the rest of the computation

can con tin ue normally . T ogether this mac hinery is enough to enco de recursiv ely

unsolv able problems in linear sequen ts.

3.1 Ov erview

� W e de�ne linear logic theories, and pro v e a cut-standardization theorem for

linear logic augmen ted with theories in Lemma 3.1.

� W e pro v e theories are sound and faithful to a pure linear logic translation in

Lemmas 3.3 and 3.2.

� W e describ e and-branc hing t w o coun ter mac hines, and note that their halting

problem is unsolv able b y reduction from standard t w o coun ter mac hines in

Lemma 3.4.

� W e demonstrate an enco ding of our automata in to linear logic theories, and

pro v e that the enco ding is sound and faithful in Lemmas 3.5 and 3.6.

� W e presen t an example computation, sho wing the corresp ondence b et w een the

automaton and the (standardized) linear logic pro of.

� W e com bine these lemmas to obtain our main result in Theorem 3.7.

3.2 Linear Logic Augmen ted With Theories

Essen tially , a theory is a set of nonlogical axioms (sequen ts) that ma y o ccur as lea v es

of a pro of tree. The use of theories describ ed here is an extension of earlier w ork on

m ultiplicativ e theories [GG89 , MOM89 ].

W e de�ne a p ositive literal to b e one of the giv en prop ositional sym b ols p

i

. A

ne gative literal is one of the p

?

i

sym b ols. An atomic form ula is an y p ositiv e or

negativ e literal.

F or the theories of in terest here, an axiom ma y b e an y linear logic sequen t of the

form ` C ; p

?

i

1

; p

?

i

2

; :::; p

?

i

n

, where C is a mall form ula (a linear logic form ula without !

or ?) and the remainder of the sequen t is made up of negativ e literals. F or example,

the sequen ts ` p

1

; p

?

2

, ` ( p

1


 p

2

) ; p

?

2

, ` ( p

1

P p

1

), and ` p

?

1

; p

?

2

ma y all b e axioms.
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Ho w ev er, ` p

1

; p

1

and ` ( p

1


 p

2

) ; p

3

ma y not b e axioms. W e use this restriction on

axioms to ac hiev e strict con trol o v er the shap e of a pro of, as describ ed in Lemma 3.1.

Some of this con trol is lost if the de�nition of theory is generalized, although for

some applications the w eak er a v ailable results w ould b e su�cien t.

An y �nite set of axioms is a the ory . W e consider only �nite theories so that

theories ma y b e enco ded as form ulas of linear logic. F or an y theory T , w e sa y that

a sequen t ` � is pro v able in T exactly when w e are able to deriv e ` � using the

standard set of linear logic pro of rules, in com bination with axioms from T . Th us

eac h axiom of T is treated as a reusable sequen t whic h ma y o ccur as a leaf of a

pro of tree. F or notational con v enience, in the case that the axiom ` � o ccurs in the

theory T , w e will write

` �

T

A dir e cte d cut is one where at least one premise is an axiom ` C ; p

?

i

1

; p

?

i

2

; :::; p

?

i

n

in

T , and C is the cut-form ula in that axiom. W e call an y axiom premise of a directed

cut where the cut-form ula in that axiom is not a negativ e literal a princip al axiom of

that directed cut. By de�nition, all directed cuts ha v e at least one principal axiom.

A cut b et w een t w o axioms is alw a ys directed, and if the cut-form ula of suc h a cut

is non-atomic, that cut has t w o principal axioms. A dir e cte d or standar dize d pro of

is a pro of with all cuts directed.

When theories are added to linear logic the cut-elimination Theorem A.3 no

longer holds, due to the added axioms whic h ma y participate directly in cuts. Ho w-

ev er, w e do obtain the follo wing result:

Lemma 3.1 (Cut Standardization) If ther e is a pr o of of ` � in the ory T ,

then ther e is a dir e cte d pr o of of ` � in the ory T .

Pro of. W e mo dify the cut-elimination pro cedure de�ned in App endix A in

t w o w a ys. First w e alter the de�nition of degree to ignore the measure of directed

cuts. F ormally , w e sa y that if a cut is directed, its degree is zero. Second, w e mo dify

the pro cedure giv en in Lemma A.1 to handle the extra cases brough t ab out b y the

presence of axioms. W e m ust allo w all the reductions as stated in App endix A to

apply to the case when one of the premises is an axiom, but w e need not in tro duce

an y truly no v el reductions.

W e will follo w the notation used in App endix A, where Cut � is used to am bigu-

ously refer to the Cut rule or the extra rule of inference in tro duced in the app endix

called Cut ! . Also, w e will de�ne all the form ulas whic h app ear in an axiom to b e

principal in that application of the axiom.

In App endix A most of the reductions are giv en for some sp eci�c deriv ation

v ersus an y p ossible deriv ation. F or example, all the non-principal cases are stated

for an y deriv ation of the \other" h yp othesis of Cut � . Similarly , the Iden tit y and >
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rules are stated for an y deriv ation of the \other" h yp othesis. W e simply no w state

that ev en if the other deriv ation in v olv es an axiom, the reduction still applies.

F or example, if the last rule applied in the left h yp othesis is 
 , and the last rule

in the righ t h yp othesis is an axiom, w e apply the follo wing transformation:

.

.

.

` � ; C

.

.

.

` B ; � ; p

i




` � ; ( C 
 B ) ; � ; p

i

` � ; p

?

i

T

Cut

` � ; ( C 
 B ) ; � ; �

= )

.

.

.

` � ; C

.

.

.

` B ; � ; p

i

` � ; p

?

i

T

Cut

` B ; � ; �




` � ; ( C 
 B ) ; � ; �

This is simply a sp ecial case of the reduction giv en in case A.1.1 in App endix A.

Also, as a second example, the reduction giv en for Iden tit y is applicable ev en to

the axiom case:

` p

i

; p

?

i

I

` � ; p

?

i

T

Cut

` � ; p

?

i

= ) ` � ; p

?

i

T

Again, this is simply a sp ecial case of the reduction giv en in App endix A.

As a third and �nal example of sp ecializations of reductions giv en in the ap-

p endix, the > rule also applies to axioms:

` > ; � ; p

i

>

` � ; p

?

i

T

Cut

` > ; � ; �

= ) ` > ; � ; �

>

This is also simply a sp ecial case of the reduction giv en in the app endix.

No w, some simple analysis is required to sho w that there are no new cases of

principal cuts in v olving axioms. If the cut in question is already directed, the cut

has degree zero, b y our mo di�ed de�nition, and th us w e are done. Otherwise,

b y de�nition of axiom w e kno w that the cut-form ula is a negativ e atomic literal.

There are only t w o rules where an atomic literal ma y b e principal: Iden tit y and > .

Ho w ev er, b oth of these cases are handled b y existen t reductions (restated ab o v e).

One should also note that since an y cut in v olving t w o axioms m ust b e directed, w e

needn't pro vide a reduction for that case.

This completes the discussion of the mo di�cations to Lemma A.1 necessary to

handle nonlogical axioms. F ortunately , Lemma A.2 and Theorem A.3 then follo w

without mo di�cation (although the de�nition of degree has c hanged somewhat).

Therefore, giv en an y pro of of a sequen t ` � in theory T , w e can construct a

directed pro of of ` � in theory T .

The cut-elimination pro cedure in App endix A in tro duces a new rule of inference

called Cut ! . If w e generalized axioms to allo w ? and ! form ulas in axioms, w e w ould

ha v e to generalize the notion of directed pro of to include cases in v olving Cut !, and
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a p ost pro cessing step w ould b e required to transform all directed Cut ! s in to a

sequence of con tractions follo w ed b y a single directed Cut , or p erhaps simply in to

a sequence of Cut s. In an y ev en t, our axioms are restricted to mall form ulas so

that an y cut in v olving an axiom is alw a ys an application of Cut , nev er of Cut !.

3.3 Co ding Theories in F orm ulas

In the next few sections, w e sho w that adding nonlogical axioms to mall increases

the di�cult y of deciding if a sequen t is pro v able from psp a ce to undecidable. Ho w-

ev er, w e �rst sho w that adding nonlogical axioms to full prop ositional linear logic

do es not increase its expressiv e p o w er, or the di�cult y of its decision problem. T o

accomplish this w e sho w ho w to enco de nonlogical axioms in full prop ositional linear

logic, and then pro v e that the translation is sound and faithful.

W e de�ne the translation [ T ] of a theory T with k axioms in to a m ultiset of pure

linear logic form ulas b y

[ f t

1

; t

2

; � � � ; t

k

g ] =?[ t

1

] ; ?[ t

2

] ; � � � ; ?[ t

k

]

where [ t

i

] is de�ned for eac h axiom t

i

as follo ws:

[ ` C ; p

?

a

; p

?

b

; :::; p

?

z

]

�

= ( C P p

?

a

P p

?

b

P � � � P p

?

z

)

?

= ( C

?


 p

a


 p

b


 � � � 
 p

z

)

Note that the p

?

j

's are negativ e literals, and that since linear logic is comm utativ e,

w e needn't b e concerned with the order of form ulas in an axiom. Th us eac h axiom

b ecomes a reusable form ula, where the parit y of the subform ulas of the axiom ha v e

b een in v erted in the form ula.

In tuitiv ely , it should b e clear that for an y theory T , the sequen t ` � should b e

pro v able in theory T if and only if ` [ T ] ; � is pro v able without nonlogical axioms.

Ho w ev er, due to the un usual nature of linear logic, w e will presen t the pro of in

detail.

Lemma 3.2 (Theory ) ) F or any �nite set of axioms T , ` � is pr ovable in

the ory T only if ` [ T ] ; � is pr ovable without nonlo gic al axioms.

Pro of. Giv en some pro of of ` � in theory T , w e ha v e a linear logic pro of tree

with axioms of T at some lea v es. F or eac h leaf of the pro of tree of the form ` �,

where ` � is some axiom t

i

, w e replace that leaf with a small pro of of ` [ T ] ; �.

This pro of tree will b e constructed from the pro of tree for ` [ t

i

] ; �, and then one

application of dereliction lea v es us with ` ?[ t

i

] ; �. Since eac h form ula in [ T ] b egins

with ?, w e ma y w eak en in the remainder of [ T ], and th us with some n um b er of

w eak ening steps w e ha v e ` [ T ] ; �. F or example, if there are k axioms, and ` � is
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the axiom t

1

= ` q

?

1

; ( q

2


 a ), then w e kno w [ t

1

] = q

1


 ( q

?

2

P a

?

). W e then p erform

the follo wing transformation:

` q

?

1

; ( q

2


 a )

T

= )

` q

1

; q

?

1

I

` q

?

2

; q

2

I

` a

?

; a

I




` q

?

2

; ( q

2


 a ) ; a

?

` ( a

?

P q

?

2

) ; ( q

2


 a )

P




` q

?

1

; q

1


 ( q

?

2

P a

?

) ; ( q

2


 a )

? D

` q

?

1

; ?[ t

1

] ; ( q

2


 a )

` ?[ t

1

] ; ?[ t

2

] ; q

?

1

; ( q

2


 a )

? W

? W

.

.

.

` ?[ t

1

] ; ?[ t

2

] ; ::: ?[ t

k � 1

] ; q

?

1

; ( q

2


 a )

? W

? W

` [ T ] ; q

?

1

; ( q

2


 a )

F or eac h leaf sequen t whic h w as originally an application of iden tit y , w e w eak en

in all the ?[ t

i

] form ulas:

` p

i

; p

?

i

I

= )

` p

i

; p

?

i

I

` ?[ t

1

] ; p

i

; p

?

i

? W

` ?[ t

1

] ; ?[ t

2

] ; p

i

; p

?

i

? W

? W

.

.

.

` ?[ t

1

] ; ?[ t

2

] ; ::: ?[ t

k � 1

] ; p

i

; p

?

i

? W

? W

` [ T ] ; p

i

; p

?

i

W e then con tin ue b y adding [ T ] to ev ery sequen t in the en tire pro of tree. A t

ev ery application of 
 and Cut , w e extend the pro of tree with an extra cop y of the

conclusion sequen t of the binary rule, to whic h w e add an extra cop y of [ T ]. Then

w e extend the pro of further, adding one con traction step for eac h ?[ t

i

] b et w een that

sequen t and the original conclusion of that binary rule.

.

.

.

` � ; A

.

.

.

` B ; �




` � ; ( A 
 B ) ; �

= )

.

.

.

` [ T ] ; � ; A

.

.

.

` [ T ] ; B ; �




` [ T ] ; � ; ( A 
 B ) ; � ; [ T ]

? C

.

.

.

` [ T ] ; � ; ( A 
 B ) ; �

? C

Th us w e ha v e giv en a construction whic h builds a pro of of ` [ T ] ; � without an y

nonlogical axioms from a giv en pro of of ` � using axioms from T .
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Lemma 3.3 (Theory ( ) F or any �nite set of axioms T , ` � is pr ovable in

the ory T if ` [ T ] ; � is pr ovable without nonlo gic al axioms.

Pro of. F or eac h axiom t

i

� ` C ; p

?

a

; p

?

b

; :::; p

?

z

, w e ma y pro v e !([ t

i

]

?

) �

!( C P p

?

a

P p

?

b

P � � � P p

?

z

) b y sev eral applications of P and one application of !S ,

as follo ws.

` C ; p

?

a

; p

?

b

; � � � ; p

?

z

P

T

` ( C P p

?

a

) ; p

?

b

; � � � ; p

?

z

P

` ( C P p

?

a

P p

?

b

) ; � � � ; p

?

z

P

.

.

.

` ( C P p

?

a

P p

?

b

P � � � P p

?

z

)

! S

P

` !( C P p

?

a

P p

?

b

P � � � P p

?

z

)

By cutting this pro of against a giv en pro of of ` [ T ] ; �, w e obtain a pro of of `

[ T � f t

i

g ] ; �, where T � f t

i

g is the m ultiset di�erence of T and f t

i

g .

.

.

.

` !([ t

1

]

?

)

.

.

.

` !([ t

2

]

?

)

.

.

.

` !([ t

k

]

?

)

.

.

.

` [ T ] ; �

Cut

` [ f t

1

; � � � ; t

k � 1

g ]�

.

.

.

` ?([ t

1

]) ; ?([ t

2

]) ; �

Cut

` ?([ t

1

]) ; �

Cut

` �

Th us b y induction on the n um b er of axioms, w e can deriv e ` � in theory T .

W e ha v e just sho wn ho w a decision problem for mall with the addition of non-

logical axioms ma y b e enco ded in full prop ositional linear logic without nonlogical

axioms. Th us the up coming pro of of undecidabilit y of mall with nonlogical axioms

will yield undecidabilit y for full prop ositional linear logic.

3.4 And-Branc hing Tw o Coun ter Mac hines Without

Zero-T est

In this section w e describ e nondeterministic t w o coun ter mac hines with and -branc hing

but without a zero-test instruction. W e sho w that these mac hines ha v e a recursiv ely

unsolv able halting problem, and then w e will sho w ho w the halting problem for these

mac hines ma y b e enco ded as a decision problem in mall , with nonlogical axioms

corresp onding to the mac hine instructions.
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The mac hines describ ed here are similar to standard t w o coun ter mac hines except

for the lac k of an explicit zero test transition, and the addition of \fork" transitions.

In tuitiv ely , Q

i

F or k Q

j

; Q

k

is an instruction whic h allo ws a mac hine in state Q

i

to

con tin ue computation from b oth states Q

j

and Q

k

, eac h computation con tin uing

with the curren t coun ter v alues. F or brevit y in the follo wing pro ofs, w e emphasize

two coun ter mac hines. Ho w ev er, there is no in trinsic reason to restrict the mac hines

to t w o coun ters. All of our argumen ts and results generalize easily to N coun ters,

for N � 2. F ormally , an A nd-Br anching Two Counter Machine Without Zer o-T est ,

or a cm for short, is giv en b y a �nite set Q of states, a �nite set � of transitions, and

distinguished initial and �nal states, Q

I

and Q

F

, as describ ed b elo w.

An instantane ous description , or ID , of an a cm M is a �nite list of ordered

triples h Q

i

; A; B i , where Q

i

2 Q , and A and B are natural n um b ers, eac h corre-

sp onding to a c ounter of the mac hine. In tuitiv ely , a list of triples represen ts a set

of mac hine con�gurations. One ma y think of an a cm state as some sort of parallel

computation whic h terminates successfully only if all its concurren t computation

fragmen ts terminate successfully .

W e de�ne the ac c epting triple as h Q

F

; 0 ; 0 i . W e also de�ne an ac c epting ID as

an y ID where ev ery elemen t of the ID is the accepting triple. That is, ev ery and-

branc h of the computation has reac hed an accepting triple. W e sa y that an a cm M

ac c epts fr om an ID s if and only if there is some computation from s to an accepting

ID. It is essen tial for our enco ding in linear logic that b oth coun ters b e zero in all

elemen ts of an accepting ID.

The set � ma y con tain transitions of the follo wing form:

( Q

i

Incremen t A Q

j

) taking

h Q

i

; A; B i to h Q

j

; A + 1 ; B i

( Q

i

Incremen t B Q

j

) taking

h Q

i

; A; B i to h Q

j

; A; B + 1 i

( Q

i

Decremen t A Q

j

) taking

h Q

i

; A + 1 ; B i to h Q

j

; A; B i

( Q

i

Decremen t B Q

j

) taking

h Q

i

; A; B + 1 i to h Q

j

; A; B i

( Q

i

F ork Q

j

; Q

k

) taking

h Q

i

; A; B i to ( h Q

j

; A; B i , h Q

k

; A; B i )

where Q

i

; Q

j

; and Q

k

are states in Q . The Decremen t instructions only apply if

the appropriate coun ter is not zero, while the Incremen t and F ork instructions

are alw a ys enabled from the prop er state.

F or example, the single transition Q

i

Incremen t A Q

j

tak es an a cm from ID:

f� � � ; h Q

i

; A; B i ; � � � g to ID: f� � � ; h Q

j

; A + 1 ; B i ; � � � g
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3.4.1 Tw o Coun ter Mac hines

Standard t w o coun ter mac hines ha v e a �nite set of states, Q , a �nite set of transi-

tions, � , a distinguished initial state Q

I

, and a set of �nal states F [Min61 , HU79 ].

An instan taneous description of the state of a t w o coun ter mac hine is giv en b y a

triple h Q

i

; A; B i , whic h consists of the curren t state, and the v alues of t w o coun ters,

A and B. The transitions in � are of four kinds:

( Q

i

Incremen t A Q

j

) taking h Q

i

; A; B i to h Q

j

; A + 1 ; B i

( Q

i

Incremen t B Q

j

) taking h Q

i

; A; B i to h Q

j

; A; B + 1 i

( Q

i

Decremen t A Q

j

) taking h Q

i

; A + 1 ; B i to h Q

j

; A + 1 ; B i

( Q

i

Decremen t B Q

j

) taking h Q

i

; A; B + 1 i to h Q

j

; A; B + 1 i

( Q

i

Zero-T est A Q

j

) taking h Q

i

; 0 ; B i to h Q

j

; 0 ; B i

( Q

i

Zero-T est B Q

j

) taking h Q

i

; A; 0 i to h Q

j

; A; 0 i

A t w o coun ter mac hine accepts if it is able to reac h an y one of the �nal states in

the set F with b oth coun ters at zero. It is imp ortan t that these mac hines ha v e a

Zero-T est instruction since the halting problem b ecomes decidable otherwise, b y

ob vious reduction to the w ord problem in comm utativ e semi-Th ue systems, whic h

is decidable [MM82 ]. Since Zero-T est is the most di�cult to enco de in linear logic,

w e concen trate on a mac hine with and-branc hing, whic h pro vides a basic mec hanism

p o w erful enough to sim ulate Zero-T est , but whic h is more easily sim ulated in linear

logic.

Using t w o coun ter mac hines, w e sho w that a cm 's ha v e an undecidable halting

problem.

Lemma 3.4 It is unde cidable whether an and-br anching two c ounter machine with-

out zer o-test ac c epts fr om ID fh Q

I

; 0 ; 0 ig . This r emains so if the tr ansition r elation

of the machine is r estricte d so that ther e ar e no outgoing tr ansitions fr om the �nal

state.

Pro of. Since a cm 's ma y sim ulate zero-test with and-branc hing, a cm 's are

su�cien tly p o w erful to sim ulate t w o coun ter mac hines, for whic h the halting problem

is kno wn to b e recursiv ely unsolv able [Min61 , Lam61]. W e will giv e a construction

from standard t w o coun ter mac hines to a cm s, and argue that the construction is

sound and faithful. This construction and the pro of of its soundness is routine, and

its steps should b e familiar to an y one v ersed in automata theory . In our sim ulation

of the test for zero instruction of t w o coun ter mac hines, w e mak e essen tial use of

the fact that all branc hes of computation terminate with b oth coun ters set to zero.

Giv en a nondeterministic t w o coun ter mac hine M w e �rst construct an equiv a-

len t t w o coun ter mac hine M

0

with a unique �nal state Q

F

whic h has no outgoing

transitions. One simply adds t w o new states, Q

D

and Q

F

to M

0

, and for eac h
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Q

f

2 F of M , one adds the instructions ( Q

f

Incremen t A Q

D

) and ( Q

D

Decre-

men t A Q

F

). Note that one ma y simply lo ok at these new transitions as a single

nondeterministic step from eac h old �nal state to the new (unique) �nal state, whic h

has no outgoing transitions. Ho w ev er, since there is no general \silen t" mo v e, w e

mak e the transition in t w o steps.

W e claim without pro of that M and M

0

accept the same set of input v alues, and

are therefore equiv alen t mac hines.

F rom a nondeterministic t w o coun ter mac hine M

0

with unique �nal state without

outgoing transitions, w e construct an a cm M

00

as follo ws. The a cm M

00

will ha v e the

same set of states, and same initial and �nal states as M

0

. The transition function

of M

00

is built b y �rst taking all the Incremen t and Decremen t instructions from

the transition function of M

0

. W e then add t w o new states to M

00

, Z

A

and Z

B

,

whic h are used to test for zero in eac h of the t w o coun ters. F or Z

A

, w e add t w o

instructions, ( Z

A

Decremen t B Z

A

), and ( Z

A

F ork Q

F

, Q

F

), to the transition

function of M

00

. Similarly for Z

B

, w e add ( Z

B

Decremen t A Z

B

), and ( Z

B

F ork

Q

F

, Q

F

). Then for eac h Zero-T est instruction of M

0

of the form

( Q

i

Zero-T est A Q

j

)

w e add one instruction to M

00

:

( Q

i

F ork Q

j

; Z

A

) :

An imp ortan t feature of M

00

is that once a zero testing or �nal state is en tered,

no con�guration of that branc h of computation ma y ev er lea v e that set of states.

More sp eci�cally , where M

0

w ould test for zero, M

00

will fork in to t w o \parallel"

computations. One con tin ues in the \same" state as M

0

w ould ha v e if the Zero-

T est had succeeded, and the other branc h \v eri�es" that the coun ter is indeed zero.

While the second branc h ma y c hange the v alue of one of the coun ters (the coun ter

whic h is not b eing tested), this cannot a�ect the v alues of the coun ters in the \main"

branc h of computation. F urther, the zero-testing branc h of computation nev er en ters

an y states other than zero-test states or the �nal state. This holds b ecause there

are no outgoing transitions from the �nal state whatso ev er, and the only transitions

from the t w o zero testing states either lo op bac k to that state or mo v e directly to

the �nal state. Also note that an y branc h of an a cm M

00

computation whic h arriv es

at the state Z

A

ma y b e part of a terminating computation if and only if the coun ter

A is zero when the mac hine reac hes that state. This can b e seen b y observing that

once arriving in Z

A

, there is no p ossibilit y of mo di�cations to the coun ter A . The

Decremen t B transition from Z

A

to itself allo ws M

00

to lo op and decremen t the

coun ter B arbitrarily . In particular it is p ossible for B to b e decremen ted to the

v alue 0. Since Q

F

has no outgoing transitions, the F ork instruction whic h mo v es

from Z

A

to Q

F

and Q

F

allo ws this branc h of computation to terminate correctly
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if and only if b oth coun ters are zero when it is executed. Since w e are considering

nondeterministic a cm s, it is p ossible for a branc h of computation whic h reac hes Z

A

to terminate if and only if the A coun ter is zero when it reac hes Z

A

. Similarly , an y

branc h of computation reac hing Z

B

reac hes an accepting ID if and only if the B

coun ter is zero.

W e claim that there is a halting computation for the giv en t w o coun ter mac hine

M

0

if and only if there is one for the constructed a cm M

00

. This is pro v en b y t w o

sim ulations.

The and-branc hing mac hine M

00

ma y mimic the original t w o coun ter mac hine

in the p erformance of an y instruction, b y follo wing an y Incremen t of M

0

with

the corresp onding Incremen t instruction, and a Decremen t with the corresp ond-

ing Decremen t . When M

0

executes a Zero-T est A instruction, M

00

forks o� an

and branc h whic h v eri�es that the coun ter A is in fact zero, and the other branc h

con tin ues to follo w the computation of M

0

.

F or the con v erse sim ulation, there is alw a ys at most one and-branc h of an y M

00

computation whic h corresp onds to a non�nal, non-zero-testing state in the original

mac hine. There ma y b e man y and branc hes of the computation whic h are in states

Z

A

, Z

B

, and Q

F

, but at most one and branc h is in an y other state. Th us, M

0

ma y mimic M

00

b y follo wing the branc h of a cm computation whic h do es not en ter

Z

A

, Z

B

, or Q

F

un til the �nal step of computation, when it en ters Q

F

. F or ev ery

Incremen t and Decremen t instruction in the accepting computation of M

00

, M

0

ma y p erforms the corresp onding instruction. Ev ery F ork instruction executed b y

M

00

from a non�nal, non-zero-testing state corresp onds to a Zero-T est instruction

in M

0

, and b y the ab o v e observ ation, if M

00

forks in to state Z

A

, then M

00

accepts

only if the coun ter A is zero (and similarly for Z

B

and the coun ter B ). Since w e

are assuming an accepting M

00

computation, w e kno w that M

0

ma y execute the

corresp onding Zero-T est instruction successfully .

3.5 F rom Mac hines to Logic

W e giv e a translation from a cm s to linear logic with theories and sho w that our

sequen t translation of a mac hine in a particular state is pro v able in linear logic if

and only if the a cm halts from that state. In fact, our translation uses only mall

form ulas and theories, th us with the use of our earlier enco ding, Lemma 3.2 and

Lemma 3.3, w e will ha v e our result for prop ositional linear logic without nonlogical

axioms. Since an instan taneous description of an a cm is giv en b y a list of triples, it

is somewhat delicate to state the induction w e will use to pro v e soundness.

W e ha v e already seen ho w the linear connectiv e & ma y b e used to ac hiev e and-

branc hing in the pro of of psp a ce -completeness of mall . W e no w mak e use of that,

along with some other mac hinery , to sim ulate a cm computations.
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Giv en an a cm M = h Q; � ; Q

I

; Q

F

i w e �rst de�ne a set of prop ositions:

f q

i

j Q

i

2 Q g

[

f q

?

i

j Q

i

2 Q g

[

f a; a

?

; b; b

?

g

W e then de�ne the linear logic theory corresp onding to the transition relation � as

the set of axioms determined as follo ws:

Q

i

Incremen t A Q

j

7! ` q

?

i

; ( q

j


 a )

Q

i

Incremen t B Q

j

7! ` q

?

i

; ( q

j


 b )

Q

i

Decremen t A Q

j

7! ` q

?

i

; a

?

; q

j

Q

i

Decremen t B Q

j

7! ` q

?

i

; b

?

; q

j

Q

i

F ork Q

j

; Q

k

7! ` q

?

i

; ( q

j

� q

k

)

Using linear implication, the ( Q

i

Incremen t B Q

j

) transition ma y b e view ed as

` q

i

� � ( q

j


 b ), i.e. , from state Q

i

, mo v e to state Q

j

and add one to coun ter B . The

other axioms in this translation ma y also b e view ed in this w a y .

W e will write C

n

to indicate a sequence of n C 's, separated b y commas, as

follo ws:

C

n

�

=

n

z }| {

C ; C ; � � � ; C

Since p

?

is an atomic sym b ol, the notation p

?

3

will b e used for ( p

?

)

3

, whic h is

simply p

?

; p

?

; p

?

.

Giv en a triple h Q

i

; x; y i of an a cm , w e de�ne the translation � ( h Q

i

; x; y i ) b y:

� ( h Q

i

; x; y i )

�

= ` q

?

i

; a

?

x

; b

?

y

; q

F

Th us all sequen ts whic h corresp ond to a cm triples ha v e exactly one p ositiv e literal,

q

F

, some n um b er of a

?

s, and b

?

s, the m ultiplicit y of whic h corresp ond to the v alues

of the t w o coun ters of the a cm in unary , and exactly one other negativ e literal,

whic h corresp onds to the state of the a cm .

The translation of an a cm ID is simply the set of translations of the elemen ts of

the ID:

� ( f E

1

; E

2

; � � � ; E

m

g ) = f � ( E

1

) ; � ( E

2

) ; � � � ; � ( E

m

) g

W e claim that an a cm M accepts from ID s if and only if ev ery elemen t of � ( s ) is

pro v able in the theory corresp onding to the transition function of the mac hine. W e

pro v e eac h half of this equiv alence in separate lemmas.

Lemma 3.5 (Mac hine ) ) A n and-br anching c ounter machine M ac c epts fr om

ID s only if every se quent in � ( s ) is pr ovable in the the ory derive d fr om M .

Pro of. Giv en a halting computation of an a cm mac hine M from s w e claim w e

can build a pro of of ev ery sequen t in � ( s ) in the theory deriv ed from M .



Prop ositional Linear Logic is Undecidable 37

M accepts from s only if there is some �nite sequence of transitions from this

ID to an accepting ID. W e pro ceed b y induction on the length of that sequence of

transitions.

If there are no transitions in the sequence, then b y the de�nition of accepting

ID, s consists en tirely of h Q

F

; 0 ; 0 i . W e m ust sho w that the sequen t

` q

?

F

; a

?

0

; b

?

0

; q

F

is pro v able in linear logic. This is immediate: w e ha v e 0 A's and 0 B's, that is, none

at all. Th us b y one application of iden tit y p er sequen t ` q

?

F

; q

F

, w e ha v e our pro of.

If there is at least one transition in the sequence, w e ha v e to sho w that � ( s ) is

pro v able. Since M accepts from ID f� � � h Q

i

; A; B i � � � g , and there is at least one

transition in the sequence, w e kno w that there is some transition in M suc h that

I D ! I D

0

, and M accepts from I D

0

. W e assume b y induction that there is a linear

logic pro of whic h corresp onds to the accepting computation for I D

0

.

W e no w p erform case analysis on the t yp e of transition. There are �v e dif-

feren t t yp es of instructions: Incremen t A or B, Decremen t A or B, and F ork .

Since the t w o incremen t and t w o decremen t instructions are nearly iden tical, w e will

concen trate only on the cases concerning the coun ter A .

Q

i

Incremen t A Q

j

: In this case, the �rst step in the halting computation has

the form

f� � � h Q

i

; A; B i � � � g ! f� � � h Q

j

; A + 1 ; B i � � � g

W e assume b y induction that w e ha v e a pro of of � ( h Q

j

; A +1 ; B i ) = ` q

?

j

; a

?

A +1

; b

?

B

; q

F

.

W e extend this pro of in to a pro of of � ( h Q

i

; A; B i ) = ` q

?

i

; a

?

A

; b

?

B

; q

F

b y adding

a cut with an axiom, as follo ws.

` q

?

i

; ( q

j


 a )

T

.

.

.

` q

?

j

; a

?

A +1

; b

?

B

; q

F

` ( q

?

j

P a

?

) ; a

?

A

; b

?

B

; q

F

P

Cut

` q

?

i

; a

?

A

; b

?

B

; q

F

Note that the axiom ` q

?

i

; ( q

j


 a ) is precisely the translation of the transition tak en

b y the mac hine, and therefore is an axiom of the theory .

Q

i

Incremen t B Q

j

: Analogous to ab o v e.
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Q

i

Decremen t A Q

j

: Since the A coun ter of the mac hine m ust b e p ositiv e for

this instruction to apply , w e kno w that the halting computation b egins with the

transition

f� � � h Q

i

; A + 1 ; B i � � � g ! f� � � h Q

j

; A; B i � � � g

W e assume b y induction that w e ha v e a pro of of ` q

?

j

; a

?

A

; b

?

B

; q

F

. As in the

Incremen t A case, w e extend this to a pro of of ` q

?

i

; a

?

A +1

; b

?

B

; q

F

b y adding a

cut with the axiom corresp onding to the transition tak en b y the mac hine.

` q

?

i

; a

?

; q

j

T

.

.

.

` q

?

j

; a

?

A

; b

?

B

; q

F

Cut

` q

?

i

; a

?

A +1

; b

?

B

; q

F

Q

i

Decremen t B Q

j

: Analogous to ab o v e.

Q

i

F ork Q

j

; Q

k

: Here, the halting computation b egins with the step

f� � � h Q

i

; A; B i � � � g ! f� � � h Q

j

; A; B i ; h Q

k

; A; B i � � � g

W e assume b y induction that w e ha v e a pro of of ` q

?

j

; a

?

A

; b

?

B

; q

F

,

and of ` q

?

k

; a

?

A

; b

?

B

; q

F

, and w e extend those pro ofs in to a pro of of ` q

?

i

; a

?

A

; b

?

B

; q

F

.

` q

?

i

; ( q

j

� q

k

)

T

.

.

.

` q

?

j

; a

?

A

; b

?

B

; q

F

.

.

.

` q

?

k

; a

?

A

; b

?

B

; q

F

&

` ( q

?

j

& q

?

k

) ; a

?

A

; b

?

B

; q

F

Cut

` q

?

i

; a

?

A

; b

?

B

; q

F

Here ` q

?

i

; ( q

j

� q

k

) is the axiom whic h corresp onds to the fork instruction.

Lemma 3.6 (Mac hine ( ) A n and-br anching c ounter machine M ac c epts fr om

ID s if every se quent in the set � ( s ) is pr ovable in the the ory derive d fr om M .

Pro of.

Giv en a set of pro ofs of the elemen ts of � ( s ) in the theory deriv ed from M , w e

claim that a halting computation of the a cm M from state s can b e extracted from

those pro ofs. W e ac hiev e this with the aid of the cut standardization Lemma 3.1,

whic h in this case lea v es cuts in the pro of only where they corresp ond to applications

of a cm instructions. W e ma y th us simply read the description of the computation

from the standardized pro of.
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By Lemma 3.1, it su�ces to consider standardized pro ofs. W e sho w that a set of

standardized pro ofs of � ( s ) ma y b e mimic k ed b y the a cm M to pro duce an accepting

computation from state s .

This pro of is b y induction on the sum of the sizes (n um b er of pro of rules applied)

of standardized pro ofs. Since an a cm state is giv en b y a �nite set of triples, and

all pro ofs are �nite, w e kno w that this measure is w ell founded. W e assume that

an y smaller set of pro ofs whic h all end in conclusions whic h corresp ond to a triple

h Q

i

; A; B i can b e sim ulated b y mac hine M .

W e consider the pro of of a single elemen t of � ( s ) at a time.

If s = f� � � h Q

i

; x; y i � � � g , then � ( s ) = f� � � ` q

?

i

; a

?

x

; b

?

y

; q

F

� � � g .

W e assume that w e are giv en a pro of of eac h elemen t of the set � ( s ), and w e

analyze one of the pro ofs, all of whic h end in a conclusion corresp onding to a mac hine

triple h Q

i

; x; y i .

.

.

.

` q

?

i

; a

?

x

; b

?

y

; q

F

Since this sequen t is simply a list of atomic prop ositions, the only linear logic

rules whic h can apply to an y suc h sequen t are iden tit y , some axiom, and cut.

Iden tit y is only applicable when b oth x and y are zero, and q

i

= q

F

. In this

case, ` q

?

F

; q

F

already corresp onds to the accepting triple h Q

F

; 0 ; 0 i .

The only axioms whic h are iden tical to a sequen t in � ( s ) are those whic h corre-

sp ond to some � whic h is a decremen t instruction that ends in q

F

. In this case, since

eac h decremen t axiom in [ � ] con tains exactly one o ccurrence of a

?

or b

?

, x = 1 and

y = 0, or x = 0 and y = 1. In either case, the a cm mac hine M need only p erform

the decremen t instruction � , and this branc h of computation reac hes an accepting

triple.

The �nal p ossibilit y is cut, and b y our standardization pro cedure, w e kno w

that one h yp othesis of that cut is an axiom from the theory deriv ed from M , and

furthermore that the cut-form ula in that axiom is not a negativ e literal.

Since there are only �v e t yp es of instructions in an a cm ; Incremen t A or B ,

Decremen t A or B , and F ork , there are only �v e di�eren t t yp es of axioms in a

theory deriv ed from an y a cm M . W e no w p erform case analysis on the t yp e of

axiom that w as last applied in a pro of.

` q

?

i

; ( q

j


 a ) : If the last axiom applied is of the form ` q

?

i

; ( q

j


 a ), then it

corresp onds to an Incremen t A instruction, and b y standardization, w e kno w the

cut-form ula m ust b e ( q

j


 a ) in the axiom, and that the pro of m ust lo ok lik e

` q

?

i

; ( q

j


 a )

T

.

.

.

` ( q

?

j

P a

?

) ; a

?

x

; b

?

y

; q

F

Cut

` q

?

i

; a

?

x

; b

?

y

; q

F
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Since eac h other linear logic rule b esides P , cut, iden tit y , or axiom in tro duces some

sym b ol whic h do es not o ccur in ` ( q

?

j

P a

?

) ; a

?

x

; b

?

y

; q

F

, the deriv ation of this

sequen t m ust end in one of these rules. F urthermore, there are t w o form ulas in

this sequen t whic h are not negativ e literals, so this sequen t is not deriv able using

only an axiom. Iden tit y could not lead to this sequen t, since the sequen t con tains

a non-atomic form ula. By our standardization pro cedure, w e kno w that eac h cut

m ust in v olv e an axiom from the theory , and the cut-form ula in the axiom is not a

negativ e literal. Insp ecting the v arious t yp es of axioms in the theory deriv ed from

M , w e see that all axioms con tain one top lev el negativ e atomic form ula q

?

i

for some

i . Since q

?

i

cannot b e a directed cut-form ula in a principal axiom, it m ust app ear in

the conclusion of that application of cut. Ho w ev er, there is no suc h top lev el q

i

in

the sequen t in question. Th us this sequen t ma y only b e deriv ed b y the application

of the P rule. Therefore, w e kno w the deriv ation m ust ha v e the form:

` q

?

i

; ( q

j


 a )

T

.

.

.

` q

?

j

; a

?

x +1

; b

?

y

; q

F

` ( q

?

j

P a

?

) ; a

?

x

; b

?

y

; q

F

P

Cut

` q

?

i

; a

?

x

; b

?

y

; q

F

W e kno w that the pro of of ` q

?

j

; a

?

x +1

; b

?

y

; q

F

ma y b e sim ulated b y the a cm b y

induction, since it is the sequen t � ( h Q

j

; x + 1 ; y i ), whic h corresp onds to the triple

h Q

j

; x + 1 ; y i , and has a pro of in linear logic of smaller size.

Therefore the mac hine M ma y em ulate this pro of b y p erforming the a cm instruc-

tion corresp onding to the axiom used (in this case an Incremen t A instruction),

and then con tin uing as dictated b y the inductiv e case.

` q

?

i

; ( q

j


 a ) : Analogous argumen ts apply .

` q

?

i

; a

?

; q

j

: If the last axiom applied is ` q

?

i

; a

?

; q

j

, whic h corresp onds to a

Decremen t A instruction, then b y standardization, w e kno w the cut-form ula m ust

b e q

j

in the axiom, and that the pro of m ust b e of the form

` q

?

i

; a

?

; q

j

T

.

.

.

` q

?

j

; a

?

x

; b

?

y

; q

F

Cut

` q

?

i

; a

?

x +1

; b

?

y

; q

F

By induction, the pro of of ` q

?

j

; a

?

x

; b

?

y

; q

F

can b e sim ulated, since it is the sequen t

� ( h Q

j

; x; y i ), whic h corresp onds to the triple h Q

j

; x; y i , and has a shorter pro of in

linear logic.

Therefore the mac hine M ma y em ulate this pro of b y p erforming the a cm instruc-

tion corresp onding to the axiom used (in this case a Decremen t A instruction),

and then con tin uing as dictated b y the inductiv e case.



Prop ositional Linear Logic is Undecidable 41

` q

?

i

; a

?

; q

j

: Analogous argumen ts apply .

` q

?

i

; ( q

j

� q

k

) : If the last axiom applied is ` q

?

i

; ( q

j

� q

k

), whic h corresp onds

to a F ork instruction, then b y standardization, w e kno w the cut-form ula m ust b e

( q

j

� q

k

) in the axiom, and that the pro of m ust lo ok lik e

` q

?

i

; ( q

j

� q

k

)

T

.

.

.

` ( q

?

j

& q

?

k

) ; a

?

x

; b

?

y

; q

F

Cut

` q

?

i

; a

?

x

; b

?

y

; q

F

Since eac h other linear logic rule b esides &, cut, iden tit y , or axiom in tro duces some

sym b ol whic h do es not o ccur in ` ( q

?

j

& q

?

k

) ; a

?

x

; b

?

y

; q

F

, the deriv ation of this se-

quen t m ust end in one of these rules. F urthermore, there are t w o form ulas in the

sequen t whic h are not negativ e literals, so this sequen t is not deriv able using only

an axiom. Iden tit y could not lead to this sequen t, since the sequen t con tains a non-

atomic form ula. By our standardization pro cedure, w e kno w that eac h cut m ust

in v olv e an axiom from the theory , and the cut-form ula in the axiom is not a nega-

tiv e literal. Insp ecting the v arious t yp es of axioms in the theory deriv ed from M ,

w e see that all axioms con tain one top lev el negativ e atomic form ula q

?

i

for some i .

Since q

?

i

cannot b e the cut-form ula in a principal axiom of a directed cut, it m ust

app ear in the conclusion of that application of cut. Ho w ev er, there is no suc h top

lev el q

i

in the sequen t in question. Th us this sequen t ma y only b e deriv ed b y the

application of the & rule. Th us w e kno w the deriv ation to b e of the form:

` q

?

i

; ( q

j

� q

k

)

T

.

.

.

` q

?

j

; a

?

x

; b

?

y

; q

F

.

.

.

` q

?

k

; a

?

x

; b

?

y

; q

F

&

` ( q

?

j

& q

?

k

) ; a

?

x

; b

?

y

; q

F

Cut

` q

?

i

; a

?

x

; b

?

y

; q

F

The pro ofs of ` q

?

j

; a

?

x

; b

?

y

; q

F

and ` q

?

k

; a

?

x

; b

?

y

; q

F

can b e sim ulated on the ma-

c hine b y induction, since one is a sequen t whic h corresp onds to the triple h Q

j

; x; y i ,

the other corresp onds to h Q

k

; x; y i , and eac h has a pro of in linear logic of smaller

size.

Therefore the mac hine M ma y em ulate this pro of b y p erforming the a cm in-

struction corresp onding to the axiom used (in this case a F ork instruction), and

then con tin uing as dictated b y the t w o inductiv e cases.

F rom Lemmas 3.4, 3.2, 3.3, 3.5, and 3.6 of this section, w e easily obtain our

main result:

Theorem 3.7 The pr ovability pr oblem for pr op ositional line ar lo gic is r e cursively

unsolvable.
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As men tioned earlier, linear logic, lik e classical logic, has an in tuitionistic frag-

men t. Brie
y , the in tuitionistic fragmen t is restricted so that there is only one

p ositiv e form ula in an y sequen t. In fact, the en tire construction ab o v e w as carried

out in in tuitionistic linear logic, and th us the undecidabilit y result also holds for

this logic.

In an y theory deriv ed from an a cm M , there is only one p ositiv e form ula in an y

theory axiom. Also, throughout a directed pro of of � ( s ) in suc h a theory , the only

p ositiv e atom whic h app ears outside a theory axiom is q

F

. Th us an y directed pro of

of � ( s ) in a theory deriv ed from M is in the in tuitionistic fragmen t of linear logic,

and along with a conserv ativit y result not pro v en here, w e ha v e the follo wing:

Corollary 3.8 The pr ovability pr oblem for pr op ositional intuitionistic line ar lo gic

is r e cursively unsolvable.

In the pro of of this corollary w e mak e use of the conserv ativit y prop ert y of full

linear logic o v er the in tuitionistic fragmen t for an y sequen ts o ccuring in a directed

pro of of a translation of an a cm mac hine con�guration. This conserv ativit y is a

w eak er prop ert y than full conserv ativit y since sequen ts in suc h a directed pro of

ha v e a sp ecial form. In particular, they ha v e no constan ts, and the righ t hand side

is alw a ys a single form ula.

3.6 Example Computation

This section is in tended to giv e an o v erview of the mec hanisms w e ha v e de�ned

ab o v e, and lend some insigh t in to our undecidabilit y result, stated ab o v e. W e presen t

a simple computation of an ordinary t w o coun ter mac hine with zero-test instruction,

a corresp onding a cm computation, and a corresp onding linear logic pro of.

Rep eating from the in tro duction, a k ey insigh t is that searc hing for a directed

pro of of a linear logic sequen t in a theory is analogous to searc hing for an accepting

a cm computation. A successful searc h is exactly an accepting computation.

Supp ose the transition relation � of a standard t w o coun ter mac hine with zero-

test consists of the follo wing:

�

1

: : = Q

I

Incremen t A Q

2

�

2

: : = Q

3

Decremen t A Q

F

�

3

: : = Q

2

Zero-T est B Q

3

The mac hine ma y p erform the follo wing transitions, where an instan taneous descrip-

tion of a t w o coun ter mac hine is giv en b y the triple consisting of Q

j

, the curren t

state, and the v alues of coun ters A and B .

h Q

I

; 0 ; 0 i

�

1

� ! h Q

2

; 1 ; 0 i

�

3

� ! h Q

3

; 1 ; 0 i

�

2

� ! h Q

F

; 0 ; 0 i
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This computation starts in state Q

I

, incremen ts the A coun ter and steps to state

Q

2

. Then it tests the B coun ter for zero, and mo v es to Q

3

, where it then decremen ts

the A coun ter, mo v es to Q

F

, and accepts.

The transition relation � ma y b e transformed in to a transition relation �

0

for

an equiv alen t and-branc hing t w o coun ter mac hine without zero-test. The mo di�ed

relation �

0

(sho wn on the left b elo w), ma y then b e enco ded as a linear logic theory

(sho wn on the righ t):

T r ansitions

�

0

1

: : = Q

I

Incremen t A Q

2

�

0

2

: : = Q

3

Decremen t A Q

F

�

0

3

: : = Q

2

F ork Z

B

; Q

3

�

0

4

: : = Z

B

Decremen t A Z

B

�

0

5

: : = Z

B

F ork Q

F

; Q

F

The ory Axioms

` q

?

I

; ( q

2


 a )

` q

?

3

; a

?

; q

F

` q

?

2

; ( z

B

� q

3

)

` z

?

B

; a

?

; z

B

` z

?

B

; ( q

F

� q

F

)

Notice ho w the �rst t w o transitions ( �

1

and �

2

) of the standard t w o coun ter mac hine

are preserv ed in the translation from � to �

0

. Also, the Zero-T est instruction �

3

is

enco ded as three a cm transitions | �

0

3

, �

0

4

, and �

0

5

. The transition �

0

3

is a fork to

a sp ecial state Z

B

, and one other state, Q

3

. The t w o extra transitions, �

0

4

and �

0

5

,

force the computation branc h starting in state Z

B

to v erify that coun ter B is zero.

Giv en the ab o v e transitions, the and-branc hing mac hine without zero-test ma y then

p erform these mo v es:

fh Q

I

; 0 ; 0 ig

�

0

1

� ! fh Q

2

; 1 ; 0 ig

�

0

3

� ! fh Z

B

; 1 ; 0 i ; h Q

3

; 1 ; 0 ig

�

0

4

� ! fh Z

B

; 0 ; 0 i ; h Q

3

; 1 ; 0 ig

�

0

5

� !

fh Q

F

; 0 ; 0 i ; h Q

F

; 0 ; 0 i ; h Q

3

; 1 ; 0 ig

�

0

2

� ! fh Q

F

; 0 ; 0 i ; h Q

F

; 0 ; 0 i ; h Q

F

; 0 ; 0 ig

Note that an instan taneous description of this and-branc hing mac hine is a list of

triples, and the mac hine accepts if and only if it is able to reac h h Q

F

; 0 ; 0 i in al l

branc hes of its computation. This particular computation starts in state Q

I

, in-

cremen ts the A coun ter and steps to state Q

2

. Then it forks in to t w o separate

computations; one whic h v eri�es that the B coun ter is zero, and the other whic h

pro ceeds to state Q

3

. The B coun ter is zero, so the pro of of that branc h pro ceeds b y

decremen ting the A coun ter to zero, and jumping to the �nal state Q

F

. The other

branc h from state Q

3

simply decremen ts A and mo v es to Q

F

. Th us all branc hes of

the computation terminate in the �nal state with b oth coun ters at zero, resulting

in an accepting computation.

The linear logic pro of corresp onding to this computation is displa y ed in Fig-

ures 3.1 and 3.2, and is explained in the follo wing paragraphs. In these pro ofs, eac h

application of a theory axiom corresp onds to one step of a cm computation. W e

represen t the v alues of the a cm coun ters in unary b y copies of the form ulas a

?

and

b

?

. In this example the B coun ter is alw a ys zero, so there are no o ccurrences of b

?

.
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The pro of sho wn in Figure 3.1 of ` z

?

B

; a

?

; q

F

in the ab o v e linear logic theory

corresp onds to the a cm v erifying that the B coun ter is zero. Reading the pro of

b ottom up, it b egins with a directed cut. The sequen t ` z

?

B

; q

F

is left as an in ter-

mediate step. The next step is to use another directed cut, and after application

of the & rule, w e ha v e t w o sequen ts left to pro v e: ` q

?

F

; q

F

and ` q

?

F

; q

F

. Both of

these corresp ond to the a cm triple h Q

F

; 0 ; 0 i whic h is the accepting triple, and are

pro v able b y the iden tit y rule. If w e had attempted to pro v e this sequen t with some

o ccurrences of b

?

, w e w ould b e unable to complete the pro of.

` z

?

B

; a

?

; z

B

�

0

4

` z

?

B

; ( q

F

� q

F

)

�

0

5

` q

?

F

; q

F

I

` q

?

F

; q

F

I

&

` ( q

?

F

& q

?

F

) ; q

F

Cut

` z

?

B

; q

F

Cut

` z

?

B

; a

?

; q

F

Figure 3.1: Zero-test pro of

` q

?

I

; ( q

2


 a )

�

0

1

` q

?

2

; ( z

B

� q

3

)

�

0

3

.

.

.

` z

?

B

; a

?

; q

F

` q

?

3

; a

?

; q

F

�

0

2

` q

?

F

; q

F

I

Cut

` q

?

3

; a

?

; q

F

&

` ( z

?

B

& q

?

3

) ; a

?

; q

F

Cut

` q

?

2

; a

?

; q

F

` ( q

?

2

P a

?

) ; q

F

P

Cut

` q

?

I

; q

F

Figure 3.2: Pro of corresp onding to computation

The pro of sho wn in Figure 3.2 of ` q

?

I

; q

F

in the same theory demonstrates the

remainder of the a cm mac hinery . The lo w ermost in tro duction of a theory axiom, cut,

and P together corresp ond to the application of the incremen t instruction �

0

1

. That

is, the q

?

I

has b een \traded in" for q

?

2

along with a

?

. The application of a directed

cut and & corresp ond to the fork instruction, �

0

3

whic h requires that b oth branc hes

of the pro of b e successful in the same w a y that and-branc hing mac hines require

all branc hes to reac h an accepting con�guration. The elided pro of of ` z

?

B

; a

?

; q

F

app ears in Figure 3.1, and corresp onds to the v eri�cation that the B coun ter is zero.

The application of cut and iden tit y corresp ond to the �nal decremen t instruction of

the computation, and complete the pro of.



Chapter 4

Noncomm utativ e Prop ositional

Linear Logic

The follo wing ma y b e called the unr estricte d exchange rule:

E

` � ; � ; A

` � ; A; �

Since sequen ts are treated as multisets of form ulas in linear logic, the E rule is

implicitly presen t in full linear logic. This structural rule allo ws sequen ts to b e

p erm uted arbitrarily , making linear logic a comm utativ e logic. More sp eci�cally ,

` ( A 
 B ) � � ( B 
 A ) is deriv able in linear logic using exc hange, as are the analogous

sequen ts for all the other binary connectiv es of linear logic ( P , � , & ). Since

sequen ts are considered to b e implicitly comm utativ e, the E rule do es not explicitly

app ear in pro ofs or lists of pro of rules for linear logic. Ho w ev er, the absence of the

E rule (treating sequen ts as lists of form ulas) drasticly alters the set of pro v able

sequen ts in linear logic. In fact, without the exc hange rule, ` ( A 
 B ) � � ( B 
 A ) is

not deriv able. Th us the E rule forces 
 (and other connectiv es) to b e comm utativ e.

Noncomm utativ e prop ositional linear logic is linear logic where the unrestricted

exc hange rule is omitted, or equiv alen tly , where sequen ts are treated as b eing lists

instead of m ultisets. This en tire family of logics is quite sp eculativ e, ad ho c, and

most form ulations are original to this pap er. Th us one should not tak e to o seriously

an y of the results of this c hapter.

The family of noncomm utativ e linear logics ma y b e deriv ed from linear logic

b y treating sequen ts as lists of form ulas, instead of m ultisets. Th us the order of

form ulas in a sequen t b ecomes imp ortan t. Ho w ev er, the immediate resulting system

is unsatisfying in that the reusable form ulas (those mark ed b y ?) are exactly the ones

whic h can b e con tracted and w eak ened in linear logic, and th us should b e p ermitted

the freedom of exc hange, ev en in the noncomm utativ e v ersions of linear logic.

45
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There are a whole family of logics whic h could result from v arious additions of

restricted exc hange to noncomm utativ e linear logic. The main p oin t of di�erence

within this family is the exact form ulation of the rules of inference. Ho w ev er, most

mem b ers of this family of logics ha v e an undecidable pro v abilit y problem.

In fact, the m ultiplicativ e and reuse op erators are su�cien t to enco de undecid-

able problems in most of these logics. In other w ords, the constan ts and additiv e

connectiv es are not necessary in order to sim ulate a T uring mac hine in noncomm u-

tativ e linear logic, although they app ear to b e necessary in (comm utativ e) linear

logic. Belo w w e presen t the detailed pro of of undecidabilit y for a particular logic w e

will call ncl , whic h is actually the m ultiplicativ e and reuse fragmen t of a mem b er

of the noncomm utativ e linear logic family .

Da vid Y etter [Y et90 ] has also studied a v arian t of noncomm utativ e linear logic.

In his w ork, he considered a system with t w o new mo dalities, k and K , whic h

are related to ? and !. The k mo dalit y essen tially marks those form ulas whic h are

free to b e p erm uted, despite the noncomm utativit y of the logic in general. The

reusable form ulas (mark ed with ?) are allo w ed to p erm ute, but are also allo w ed

the freedom of con traction and w eak ening, while the k and K form ulas are not.

W e �nd no comp elling reason for these extra connectiv es, except to facilitate the

enco ding of (comm utativ e) linear logic in noncomm utativ e linear logic b y pre�xing

ev ery subform ula with k or K . Based on our results b elo w, other enco dings of

linear logic in to noncomm utativ e linear logic without k and K exist. Th us w e do

not include an y new connectiv es or mo dalities in our logics presen ted b elo w, and

allo w only the reusable ? form ulas to p erm ute.

W e no w fo cus on one particular mem b er of the family of noncomm utativ e linear

logics. This logic will include only the m ultiplicativ e and reuse connectiv es of linear

logic, excluding the additiv es. In order to mesh smo othly with the earlier c hapters

w e will use the pro of rules as presen ted in App endix B, but add t w o new rules, one

whic h allo ws ? form ulas to p erm ute, and one whic h allo ws an en tire sequen t to b e

\rotated". Th us one ma y think of a sequen t as a circular list of form ulas. W e call

this logic ncl for \circular logic".

4.1 NCL Pro of Rules

The system ncl includes the I, Cut, 
 ; P ; ? W ; ? C ; ? D , and ! S rules of linear logic,

with eac h sequen t treated as a cir cular list of form ulas instead of as a m ultiset. The

follo wing t w o rules of inference are also included in ncl :

? E

` � ; � ; ? A

` � ; ? A; �

` � ; A

` A; �

R

These rules allo w one to p erm ute and exc hange the reusable (?) form ulas arbitrarily ,

and to r otate the en tire sequen t of reusable and non-reusable form ulas. As our
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previous discussions of linear logic accepted exc hange as \part of the system" b y

considering sequen ts to b e multisets of form ulas, w e will no w consider the exc hange

rules ? E and R implicitly , b y regarding sequen ts as circular lists of linear logic

form ulas.

4.2 NCL is Undecidable

W e will sho w the w ord problem for semi-Th ue systems has a straigh tforw ard en-

co ding in ncl . Since w e ha v e already sho wn that full linear logic is undecidable,

the fact that full noncomm utativ e linear logic is undecidable is not to o surprising.

But since ncl is a fragmen t of noncomm utativ e linear logic whic h do es not con tain

the additiv e connectiv es, the earlier construction of and-branc hing t w o-coun ter ma-

c hines in full linear logic w ould fail in ncl . Ho w ev er, the and-branc hing used in that

construction w as required in order to enco de zero-test in a comm utativ e setting. In

a noncomm utativ e setting a zero test op eration ma y b e enco ded easily without an y

sort of and-branc hing. This situation is analogous to that for comm utativ e v ersus

noncomm utativ e semi-Th ue systems, where the noncomm utativ e v ersion allo ws the

enco ding of a zero test leading to undecidabilit y , whereas the comm utativ e v ersion

is unable to sim ulate zero test and has b een sho wn to b e decidable [Kos82 ]. In fact,

since ncl closely resem bles semi-Th ue systems, w e will demonstrate undecidabilit y

of ncl b y a reduction from semi-Th ue systems.

Although the reduction is simple, the pro of of its correctness requires some

elab orate mac hinery . In particular the pro of of cut-elimination giv en in App endix A

has b een giv en in suc h a w a y that it applies to ncl as w ell as linear logic.

Lemma 4.1 (Cut Elimination Revisited) If ther e is a pr o of of se quent ` � in

ncl , then ther e is a cut-fr e e pr o of of ` � in ncl .

Pro of. The cut-elimination theorem for full linear logic in App endix A is presen ted

in a w a y whic h giv es a cut elimination pro cedure for ncl . The only violations of

the list-ordering of rules are those whic h corresp ond to the p erm utation of reusable

form ulas, suc h as in the case of principal cuts of 
 v ersus ! S . Ho w ev er, these cases

are legal ncl cut pro of steps, since w e are assuming the ncl pro of rules ? E and R

are built in to the ncl system. Th us the cut-elimination pro cedure for full linear

logic ma y b e emplo y ed to remo v e cuts from ncl pro ofs.

Corollary 4.2 (Subform ula Prop ert y Revisited) A ny formula in any cut-fr e e

ncl pr o of of ` � is a subformula of � .

Pro of. Immediate.
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4.3 NCL Theories

W e will de�ne theories as for the comm utativ e case (see Section 3.2), and sho w that

cut-standardization (see Lemma 3.1) again holds in this logic.

F ormally , a ncl axiom ma y b e an y ncl sequen t of the form ` C ; p

?

i

1

; p

?

i

2

; :::; p

?

i

n

,

where C is an y ncl form ula not including mo dal op erators (? or !), and the remain-

der of the sequen t is made up of negativ e literals. An y �nite set of ncl axioms is a

ncl the ory . F or an y theory T , w e sa y that a sequen t ` � is pro v able in T exactly

when w e are able to deriv e ` � using the standard set of ncl pro of rules and ncl

axioms from T . Th us eac h axiom of T is treated as a reusable sequen t whic h ma y

o ccur as a leaf of a pro of tree. As b efore w e will write ` �

T

for a leaf sequen t whic h

is a mem b er of the theory T .

W e recall the de�nition of a dir e cte d cut: a dir e cte d cut is one where at least

one premise is an axiom ` C ; p

?

i

1

; p

?

i

2

; :::; p

?

i

n

in T , and C is the cut-form ula in that

axiom. W e call an y axiom premise of a directed cut where the cut-form ula in that

axiom is not a negativ e literal a princip al axiom of that directed cut. By de�nition,

all directed cuts ha v e at least one principal axiom. A cut b et w een t w o axioms is

alw a ys directed, and if the cut-form ula of suc h a cut is non-atomic, that cut has t w o

principal axioms. A dir e cte d or standar dize d pro of is a pro of with all cuts directed.

Lemma 4.3 ( ncl Cut Standardization) If ther e is a pr o of of ` � in the ory

T in ncl , then ther e is a dir e cte d pr o of of ` � in the ory T in ncl .

Pro of. The pro of of cut-standardization in full linear logic (Lemma 3.1)

applies to this case with little mo di�cation. In fact there are few er cases here since

the constan ts and additiv e connectiv es are not presen t in ncl .

The earlier translation from theories in to pure linear logic is also a translation

of ncl theories in to pure ncl . F or con v enience, w e rep eat the de�nition here: The

translation [ T ] of a ncl theory T with k axioms is the list of ncl form ulas:

[ f t

1

; t

2

; � � � ; t

k

g ] =?[ t

1

] ; ?[ t

2

] ; � � � ; ?[ t

k

]

where [ t

i

] is de�ned for eac h axiom t

i

as follo ws:

[ ` C ; p

?

a

; p

?

b

; :::; p

?

z

]

�

= ( C P p

?

a

P p

?

b

P � � � P p

?

z

)

?

= ( p

z


 � � � 
 p

b


 p

a


 C

?

)

Note that the p

?

j

's are negativ e literals.

Lemma 4.4 ( ncl Theory ) ) F or any �nite set of axioms T , ` � is pr ovable

in the ory T only if ` [ T ] ; � is pr ovable.

Pro of. The pro of of Lemma 3.2 carries o v er to ncl without mo di�cation, since

the ? E and R rules are considered implicit.
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Lemma 4.5 ( ncl Theory ( ) F or any �nite set of axioms T , ` � is pr ovable

in the ory T if ` [ T ] ; � is pr ovable.

Pro of. Similarly , the pro of of Lemma ( 3.3 giv en earlier applies here without

mo di�cation in the system where the ? E ; R rules are considered part of the ncl

system.

4.3.1 Semi-Th ue Systems

A semi-Thue system T o v er alphab et � is a set of pairs h x ! y i , where x and y are

strings o v er �. Eac h pair in T is called a pr o duction , and w e use them as rewrite

rules. W e call x the left hand side and y the right hand side of a pro duction h x ! y i .

U r ewrites to V in system T with a pro duction h g ! g

0

i if U and V are w ords o v er

�, and there exist p ossibly n ull w ords r and s suc h that U = r g s and V = r g

0

s . W e

write

U = ) V

if U rewrites to V using some pro duction. W e use the notation

U = )

�

V

if there exists a (p ossibly empt y) sequence of w ords U

1

; � � � ; U

n

suc h that

U = ) U

1

= ) U

2

= ) � � � = ) U

n

= ) V

The wor d pr oblem for a semi-Th ue system T the problem of determining, for a

giv en pair of w ords U and V , whether or not U = )

�

V in system T . This problem is

kno wn to b e undecidable [P os47 ]. The problem remains undecidable if w e add the

condition that V b e a singleton (w ord of length one) n suc h that n do es not o ccur

in U or in the righ t hand side of an y pro duction, and only app ears as a singleton

on the left hand side of pro ductions. This restriction is analogous to requiring that

a T uring mac hine ha v e a unique �nal state without an y outgoing transitions. The

semi-Th ue w ord problem also remains undecidable if there is a sp ecial end mark er

sym b ol m whic h is preserv ed b y an y rules whic h in v olv e it except rules in v olving n .

That is, the initial w ord U b egins with a sym b ol m whic h do es not o ccur an ywhere

else in U , and ev ery rule in whic h m app ears is of the form h mw

i

! mw

j

i or is of

the form h mw

i

! n i for some w ords w

i

and w

j

not con taining m . This restriction

is analogous to requiring that a T uring mac hine ha v e only a one-w a y in�nite tap e.

T o sho w that the ab o v e restrictions preserv e undecidabilit y it su�ces to giv e a

transformation from a general w ord problem to a w ord problem of the restricted

class. Sp eci�cally , giv en a w ord problem from U to V , with set of pro ductions T ,

w e ma y add the pro duction mV ! n where m and n are new sym b ols whic h are

added to �. W e then ask the new w ord problem from mU to n (with the new and
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the original pro ductions), in the alphab et � [ f m; n g . This problem is solv able if

and only if the original problem is. Ho w ev er this new problem is of the restricted

class de�ned ab o v e.

4.4 F rom Semi-Th ue Systems to Noncomm utativ e Lin-

ear Logic

W e o v erload the de�nition of translation [ ] to include the case of w ords | the

translation of a w ord [ ab � � � z ] is the list of ncl form ulas p

?

a

; p

?

b

; � � � ; p

?

z

. W e also

de�ne [ ab � � � z ]

?

to b e the ncl form ula p

z


 � � � 
 p

b


 p

a

. Finally , as a notational

con v enience, w e let 
 (�) designate am biguously an y form ula whic h could b e deriv ed

from � b y applications of the P rule. In other w ords, 
 (�) is the result of replacing

some n um b er of commas separating form ulas in � b y P .

Giv en a Semi-Th ue system T = fh a

1

! b

1

i ; h a

2

! b

2

i � � � h a

k

! b

k

ig , w e de�ne

the ncl theory deriv ed from T as the follo wing set of sequen ts:

` [ a

1

] ; [ b

1

]

?

` [ a

2

] ; [ b

2

]

?

.

.

.

` [ a

k

] ; [ b

k

]

?

F or a w ord problem P consisting of the pair U , V w e de�ne the translation � ( P ) of

this problem in to a ncl sequen t as:

` [ U ] ; [ V ]

?

No w, w e sho w that the w ord problem P is solv able within system T if and only

if the translation � ( P ) is pro v able in the theory deriv ed from T . W e state the t w o

parts of the equiv alence as Lemmas 4.6 and 4.7.

Lemma 4.6 The wor d pr oblem P is solvable in the semi-Thue system T only if

� ( P ) is pr ovable in the the ory derive d fr om T .

Pro of. W e pro ceed b y induction on the length of the deriv ation of U = )

�

V .

If the deriv ation is trivial, that is U � V , then w e m ust sho w that the sequen t

` [ V ] ; [ V ]

?

is pro v able. Since w e assume the w ord problem has the restricted form with V

a singleton, this sequen t actually has the form ` [ n ] ; [ n ]

?

, whic h b y de�nition of

notation is ` p

?

n

; p

n

. This is pro v able b y iden tit y .
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Supp ose the deriv ation of U = )

�

V is a nonempt y sequence:

U = ) U

1

= ) U

2

= ) � � � = ) U

n

= ) V :

Since U = ) U

1

, there is some rule h g ! g

0

i in T , and p ossibly n ull w ords r and

s suc h that

[ U ] = [ r g s ] = p

?

r

1

� � � p

?

r

i

p

?

g

1

� � � p

?

g

j

p

?

s

1

� � � p

?

s

k

[ U ]

?

= [ r g s ]

?

= [ s ]

?

[ g ]

?

[ r ]

?

[ U

1

] = [ r g

0

s ] = p

?

r

1

� � � p

?

r

i

p

?

g

0

1

� � � p

?

g

0

h

p

?

s

1

� � � p

?

s

k

[ U

1

]

?

= [ r g

0

s ]

?

= [ s ]

?

[ g

0

]

?

[ r ]

?

By induction w e assume that w e ha v e a pro of of ` [ U

1

] ; [ V ]

?

, and construct from

this a pro of of the follo wing form:

` [ g ] ; [ g

0

]

?

T

.

.

.

` [ r ] ; [ g

0

] ; [ s ] ; [ V ]

?

` [ r ] ; 
 ([ g

0

]) ; [ s ] ; [ V ]

?

P

P

.

.

.

` [ r ] ; 
 ([ g

0

]) ; [ s ] ; [ V ]

?

P

Cut

` [ r ] ; [ g ] ; [ s ] ; [ V ]

?

In this partial deduction there are as man y applications of the P rule as there are

separate form ulas in [ g

0

]. This is b ecause eac h application of P replaces a comma

b y a P in the 
 ([ g

0

]) form ula.

The follo wing concrete example illustrates the in tended sim ulation. Assume that

the �rst rule applied in the sequence of reductions is h cd ! xy i . Then g in the ab o v e

sc hema is cd , and g

0

is xy . Also, [ g ] is p

?

c

; p

?

d

, [ g

0

] is p

?

x

; p

?

y

, and 
 ([ g

0

]) is ( p

?

x

P p

?

y

).

Also assume that r is mab , s is ef , and [ V ]

?

is p

n

.

` p

?

c

; p

?

d

; ( p

y


 p

x

)

T

.

.

.

` p

?

m

; p

?

a

; p

?

b

; p

?

x

; p

?

y

; p

?

e

; p

?

f

; p

n

` p

?

m

; p

?

a

; p

?

b

; ( p

?

x

P p

?

y

) ; p

?

e

; p

?

f

; p

n

P

Cut

` p

?

m

; p

?

a

; p

?

b

; p

?

c

; p

?

d

; p

?

e

; p

?

f

; p

n

Th us, b y induction, giv en a sequence of reductions whic h solv es a w ord problem,

w e ma y sim ulate the solution in ncl .

Lemma 4.7 The wor d pr oblem P is solvable with pr o ductions T if � ( P ) is pr ovable

in the the ory derive d fr om T .
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Pro of. W e remem b er that the target w ord V of the w ord problem is a singleton

and that there is a sp ecial mark er sym b ol m at the b eginning of U whic h is preserv ed

b y all the pro ductions in T .

The construction of a rewrite sequence b egins with an y pro of of � ( P ), and then

pro duces a directed pro of b y cut-elimination. W e ma y read an y directed pro of of

� ( P ) as a solution to the w ord problem P , since eac h directed cut corresp onds

directly to the application of one reduction in the semi-Th ue system.

In more detail, giv en a pro of whic h ends in a sequen t ` � where ` � is equal to

� ( P ), p ossibly with some of the commas in � ( P ) replaced with P , w e apply the ncl

cut-standardization Lemma 4.3, and obtain a directed pro of of ` �. W e no w pro v e

b y induction on the length of the directed pro of that this pro of ma y b e mimic k ed

b y the corresp onding semi-Th ue system.

In the case that ` � is equal to ` [ V ] ; [ V ]

?

, (for example, this pro of ma y b e

a single application of the iden tit y rule) then the solution to the w ord problem is

trivial, i.e., no pro ductions are required, since U � V .

In the induction step, ` � cannot b e pro v able with the iden tit y rule. Insp ecting

the other rules of ncl , w e see that 
 and the ? and ! rules are inapplicable, since

the conclusion sequen t do es not con tain an y o ccurrences of 
 , ?, or !. If P is the

last rule applied in the pro of, then w e app eal to the induction h yp othesis, since

then w e simply ha v e replaced few er commas with P . The only remaining case is

Cut , and b y cut-standardization, w e kno w one h yp othesis is an axiom, and the

cut-form ula in that axiom is not a negativ e literal. Insp ecting the axioms in the

theory corresp onding to the pro ductions of a semi-Th ue system, w e see that the

cut-form ula m ust alw a ys b e a form ula [ g

0

]

?

. This form ula is built up from p ositiv e

literals connected b y 
 . The cut-form ula in the other h yp othesis then m ust b e built

from negativ e literals connected b y P .

Since the start mark er m on the initial w ord U is preserv ed b y eac h pro duction

in T , w e kno w that the ncl theory deriv ed from T has a sp ecial prop ert y: the

translation p

m

of m ma y not b e a subform ula of the cut-form ula of a directed cut

unless it also app ears in the �rst non-principal p osition follo wing the cut-form ula

in the axiom. Th us the start mark er participates in a directed cut if and only if it

is the �rst sym b ol in the sequence of sym b ols replaced b y the cut. It follo ws that

the translation p

m

of the start mark er is preserv ed in an y directed pro of of an y w ell

formed w ord problem. This allo ws us to conclude that no rule is applied \around

the end" of a w ord through some con v oluted use of the rotation rule, and th us

that the semi-Th ue system ma y mimic the ncl pro of b y applying the corresp onding

pro duction to the string. By induction, w e ha v e our result.

Theorem 4.8 The pr ovability pr oblem for ncl is r e cursively unsolvable.

Corollary 4.9 The pr ovability pr oblem for ncl augmente d with the additive ( & and

� ) and c onstant ( ? , 1 , and > ) rules is r e cursively unsolvable.
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This corollary follo ws from the theorem b y a conserv ativit y result whic h is easily

deriv ed from the cut-elimination and subform ula prop erties of ncl .

4.5 Other Noncomm utativ e Logics

As men tioned previously , there is a family of logics whic h share a strong resem blance

to ncl . All of the ones w e can sensibly imagine ha v e undecidable decision problems.

In all form ulations of noncomm utativ e linear logic the k ey rule is 
 . In a sense

whic h w e mak e more precise later, the constan ts and additiv e connectiv es of linear

logic are inheren tly comm utativ e. Also, the P rule follo ws the 
 rule in its comm u-

tativit y . Th us noncomm utativ e linear logic is quite sensitiv e to the exact form ulation

of 
 . Ho w ev er, there are some minor v ariations on the syn tactic presen tation of the

other pro of rules whic h �rst b ear some notice.

4.5.1 Rotate Rule v ersus Em b edding

One motiv ation for the particular form ulation of ncl studied in the previous section

(in particular, the in tro duction of the R rule) is so that w e ma y mak e use of the

same form ulation of linear logic rules giv en in App endix B, and refer to the previ-

ously demonstrated lemmas ab out linear logic with as little mo di�cation as p ossible.

Without the R rule w e w ould ha v e to mo dify the form ulation of other rules, suc h

as the P rule, to allo w its application within a sequen t, instead of requiring its

application at one end of a sequen t. T o see this, compare the original v ersion of P

on the left with the mo di�ed v ersion on the righ t b elo w:

P

` � ; A; B

` � ; ( A P B )

` � ; A; B ; �

` � ; ( A P B ) ; �

P 2

W e will call the P 2 rule the em b edded equiv alen t of the P rule. The use of P 2 in

noncomm utativ e linear logic without the R rule directly corresp onds to the use of

P in ncl with R rule considered part of the system. W e will use encl to stand for

the system deriv ed from ncl b y remo ving the R rule, and replacing all other rules

b y their em b edded equiv alen ts, and adding a symmetric iden tit y rule.

Lemma 4.10 A se quent ` � is pr ovable in ncl if and only if it is pr ovable in Encl .

This lemma follo ws b y induction on the length of pro ofs, and from this lemma

w e obtain undecidabilit y for this system.

Corollary 4.11 The pr ovability pr oblem for ncl without the R rule, and with every

other rule r eplac e d by its emb e dde d e quivalent is r e cursively unsolvable.
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4.5.2 NCL without ? E

The earlier pro of of undecidabilit y fails in ncl without the ? E rule, since some of the

requisite lemmas ab out theories fail. Ho w ev er, w e ma y omit this rule, and replace

?C with the follo wing ?C2 rule to restore our results, and man y other prop erties of

noncomm utativ e linear logic.

?C

` � ; ? A; ? A

` � ; ? A

` � ; ? A; � ; ? A

` � ; � ; ? A

? C2

This con traction rule essen tially states that what ma y b e pro v en from t w o not ne c-

essarily c ontiguous assumptions of a reusable form ula, ma y b e pro v en from one

assumption of that reusable form ula. It is the case that the ?C2 rule is deriv able

from the ?E and ?C rules in ncl .

Lemma 4.12 A se quent ` � is pr ovable in ncl if and only if it is pr ovable in ncl

without the ?E rule, and with the ?C rule r eplac e d by ?C2 .

This lemma ma y b e pro v en b y induction on the length of pro ofs. Essen tially ,

in ncl one ma y con tract and then exc hange the reusable form ula to an y desired

p osition, while in the other system one ma y con tract the form ula directly in to p osi-

tion. On the other hand, to p erm ute a reusable form ula in ncl , one simply applies

exc hange, while in the other system one m ust con tract the form ula in to p osition,

and then w eak en a w a y the form ula in its previous p osition. Using this lemma, w e

ma y obtain the follo wing undecidabilit y result.

Corollary 4.13 The pr ovability pr oblem for ncl without the ?E rule, and with the

?C rule r eplac e d by ?C2 rule is r e cursively unsolvable.

4.5.3 Alternate 


There are t w o quite reasonable v ersions of the 
 rule in noncomm utativ e linear logic,

one as used ab o v e de�ned in App endix B, and the other using a di�eren t sequen t

order in the conclusion:




` � ; A ` B ; �

` � ; ( A 
 B ) ; �

` � ; A ` � ; B

` � ; � ; ( A 
 B )


 2

The t w o form ulations are equiv alen t in the presence of unrestricted exc hange (com-

m utativ e linear logic), but are subtlely di�eren t in the con text of noncomm utativ e

linear logic. In a noncomm utativ e linear logic with 
 replaced b y 
 2 , the de�-

nition of negation m ust c hange. In particular, the negation of the m ultiplicativ e

connectiv es w ould b e de�ned as follo ws:

( A 
 B )

?

�

= A

?

P B

?

( A P B )

?

�

= A

?


 B

?
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W e de�ne the translation � (�) of a sequen t � to b e the sequen t � with all

o ccurrences of form ulas of the form A 
 B replaced b y B 
 A .

Lemma 4.14 A se quent ` � is pr ovable in ncl if and only if � (�) is pr ovable in

ncl with the 
 rule r eplac e d by the 
 2 rule

Lemma 4.15 A se quent ` � (�) is pr ovable in ncl if and only if � is pr ovable in

ncl with the 
 rule r eplac e d by the 
 2 rule

This lemma follo ws b y induction on the heigh t of pro ofs.

Lemma 4.16 The pr ovability pr oblem for ncl with the 
 rule r eplac e d by the 
 2

rule and alternate de�nition of ne gation is r e cursively unsolvable.

This lemma follo ws from the ab o v e t w o, whic h simply state that b y rev ersing

the order of all tensor ( 
 ) form ulas, w e pass from ncl to this new logic, and bac k

again. Th us a decision pro cedure for one implies a decision pro cedure for the other,

and b y Lemma 4.8, w e kno w there is no decision pro cedure for ncl .

4.5.4 Mix and Matc h

The ab o v e mo di�cations of ncl do not in terfere with cut-elimination, nor with the

basic undecidabilit y result for ncl . It is also the case that ev en in com bination the

ab o v e three mo di�cations, ( R v ersus em b edding, ? E v ersus ? C2 , and 
 v ersus 
 2 )

do not in teract. That is, an y com bination of these mo dications retains the c haracter

of ncl , including the prop erties of b eing undecidable, and ha ving a cut-elimination

theorem.

4.6 Degenerate Noncomm utativ e Linear Logics

Some v ariations on the ncl system are not as b enign as the ab o v e. In fact, it is m uc h

easier to create nonsense than a coheren t logic b y altering pro of rules haphazardly .

The main fo cus of this section is to consider plausible but degenerate v arian ts

of the rules based on in terlea ving the circular orders of h yp otheses.

4.6.1 In termingling 


A t �rst glance, it migh t seem in teresting to study the systems obtained when binary

rules in ncl are replaced with rules whic h allo w in termingling of the h yp otheses in

the conclusion. F or example,


 3

` � ; A ` B ; �

` � ; ( A 
 B )

where � is some in terlea ving of � and �
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Somewhat surprisingly , the system obtained b y replacing 
 with 
 3 in ncl is equiv-

alen t to a comm utativ e v ersion of ncl .

Lemma 4.17 A se quent ` � is pr ovable in the system obtaine d by r eplacing 
 by


 3 in ncl if and only if that se quent is pr ovable in the system obtaine d by adding

the unr estricte d exchange rule to ncl .

This lemma follo ws b y induction on the length of cut-free pro ofs. F ormally , w e

need a cut-elimination pro cedure for b oth logics. The cut-elimination pro cedure for

full linear logic su�ces to eliminate cuts from ncl with unrestricted exc hange. Cut-

elimination for ncl with 
 replaced b y 
 3 is p ossible to pro v e directly , although the

principal 
 3 v ersus P case is quite di�cult. Cut-elimination in this case ma y b e

accomplished with the addition of an \in termingling cut" rule whic h along with the

nonin termingling cut rule ma y b e eliminated from an y pro of. The k ey reason this

lemma holds is that 
 and P are the only binary connectiv es of ncl and allo wing

( A 
 B ) to b e equiv alen t to ( B 
 A ) in this con text causes ( A P B ) to b e equiv alen t

to ( B P A ).

Corollary 4.18 A se quent ` � is pr ovable in the system obtaine d by r eplacing 


by 
 3 in ncl augmente d with additives and c onstants if and only if that se quent

is pr ovable in the system obtaine d by adding the unr estricte d exchange rule to ncl

augmente d with additives and c onstants.

This corollary follo ws from the fact that the constan ts and additiv e connectiv es

are inheren tly comm utativ e, and ma y b e pro v en b y induction on the length of pro ofs.

4.6.2 In termingling Cut

A problem similar to that whic h o ccurs with 
 3 arises if w e allo w the Cut rule to

in terlea v e its conclusion. De�ne Cut2 :

Cut2

` � ; A ` � ; A

?

` �

where � is some in terlea ving of � and �

As for the previous alteration, the system ncl with Cut replaced b y Cut2 w ould

b e comm utativ e. W e can ac hiev e the e�ect of the unrestricted exc hange rule using

the Cut2 rule:

.

.

.

` � ; � ; A

.

.

.

` A; A

?

Cut2

` � ; A; �

Note that for an y form ula A , there is alw a ys a pro of of ` A; A

?

in noncomm utativ e

(as w ell as comm utativ e) linear logic. The ab o v e partial deduction sho ws that



Noncomm utativ e Prop ositional Linear Logic 57

unrestricted exc hange ma y b e sim ulated in noncomm utativ e linear logic with Cut

replaced b y Cut2 . Somewhat more concretely , the follo wing sho ws a deduction of

a sequen t whic h is not deriv able in ncl :

` p

1

; p

?

1

I

` p

2

; p

?

2

I




` p

1

; ( p

?

1


 p

?

2

) ; p

2

` p

1

; p

?

1

I

Cut2

` ( p

?

1


 p

?

2

) ; p

1

; p

2

Notice in the �nal conclusion that p

1

and p

2

ha v e c hanged places, in a w a y imp ossible

without the use of the Cut2 rule in ncl . Th us using Cut2 w e could pro v e an y

sequen t whic h is pro v able in the comm utativ e fragmen t of linear logic corresp onding

to ncl . Ho w ev er, it w ould b e imp ossible to pro v e some suc h sequen ts in ncl without

Cut2 , and th us cut-elimination fails in this logic.

Ho w ev er, since there is a pro of of a sequen t in this logic if and only if there is a

pro of of that sequen t in (comm utativ e) linear logic, w e ma y as w ell use linear logic,

whic h do es ha v e a cut-elimination theorem.



Chapter 5

The Multiplicativ e F ragmen t

W e no w consider the fragmen t of linear logic whic h includes only the m ultiplicativ e

connectiv es. In Section 5.1, w e sho w that the decision problem for this fragmen t is

in np , and in Section 5.2 w e sho w that the m ultiplicativ e fragmen t with a rule of

unrestricted w eak ening is np -complete.

5.1 Multiplicativ es

W e ha v e t w o results whic h c haracterize the complexit y of this fragmen t incompletely .

The exact complexit y of this fragmen t is one of the signi�can t op en problems. In

short, w e �nd that this fragmen t is in np , and if w e in tro duce the structural rule of

unrestricted w eak ening in to this fragmen t, it b ecomes np -complete.

The pure m ultiplicativ e fragmen t (without additiv e connectiv es or storage op er-

ators) is the simplest fragmen t of linear logic that w e ha v e in v estigated.

Theorem 5.1 Multiplic ative line ar lo gic is in np .

Pro of. The pro of is straigh tforw ard: Eac h connectiv e in the conclusion sequen t is

the principal connectiv e in exactly one pro of step in an y cut-free pro of, th us giving

a p olynomial b ound on the size of cut-free pro ofs. Th us the en tire pro of ma y b e

guessed in p olynomial time.

5.2 Direct Logic

W e ha v e b een unable to pro v e the m ultiplicativ e fragmen t of linear logic np -complete.

W e no w b eliev e that this ma y b e di�cult, due to the lac k of redundancy in this prob-

lem statemen t [GJ79 ]. As part of our in v estigation of the need to discard arbitrary

resources to ac hiev e np -completeness, w e studied prop ositional m ultiplicativ e linear

logic with unrestricted w eak ening, but without con traction. W e will call this dir e ct

58
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lo gic or dl , as it is similar to the direct logic of [KW84 ]. dl is also considered in

considerable detail in Bellin [Bel90 ]. The rules for this system are the iden tit y and

cut rules, the rules for the m ultiplicativ es, constan ts, and the structural rule W of

unrestricted w eak ening.

W

` �

` A; �

W e �rst demonstrate cut-elimination for dl , yielding consistency , whic h will

facilitate our later pro of of NP -completeness.

Lemma 5.2 A se quent is pr ovable in dl if and only if it is pr ovable in dl without

using the cut rule.

Pro of. This lemma, as the cut-elimination theorem for full linear logic, is pro v en

b y giving a cut-elimination pro cedure. This pro cedure tak es an y pro of as input, and

pro duces a cut-free pro of of the same sequen t.

W e mo dify the pro cedure giv en in App endix A. More sp eci�cally , w e mo dify

the pro cedure giv en in Lemma A.1 to handle the extra cases brough t ab out b y the

presence of w eak ening, and w e de�ne the form ula A in the ab o v e presen tation of W

to b e the principal form ula of W .

Th us w e need to presen t t w o reductions, one in the case that the cut form ula is

principal, and in case it is not principal.

W e will follo w the notation used in App endix A, where Cut � is used to am bigu-

ously refer to the Cut rule or the extra rule of inference in tro duced in the app endix

called Cut ! .

First, w e consider the non-principal W case:

.

.

.

` � ; A

` � ; A; B

W

.

.

.

` � ; A

?

Cut �

` � ; � ; B

= )

.

.

.

` � ; A

.

.

.

` � ; A

?

Cut �

` � ; �

` � ; � ; B

W

The ab o v e reduction is v ery similar to the case of non-principal ?W .

In the case of principal W , w e ha v e the follo wing reduction:

.

.

.

` �

` � ; A

W

.

.

.

` � ; A

?

Cut �

` � ; �

= )

.

.

.

` �

W

.

.

.

` � ; �

W
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By com bining these t w o reductions with the pro cedure giv en in Lemma A.1, w e

ha v e a cut-reduction lemma for dl .

F ortunately , Lemma A.2 and Theorem A.3 then follo w without mo di�cation.

F ormally , w e m ust sho w that although the lemmas in App endix A apply to full linear

logic, they w ould not tak e a pro of in dl in to a pro of outside dl . By insp ection of

the reductions used for the subset of the connectiv es of dl , w e see that this holds.

Therefore, giv en an y dl pro of of sequen t ` � in theory T , w e can construct a

cut-free pro of of ` � in theory T .

Lemma 5.3 The pr ovability pr oblem for dl is in np .

Pro of. The mem b ership in np of the pro v abilit y problem for dl follo ws from a

p olynomial b ound on the size of cut-free dl pro ofs. Eac h subform ula o ccurrence in

the conclusion is analyzed in at most one rule application in an y cut-free pro of of that

conclusion. Th us, giv en a pro v able sequen t, it is p ossible to nondeterministically

generate and c hec k a cut-free pro of in p olynomial time.

The pro of of the np -hardness of pro v abilit y for dl is obtained b y a transformation

from the V ertex Co v er problem whic h can b e stated as: Giv en a graph G = ( V ; E )

and a b ound k , �nd a subset U of k or few er v ertices from V suc h that ev ery edge in

E is inciden t on some v ertex in U . Giv en an instance of the V ertex Co v er problem,

w e construct 
 ( V ; E ; k ), a dl sequen t whic h is pro v able exactly when ( V ; E ) has a

v ertex co v er of few er than k v ertices. Let deg ( v ; E ) denote the degree of v ertex v ,

i.e., the n um b er of edges in E inciden t on v . The de�nition of 
 is giv en b y


 ( V ; E ; k ) = ` m

k

; � ( V ; E ) ; � ( E )

� ( V ; E ) = P

v 2 V

( m

?


 ( x

?

v

P : : : P x

?

v

| {z }

deg ( v ;E )

))

� ( E ) = 


( u;v ) 2 E

( x

u

P x

v

)

F or example, giv en V = f a; b; c; d g and E = f ( a; b ) ; ( c; d ) ; ( b; c ) g , and k = 2, the

sequen t 
 ( V ; E ; k ) is

` m; m;

m

?


 x

?

a

; m

?


 ( x

?

b

P x

?

b

) ; m

?


 ( x

?

c

P x

?

c

) ; m

?


 x

?

d

;

( x

a

P x

b

) 
 ( x

c

P x

d

) 
 ( x

b

P x

c

)

A v ertex co v er in this example is ob viously f b; c g . The corresp onding deduction

in dl of 
 ( V ; E ; k ) can b e constructed in stages. In the �rst stage, the form ula

enco ding v ertices a and d are w eak ened and the form ulas enco ding v ertices b and c
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are reduced as sho wn b elo w.

` m; m

?

I

` m; m

?

I

.

.

.

` x

?

b

; x

?

b

; x

?

c

; x

?

c

; � ( E )

` x

?

b

; x

?

b

; ( x

?

c

P x

?

c

) ; � ( E )

P

` ( x

?

b

P x

?

b

) ; ( x

?

c

P x

?

c

) ; � ( E )

P




` m; ( x

?

b

P x

?

b

) ; m

?


 ( x

c

P x

c

) ; � ( E )




` m; m; m

?


 ( x

?

b

P x

?

b

) ; m

?


 ( x

?

c

P x

?

c

) ; � ( E )

` m; m; m

?


 x

?

a

; m

?


 ( x

?

b

P x

?

b

) ; m

?


 ( x

?

c

P x

?

c

) ; m

?


 x

?

d

; � ( E )

W

The remaining subgoal in the ab o v e deduction can b e pro v ed in the next stage.

The v ertex literals corresp onding to the v ertex co v er can b e paired o� with literals

in the edge enco dings to demonstrate that there is at least one v ertex literal for eac h

edge.

` x

?

b

; x

b

I

` x

?

b

; x

a

; x

b

W

` x

?

b

; ( x

a

P x

b

)

P

` x

?

c

; x

c

I

` x

?

c

; x

c

; x

d

W

` x

?

c

( x

c

P x

d

)

P

` x

?

b

; x

b

I

` x

?

b

; x

?

c

; x

b

; x

c

W

` x

?

b

; x

?

c

; ( x

b

P x

c

)

P




` x

?

b

; x

?

c

; x

?

c

; ( x

c

P x

d

) 
 ( x

b

P x

c

)




` x

?

b

; x

?

b

; x

?

c

; x

?

c

; ( x

a

P x

b

) 
 ( x

c

P x

d

) 
 ( x

b

P x

c

)

The next three lemmas are stated without pro of. They are used in the pro of

of Lemma 5.7 to establish that when a v ertex co v er for V , E , and k exists, then


 ( V ; E ; k ) is pro v able.

Lemma 5.4 If l � k , then ther e exists a de duction of ` m

k

; � fr om ` m

l

; � .

Lemma 5.5 Given V , E , and U � V , let � b e the multiset c ontaining deg ( u; E )

o c curr enc es of x

?

u

for e ach u in U , and let l b e j U j . Ther e is a de duction of `

m

l

; � ( V ; E ) ; � fr om ` � ; � .

Lemma 5.6 If � is a multiset of liter als such that for e ach ( u; v ) in E , ther e is a

distinct o c curr enc e of either x

?

u

or x

?

v

in � , then ` � ; � ( E ) is pr ovable.

Lemma 5.7 If G = ( V ; E ) has a vertex c over U of k or fewer vertic es, then


 ( V ; E ; k ) has a dl pr o of.

Pro of. Let l = j U j b e the cardinalit y of U . By Lemma 5.4 and the de�ni-

tion of 
 , the required conclusion, ` m

k

; � ( V ; E ) ; � ( E ), can b e deduced from `

m

l

; � ( V ; E ) ; � ( E ). Let � b e the m ultiset of literals con taining deg ( u; E ) o ccurrences
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of x

?

u

for eac h u in U . By Lemma 5.5, there is a deduction of ` m

l

; � ( V ; E ) ; � ( E )

from ` � ; � ( E ). Since deg ( u; E ) is the n um b er of o ccurrences of x

u

in � ( E ), the

sequen t ` � ; � ( E ) is pro v able b y Lemma 5.6.

Lemma 5.8 states some straigh tforw ard prop erties ab out w eak ening, and is giv en

b elo w without pro of (see [Bel90 ], page 138). A form ula o ccurrence is said to b e

we akene d in a pro of if it is the principal form ula of an application of the w eak ening

rule. The lemma essen tially captures the idea that if all subform ulas of a form ula

o ccurrence are w eak ened, then the form ula itself can b e w eak ened instead; and if

ev en a single conjunct in a conjunction is w eak ened, then the en tire conjunction can

b e w eak ened instead. Lemma 5.8 is used rep eatedly in the pro of of Theorem 5.9 to

maximize the size of an y form ulas that are w eak ened in a pro of.

Lemma 5.8 F or any pr o of � in dl of a se quent ` � , one c an obtain a pr o of � of

` � such that

1. for any formula o c curr enc e ( A 
 B ) , neither A nor B is we akene d in �

2. for any formula o c curr enc e ( A P B ) , A and B ar e not b oth we akene d in � , and

3. any we akening of formula o c curr enc es in � o c curs b elow any applic ation of

non-we akening rules in � .

Lemma 5.9 Given a gr aph G = ( V ; E ) and a b ound k , if 
 ( V ; E ; k ) is pr ovable in

dl then G has a vertex c over of size less than k .

Pro of. Giv en a pro of of 
 ( V ; E ; k ), �rst tak e the set U of v ertices u suc h that

` x

u

; x

?

u

is an axiom in the pro of of 
 ( V ; E ; k ). There are t w o p ossible w a ys in

whic h U migh t not b e a v ertex co v er. One w a y is if for some edge enco ded b y

( x

v

P x

w

), neither x

v

nor x

w

app ears in an axiom. Then the literals x

u

and x

v

m ust

ha v e b een subform ulas of some w eak ened form ulas. By Lemma 5.8 the giv en pro of

can b e transformed to one in whic h b oth x

u

and x

v

are not w eak ened, and neither

is ( x

u

P x

v

) since it is a conjunct. Therefore the en tire edge enco ding � ( E ) w ould

ha v e to b e w eak ened b elo w an y non-w eak ening rules, and as a result ` m

k

; � ( V ; E )

w ould ha v e to b e pro v able. Since ` m

k

; � ( V ; E ) con tains no p ositiv e o ccurrences

of literals x

v

for v in V , a pro of of ` m

k

; � ( V ; E ) cannot con tain axioms of the

form ` x

v

; x

?

v

. Again, b y Lemma 5.8, eac h form ula in � ( V ; E ) m ust b e w eak ened

b elo w an y application of logical rules. Suc h a pro of w ould con tain a deduction of

` m

k

. Ho w ev er, ` m

k

is unpro v able for an y k , con tradicting the assumption that

` 
 ( V ; E ; k ) is pro v able.

The only remaining w a y in whic h the set U with l = j U j migh t fail to b e a v ertex

co v er is if l > k . The negativ e literals x

?

v

in axioms ` x

v

; x

?

v

only o ccur in the

form ulas in � ( V ; E ). By Lemma 5.8, the giv en pro of can b e transformed to a pro of

� in whic h l of the form ulas in � ( V ; E ) are not w eak ened, b ecause eac h form ula in
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� ( V ; E ) con tributes at most one v ertex to the set U . Since eac h un w eak ened form ula

in � ( V ; E ) is of the form m

?


 A for some A , Lemma 5.8 implies that � con tains at

least l axioms of the form ` m; m

?

. Ho w ev er, there are only k p ositiv e o ccurrences

of the literal m in the conclusion sequen t ` 
 ( V ; E ; k ), and eac h o ccurrence can

app ear in at most one axiom of the form ` m; m

?

, th us con tradicting the claim that

l > k .

Therefore, the construction of U from a dl pro of of ` 
 ( V ; E ; k ) do es yield a

v ertex co v er for G = ( V ; E ) of size b ounded b y k .

The enco ding 
 transforming an instance of the V ertex Co v er problem to the

pro v abilit y of a dl sequen t is clearly of p olynomial complexit y . T ogether, Lem-

mas 5.7 and 5.9 yield the follo wing result.

Theorem 5.10 Multiplic ative line ar lo gic with unr estricte d we akening is np -c omplete.

In this reduction, w eak ening app ears essen tial since an edge ma y b e co v ered

b y selecting one endp oin t or b oth, and w eak ening allo ws b oth cases to succeed.

Only with additiv es w ould it b e p ossible to enco de suc h b eha vior in linear logic,

and including the additiv es w ould tak e dl out of np . In fact, dl with additiv e

connectiv es b ecomes psp a ce -complete.



Chapter 6

Conclusion

W e ha v e in v estigated the complexit y of the pro v abilit y problem for sev eral frag-

men ts of prop ositional linear logic. Our most signi�can t results are that pro v abil-

it y for full prop ositional linear logic is undecidable, but that pro v abilit y b ecomes

psp a ce -complete when the mo dal storage op erator is remo v ed. One ma y view these

results in terms of the non-mo dal m ultiplicativ e-additiv e linear logic as the facts

that pro v abilit y in this logic without non-logical axioms is psp a ce -complete, and

with non-logical axioms pro v abilit y b ecomes undecidable. In fact, ev en if the non-

logical axioms are of an extremely restricted class, the pro v abilit y problem remains

undecidable.

These results p oin t out the greater complexit y inheren t in linear logic, when

compared with classical or in tuitionistic logic. This extra complexit y is the price

one should exp ect to pa y in a logic as detailed, or as sp eci�c, as linear logic. In

fact, w e sho w that linear logic is a computational logic. That is, linear logic can ex-

actly represen t computations, to the p oin t where not only is there a corresp ondence

b et w een deriv able conclusions and mac hine con�gurations that ev en tually reac h an

accepting state, but there is an exact corresp ondence b et w een (standardized) pro ofs

and accepting computations.

W e ha v e also sho wn that pro v abilit y for the non-comm utativ e fragmen t of linear

logic (ev en without additiv e connectiv es) is also undecidable. Finally , w e sho w

that the decision problem for the m ultiplicativ e fragmen t is in np , and b ecomes

np -complete in the presence of unrestricted w eak ening.

Although w e ha v e gained some insigh t in to the expressiv e p o w er and com bi-

natorial prop erties of prop ositional linear logic, some op en problems remain. W e

ha v e b een unable to establish tigh t b ounds for the m ultiplicativ e fragmen t or settle

the decidabilit y of the m ultiplicativ es with the ! op erator. This seems particularly

di�cult, since a p ositiv e solution w ould in v olv e an extension of the reac habilit y al-

gorithm for P etri nets. The other op en problem of in terest to us is the decidabilit y

of v arious fragmen ts of linear logic without the mo dal op erators ? and !, and without
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non-logical axioms, extended with prop ositional quan ti�ers.
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App endix A

Cut Elimination

The cut-elimination theorem, in general, states that whatev er can b e pro v en in the

full v ersion of a logic ma y also b e pro v en without the use of the cut rule. This

theorem is fundamen tal to linear logic, and w as pro v en b y Girard shortly after

the in tro duction of the logic b y presen ting a cut-elimination pro cedure for pro of

nets [Gir87a ]. In our pro of of undecidabilit y , w e mak e use of the syn tax, or exact

form of a cut-elimination pro cedure for the sequen t calculus form ulation of linear

logic. Since Girard demonstrated the corresp ondence b et w een pro of nets and the

sequen t calculus presen tation of linear logic, w e could ha v e relied on Girard's pro of

of cut-elimination. Ho w ev er, for the purp oses of our undecidabilit y pro of, and other

results, it is m uc h more clear to presen t a cut-elimination pro cedure nativ e to the

sequen t calculus.

The follo wing demonstration of the cut-elimination theorem consists of a linear

logic pro of normalization pro cedure whic h slo wly eliminates cuts from an y linear

logic pro of. The pro cedure ma y greatly increase the size of the pro of, although of

course it will still b e a pro of of the same sequen t. F or tec hnical reasons, w e add a

deriv ed rule of inference, Cut ! , whic h simpli�es the pro of of termination. W e then

giv e a set of reductions whic h apply to pro ofs whic h end in Cut or Cut ! , and using

these w e eliminate all uses of Cut and Cut ! from a pro of.

The pro of structure is v ery close to the w ell kno wn pro ofs of cut-elimination in

classical logic [GL T89 ], but is complicated b y the extra information whic h m ust b e

preserv ed in a linear pro of. The Cut ! rule de�ned b elo w is reminiscen t of Gen tzen's

MIX rule [Gen69 ], and serv es the same purp ose, whic h is to pac k age together in-

ference rules. As in Gen tzen's w ork, w e add this extra rule, and then sho w that it

(along with Cut ) ma y b e eliminated en tirely from an y pro of. Th us w e sho w that

this new rule and Cut are redundan t in linear logic.

Let us b egin with some de�nitions. First, w e de�ne the follo wing new rule of

inference,
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Cut !

` � ; (? A )

n

` � ; ! A

?

` � ; �

n � 1

(? A )

n

is mean t to denote a m ultiset of form ulas. F or example, (? A )

3

=? A; ? A; ? A .

As stated in the side condition, the Cut ! rule is only applicable when n is at least 1.

This rule of inference is deriv able; that is, it ma y b e sim ulated b y sev eral applications

of con traction (? C ) on the left h yp othesis and then one application of the standard

Cut rule. The original Cut rule and Cut ! coincide when n = 1. Adding this

extra deriv ed rule of inference simpli�es the termination argumen t substan tially b y

pac k aging together some n um b er of con tractions with the cut that eliminates the

con tracted form ula. This pac k age is only op ened when the con tracted form ulas are

actually used with the application of the ? D rule, thro wn a w a y b y the ? W rule, or

split in to t w o pac k ages b y the 
 and Cut � rules. W e will use the sym b ol \ Cut � "

as a general term for the original Cut rule and the new Cut ! rule am biguously .

W e will call a form ula whic h app ears in a h yp othesis of an application of Cut

or Cut ! , but whic h do es not o ccur in the conclusion a cut-formula . In the list of

linear logic rules in App endix B the cut-form ulas in the Cut rule are the form ulas

named A and A

?

, and in the Cut ! rule ab o v e, the cut-form ulas are ? A and ! A

?

.

W e also de�ne the de gr e e of a Cut or Cut ! to b e the n um b er of sym b ols in its

cut-form ulas. F or concreteness, w e de�ne here what is mean t b y n um b er of sym b ols.

W e will consider eac h prop ositional sym b ol p

i

to b e a single sym b ol. W e also consider

the negation of eac h prop ositional sym b ol p

i

?

to b e a single sym b ol. Finally , w e

coun t eac h connectiv e and constan t, 
 ; P ; � ; & ; ? ; ! ; 1 ; ? ; 0 ; > , as a single sym b ol,

but do not coun t paren theses. It is imp ortan t to note that negation is de�ned, and

therefore is not a connectiv e. This metho d of accoun ting has the pleasan t prop ert y

that an y linear logic form ula A and its negation A

?

ha v e exactly the same n um b er of

sym b ols. (One ma y pro v e this b y simple induction on the structure of the form ula

A ). Th us it do es not matter whic h cut-form ula w e coun t when determining the

degree of a cut. W e also de�ne the de gr e e of a pro of to b e the maxim um degree of

an y cut in the pro of, or zero if there are no cuts.

The princip al formula of an application of an inference rule is usually de�ned to

b e an y form ula whic h is in tro duced b y that rule. F or example, the form ula ( A 
 B ) is

the principal form ula of the 
 rule, since that is the form ula whic h is in tro duced b y

that rule. W e follo w the standard con v en tion of considering the con tracted form ula

in an application of ? C principal, ev en though it is not in tro duced b y the rule. F or

con v enience, w e extend the notion of principal form ula in the follo wing nonstandard

w a ys. W e will consider an y form ula b eginning with ? app earing in the conclusion of

the ! S , 
 , Cut , or Cut ! rules to b e principal. By this de�nition all form ulas in the

conclusion of ! S are principal, and the only rule in whic h a form ula b eginning with

! ma y b e principal is ! S . This de�nition of principal form ula simpli�es the structure

of the follo wing pro of somewhat.
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Op erationally , the cut-elimination pro cedure de�ned b elo w �rst �nds one of the

\highest" cuts of maximal degree in the pro of. That is, an application of Cut � ( Cut

or Cut ! ) for whic h all applications of Cut � in the deriv ation of either h yp othesis is

of smaller degree. Then a reduction is applied to that o ccurrence of Cut � , whic h

simpli�es or eliminates it, although it ma y replicate some other p ortions of the

original pro of. W e iterate this pro cedure to remo v e all cuts of some degree, and

then iterate the en tire pro cedure to eliminate all cuts. In this w a y , an y linear logic

pro of ma y b e normalized in to one without an y uses of the Cut or Cut ! rules, at the

p ossible exp ense of an (w orse than) exp onen tial blo wup in the size of the resulting

pro of tree.

T ec hnically , w e b egin with a lemma whic h constitutes the heart of the pro of of

cut-elimination. Although the pro of of this lemma is rather length y , the reasoning

is straigh tforw ard, and the remainder of the pro of of cut-elimination is quite simple.

Lemma A.1 (Reduce One Cut) Given a pr o of of the se quent ` � in line ar lo gic

which ends in an applic ation of Cut � of de gr e e d > 0 , and wher e the de gr e e of the

pr o ofs of b oth hyp othesis is less than d , we may c onstruct a pr o of of ` � in line ar

lo gic of de gr e e less than d .

Pro of. By induction on the n um b er of pro of rules applied in the deriv ation of

` �.

Giv en a deriv ation whic h ends in a Cut � , w e p erform case analysis on the rules

whic h w ere applied immediately ab o v e the Cut � . One of the follo wing cases m ust

apply to an y suc h deriv ation:

1. The cut-form ula is not principal in one or b oth h yp otheses.

2. The cut-form ula is principal in b oth h yp otheses.

In eac h case w e will pro vide a reduction, whic h ma y eliminate the cut en tirely , or

replace it with one or t w o smaller cuts. Since this is a pro of b y induction on the size

of a deriv ation, one ma y view this pro of as a pro cedure whic h pushes applications of

Cut � of large degree up a deriv ation. Informally , this pro cedure pushes applications

of Cut � up through pro of rules where the cut-form ula is non-principal, un til the

critical p oin t is reac hed where the cut-form ula is principal in b oth h yp otheses. In

Girard's pro of of cut-elimination for linear logic using pro of nets, the non-principal

cases are circum v en ted b y follo wing pro of links. In b oth approac hes, ho w ev er, the

principal cases require signi�can t detailed analysis.

A.1 Cut of non-principal form ulas

If the deriv ation of a h yp othesis ends in a rule yielding a non-principal cut-form ula,

then the rule m ust b e one of the follo wing: 
 , P , � , &, ? W , ? C , ? D , ? , > , or
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Cut � . The rules I , ! S , and 1 are absen t since those rules ha v e no non-principal

form ulas in their conclusions. The later analysis of principal form ula cuts considers

these three cases.

A.1.1 


If the last rule applied in one h yp othesis is 
 , the cut-form ula is not the main

form ula in tro duced b y that application of 
 , and the cut-form ula do es not b egin

with ?, then w e ma y propagate the Cut � up w ard, through the application of 
 :

.

.

.

` � ; A

.

.

.

` B ; � ; C




` � ; ( A 
 B ) ; � ; C

.

.

.

` � ; C

?

Cut

` � ; ( A 
 B ) ; � ; �

= )

.

.

.

` � ; A

.

.

.

` B ; � ; C

.

.

.

` � ; C

?

Cut

` B ; � ; �




` � ; ( A 
 B ) ; � ; �

F or the rules suc h as 
 with t w o h yp otheses, w e giv e the reduction for the case where

the non-principal cut-form ula app ears in the righ t hand h yp othesis of the 
 rule,

and app ears in one sp eci�c p osition in that sequen t. The symmetric case of the cut-

form ula app earing in the left hand h yp othesis is v ery similar, and is alw a ys omitted.

Since some notion of exc hange is built-in to the system, sequen ts are considered

m ultisets. Th us the exact p osition of form ulas in sequen ts is unimp ortan t. (Note

that in noncomm utativ e linear logic the relativ e p osition b ecomes vitally imp ortan t.)

The pro of ending in Cut after this transformation is smaller than the original

pro of, since the en tire pro of of ` � ; A , and the last application of 
 are no longer

ab o v e the Cut . Th us b y induction on the size of pro ofs, w e can construct the desired

pro of of degree less than d .

Note that the Cut ! rule only applies to form ulas whic h b egin with ?, and th us

this reduction, whic h is only used if the cut-form ula do es not b egin with ?, applies

only to Cut and not to Cut ! . Th us, w e ha v e disam biguated this case, and write

only of Cut , where w e presen t tranformations later in terms of Cut � , in order to

co v er b oth p ossibilities sim ultaneously . The reduction giv en later (in Section A.2.9)

handles the case of Cut !.

A.1.2 P

If the last rule applied in one h yp othesis is P , and the cut-form ula is not the main

form ula in tro duced b y that application of P , then w e ma y propagate the Cut �
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up w ard, through the application of P :

.

.

.

` � ; A; B ; C

` � ; ( A P B ) ; C

P

.

.

.

` � ; C

?

Cut �

` � ; ( A P B ) ; �

= )

.

.

.

` � ; A; B ; C

.

.

.

` � ; C

?

Cut �

` � ; A; B ; �

` � ; ( A P B ) ; �

P

Again, the pro of ab o v e the Cut � is smaller after this transformation, and th us

b y induction w e ha v e our result.

A.1.3 �

Applications of Cut � in v olving the t w o symmetric � rules (where the cut-form ula

is not principle, that is, not in tro duced b y this application of � ) ma y b e eliminated

in similar w a ys:

.

.

.

` � ; A; C

` � ; ( A � B ) ; C

�

.

.

.

` � ; C

?

Cut �

` � ; ( A � B ) ; �

= )

.

.

.

` � ; A; C

.

.

.

` � ; C

?

Cut �

` � ; A; �

` � ; ( A � B ) ; �

�

The second case of this rule is the same except the conclusion w ould con tain the

form ula ( B � A ), instead of the form ula ( A � B ) seen ab o v e.

A.1.4 &

It is the elimination of this t yp e of cut (among others) whic h ma y lead to an exp o-

nen tial blo wup in the size of cut-free pro ofs. The only other cut-elimination steps

whic h ma y lead to a pro of expansion are those in v olving ! S .

.

.

.

` � ; A; C

.

.

.

` � ; B ; C

&

` � ; ( A & B ) ; C

.

.

.

` � ; C

?

Cut �

` � ; ( A & B ) ; �

+

.

.

.

` � ; A; C

.

.

.

` � ; C

?

Cut �

` � ; A; �

.

.

.

` � ; B ; C

.

.

.

` � ; C

?

Cut �

` � ; B ; �

&

` � ; ( A & B ) ; �
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The increase in pro of size comes from replicating the en tire pro of tree ab o v e

` � ; C

?

. Note that ev en though there are no w t w o cuts instead of one, w e ma y

assume that b oth ma y b e reduced in degree to less than d b y induction on the size

of the deriv ations. That is, there are few er pro of rules applied ab o v e eac h Cut �

than there w ere ab o v e the single application of Cut � originally .

A.1.5 ? W

F or this and the remaining cases, w e omit discussion and simply indicate the reduc-

tion:

.

.

.

` � ; A

` � ; A; ? B

? W

.

.

.

` � ; A

?

Cut �

` � ; � ; ? B

= )

.

.

.

` � ; A

.

.

.

` � ; A

?

Cut �

` � ; �

` � ; � ; ? B

? W

A.1.6 ? C

.

.

.

` � ; A; ? B ; ? B

? C

` � ; A; ? B

.

.

.

` � ; A

?

Cut �

` � ; � ; ? B

= )

.

.

.

` � ; A; ? B ; ? B

.

.

.

` � ; A

?

Cut �

` � ; � ; ? B ; ? B

? C

` � ; � ; ? B

A.1.7 ? D

.

.

.

` � ; A; B

` � ; A; ? B

? D

.

.

.

` � ; A

?

Cut �

` � ; � ; ? B

= )

.

.

.

` � ; A; B

.

.

.

` � ; A

?

Cut �

` � ; � ; B

` � ; � ; ? B

? D

A.1.8 ?

.

.

.

` � ; A

` � ; A; ?

?

.

.

.

` � ; A

?

Cut �

` � ; � ; ?

= )

.

.

.

` � ; A

.

.

.

` � ; A

?

Cut �

` � ; �

` � ; � ; ?

?
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A.1.9 >

` � ; A; >

>

.

.

.

` � ; A

?

Cut �

` � ; � ; >

= ) ` � ; � ; >

>

A.1.10 Cut

If the pro of of one h yp othesis ends in Cut � , then w e kno w that it has degree less

than d . If the cut-form ula of the lo w er degree d application of Cut � b egins with ?,

then it is considered principal (b y de�nition) in the upp er application of Cut � , and

will b e handled in Section A.2.8. Otherwise, w e kno w the form ula do es not b egin

with ?, and th us the lo w er Cut � m ust actually b e Cut .

.

.

.

` � ; A; C

.

.

.

` � ; C

?

Cut �

` � ; A; �

.

.

.

` � ; A

?

Cut

` � ; � ; �

= )

.

.

.

` � ; A; C

.

.

.

` � ; A

?

Cut

` � ; � ; C

.

.

.

` � ; C

?

Cut �

` � ; � ; �

Here w e kno w that the n um b er of sym b ols in the form ula A is d , and the n um b er

of sym b ols in the form ula C is less than d . Th us b y induction w e kno w that w e can

construct a pro of of degree less than d of ` � ; � ; C , and from that w e can construct

our desired pro of of ` � ; � ; �.

A.2 Cut of principal form ulas

If the pro of of eac h h yp othesis ends in a rule with the cut form ula as its principal

form ula, then the t w o last rules ab o v e the cut m ust b e one of these com binations: I

v ersus an y , 
 v ersus P , � v ersus &, ? W v ersus ! S , ? C v ersus ! S , ? D v ersus ! S , ! S

v ersus ! S , Cut � v ersus ! S , 
 v ersus ! S , or ? v ersus 1. Note that since there is no

in tro duction rule for 0, the > rule cannot participate in a cut of principal form ulas.

Since all form ulas in the conclusion of ! S are considered principal, the analysis of ! S

at this stage of the pro of is rather complex.

In man y of these cases, w e kno w that the Cut ! rule is inapplicable, since the

cut-form ula has just b een in tro duced, and it do es not b egin with a ?. When w e

kno w this, w e will disam biguate the reduction, and sho w the applications of Cut

and Cut ! separately .
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A.2.1 I v ersus an y

If the last rule applied in either h yp othesis is I (iden tit y), then regardless of the

rule applied in the other h yp othesis w e ma y remo v e the cut, and the application of

iden tit y:

` p

i

; p

?

i

I

.

.

.

` p

i

; �

Cut

` p

i

; �

= )

.

.

.

` p

i

; �

Note that the iden tit y axiom only applies to atomic prop ositions, and th us w e

kno w that Cut ! is inapplicable.

A.2.2 
 v ersus P

.

.

.

` � ; A

.

.

.

` B ; �




` � ; ( A 
 B ) ; �

.

.

.

` � ; B

?

; A

?

` � ; ( B

?

P A

?

)

P

Cut

` � ; � ; �

+

.

.

.

` � ; A

.

.

.

` B ; �

.

.

.

` � ; B

?

; A

?

Cut

` � ; � ; A

?

Cut

` � ; � ; �

In this case, as in most of the principal form ula cut-elimination steps, w e need not

app eal to the induction h yp othesis of this lemma. W e ha v e eliminated the Cut of

degree d , and replaced it with t w o applications of Cut of degree smaller than d .

A.2.3 & v ersus �

.

.

.

` � ; A

.

.

.

` � ; B

&

` � ; ( A & B )

.

.

.

` � ; A

?

` � ; ( A

?

� B

?

)

�

Cut

` � ; �

= )

.

.

.

` � ; A

.

.

.

` � ; A

?

Cut

` � ; �

The symmetric case of � is similar. Again, w e need not app eal to the induction

h yp othesis, and the cut-form ula do es not b egin with ?, and th us w e kno w that Cut !

do es not apply .
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A.2.4 ? W v ersus ! S

F or this and subsequen t cases in v olving ! S , `pac k aging' is a useful analogy . W e build

pac k ages con taining a n um b er of con tractions and a single Cut ! when w e reduce

principal cases in v olving ? C v ersus ! S . W e shrink the pac k age in cases of ? W v ersus

! S , and w e actually use the con ten ts of the pac k age as cases of ? D v ersus ! S . W e let

pac k ages pass b y eac h other at cases of ! S v ersus ! S , and at cases of Cut ! v ersus ! S

and of 
 v ersus ! S w e break one pac k age in to t w o.

F or this case, ? W v ersus ! S , there are t w o p ossibilities, dep ending on whether

the cut in question eliminates more than one o ccurrence of the cut-form ula from the

w eak ened sequen t. Informally , the p ossibilities turn on whether there is only one

thing in the pac k age. If so, w e don't need the pac k age. If there are more things in

the pac k age, w e shrink the pac k age.

In the �rst p ossibilit y , the cut eliminates the one o ccurrence of the cut-form ula

in tro duced b y the ? W rule, and th us this application of cut ma y b e eliminated

en tirely:

.

.

.

` �

` � ; ? A

? W

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut �

` � ; ?�

= )

.

.

.

` �

? W

.

.

.

` � ; ?�

? W

Ho w ev er, the second p ossibilit y , where the Cut � is actually a Cut ! and eliminates

more than one o ccurrence of the cut-form ula from the w eak ened sequen t, w e p erform

the follo wing reduction:

.

.

.

` � ; (? A )

n � 1

? W

` � ; (? A )

n

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut !

` � ; ?�

= )

.

.

.

` � ; (? A )

n � 1

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut !

` � ; ?�

In the �rst p ossibilit y w e ha v e our result immediately , since the Cut � has b een

eliminated. In the second p ossibilit y , w e app eal to the induction h yp othesis.

A.2.5 ? C v ersus ! S

In this case w e mak e critical use of the Cut ! rule. Without this extra rule of inference

this reduction is esp ecially di�cult to form ulate correctly , and the induction required
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is complicated.

.

.

.

` � ; ? A; ? A

? C

` � ; ? A

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut �

` � ; ?�

= )

.

.

.

` � ; ? A; ? A

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut !

` � ; ?�

Here w e kno w that the cut-form ula b egins with a ?, and th us Cut ! ma y apply to

it. W e th us pro duce a Cut ! regardless of whether the original Cut � w as a Cut or

a Cut ! .

A.2.6 ? D v ersus ! S

As for the previous ? W v ersus ! S case, here w e ha v e t w o cases, dep ending on whether

the Cut � in question eliminates more than one o ccurrence of the cut-form ula from

the derelicted sequen t. Again, informally , the t w o cases turn on the size of the

pac k age. If there is only one thing in the pac k age, w e simple mak e use of it, and

thro w a w a y the wrapping. If there are more thing in the pac k age, w e tak e one out,

and mo v e the smaller pac k age along its w a y .

In the �rst case, the cut eliminates the one o ccurrence of the cut-form ula in tro-

duced b y the ? D rule, and th us the follo wing reduction applies:

.

.

.

` � ; A

` � ; ? A

? D

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut �

` � ; ?�

+

.

.

.

` � ; A

.

.

.

` ?� ; A

?

Cut

` � ; ?�

Ho w ev er, in the second case, where the cut is actually a Cut ! and eliminates more

than one o ccurrence of the cut-form ula from the derelicted sequen t, w e p erform the
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follo wing reduction:

.

.

.

` � ; ? A

n � 1

; A

? D

` � ; ? A

n

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut !

` � ; ?�

= )

.

.

.

` � ; ? A

n � 1

; A

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut !

` � ; ?� ; A

.

.

.

` ?� ; A

?

Cut

` � ; ?� ; ?�

? C

.

.

.

` � ; ?�

? C

Note that the second case requires the duplication of the pro of ab o v e the application

of ! S . Since A has few er sym b ols than ? A , the lo w er Cut in the second case is of

degree smaller than d . By induction, w e ma y assume that the upp er application of

Cut ! is reducible in degree.

A.2.7 ! S v ersus ! S

.

.

.

` ?� ; ? A; B

` ?� ; ? A; ! B

! S

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut �

` ?� ; ?� ; ! B

= )

.

.

.

` ?� ; ? A; B

.

.

.

` ?� ; A

?

` ?� ; ! A

?

! S

Cut �

` ?� ; ?� ; B

` ?� ; ?� ; ! B

! S

Here w e app eal to the induction h yp othesis to pro duce a pro of degree less than

d of ` ?� ; ?� ; B , and then construct the desired pro of from that.

A.2.8 Cut � v ersus ! S

There are t w o p ossibilities here, whic h corresp ond to whether it is necessary to split

a pac k age in to t w o pieces. The case where the pac k age needs to b e split is one of

the most tric ky asp ects of the en tire cut-elimination pro cedure.

If the lo w er application of Cut � is applied to form ulas whic h ma y all b e found in

one h yp othesis of the upp er application of Cut � , then w e apply the same reduction
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as in the non-principal Cut case (Section A.1.10):

.

.

.

` � ; A

.

.

.

` � ; (? C )

n

; A

?

Cut �

` � ; � ; (? C )

n

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut �

` � ; � ; ?�

+

.

.

.

` � ; A

.

.

.

` � ; (? C )

n

; A

?

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut �

` � ; ?� ; A

?

Cut �

` � ; � ; ?�

In the more complex case, when the cut-form ulas descend from b oth h yp otheses of

the upp er Cut � ,w e use the follo wing reduction:

.

.

.

` � ; ? C

m

; A

.

.

.

` � ; ? C

n

; A

?

Cut �

` � ; � ; ? C

n + m

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` � ; � ; ?�

+

.

.

.

` � ; ? C

m

; A

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` � ; ?� ; A

.

.

.

` � ; ? C

n

; A

?

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` � ; ?� ; A

?

Cut �

` � ; ?� ; � ; ?� ;

? C

.

.

.

` � ; � ; ?� ;

? C

A.2.9 
 v ersus ! S

There are t w o p ossibilities here, whic h corresp ond to whether it is necessary to split

a pac k age in to t w o pieces. The case where the pac k age needs to b e split is again one

of the most tric ky asp ects of the en tire cut-elimination pro cedure.

If Cut � is applied to form ulas whic h ma y all b e found in one h yp othesis of 
 ,
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then w e apply the same reduction as in the non-principal 
 case (Section A.1.1):

.

.

.

` � ; A

.

.

.

` B ; � ; (? C )

n




` � ; ( A 
 B ) ; � ; (? C )

n

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut �

` � ; ( A 
 B ) ; � ; ?�

+

.

.

.

` � ; A

.

.

.

` B ; � ; (? C )

n

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut �

` B ; � ; ?�




` � ; ( A 
 B ) ; � ; ?�

In the more complex case, when the cut-form ulas descend from b oth h yp otheses of


 , w e use the follo wing reduction to push the cut ab o v e the 
 rule.

.

.

.

` � ; ? C

m

; A

.

.

.

` B ; � ; ? C

n




` � ; ( A 
 B ) ; � ; ? C

n + m

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` � ; ( A 
 B ) ; � ; ?�

+

.

.

.

` � ; ? C

m

; A

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` � ; ?� ; A

.

.

.

` B ; � ; ? C

n

.

.

.

` ?� ; C

?

` ?� ; ! C

?

! S

Cut !

` B ; � ; ?�




` � ; ?� ; ( A 
 B ) ; � ; ?�

? C

.

.

.

` � ; ( A 
 B ) ; � ; ?�

? C

A.2.10 ? v ersus 1

` 1

1

.

.

.

` �

` ? ; �

?

Cut

` �

= )

.

.

.

` �

Again, w e kno w that the Cut � in v olv ed here is Cut , since the form ula 1 w as

just in tro duced.
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This exhausts all the cases.

Th us, w e ha v e a pro cedure whic h giv en a pro of whic h ends in Cut � of degree d ,

and whic h has no applications of Cut � in the pro of of either h yp othesis of degree

greater than or equal to d , pro duces a pro of of degree less than d .

Lemma A.2 (Lo w er-Degree-Cuts) If a se quent is pr ovable in line ar lo gic with

a pr o of of de gr e e d > 0 , then it is pr ovable in line ar lo gic with a pr o of of de gr e e less

than d .

Pro of. By induction on the heigh t of the deriv ation tree of the conclusion, w e

sho w that giv en an y pro of of degree d of ` � in prop ositional linear logic, w e ma y

�nd a (p ossibly m uc h larger) pro of of ` � in linear logic of degree less than d .

W e examine the pro of of ` �. Since the degree of this pro of is greater than

zero, there m ust b e some Cut � in the pro of. If the last rule is not Cut � , then b y

induction w e ma y form pro ofs of its h yp otheses of degree less than d . Applying the

same rule to the resulting reduced degree h yp otheses pro duces the desired pro of of

degree less than d .

In the case that the last rule is Cut � , w e ha v e the follo wing situation for some

� and � whic h together (in m ultiset union) mak e up �:

.

.

.

` � ; A

.

.

.

` � ; A

?

Cut �

` �

where � [ � = �

By induction, w e can pro duce pro ofs of ` � ; A and ` � ; A

?

of degree less than

d . By a single application of Lemma A.1 to the resulting pro of constructed from

the mo di�ed h yp otheses, w e obtain a pro of of ` � of degree less than d .

Theorem A.3 (Cut-Elimination) If a se quent is pr ovable in line ar lo gic, then it

is pr ovable in line ar lo gic without using the Cut rule.

Pro of. By induction on the degree of the assumed pro of. W e ma y apply

Lemma A.2 at eac h inductiv e step, and at the base case the degree of the pro of is

zero, so therefore b y de�nition of pro of degree there are no cuts, and w e ha v e our

desired cut-free pro of.

Note that the pro of can explo de h yp erexp onen tially in size during the cut-

elimination pro cess.

A.3 Subform ula Prop ert y

Ab o v e w e ha v e demonstrated that all cuts ma y b e eliminated from a pro of, at

the p ossible exp ense of increasing the size of the pro of h yp erexp onen tially . This
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normalization is w orth while, ho w ev er, since it gran ts one v arious kinds of con trol

o v er the form of pro ofs of giv en sequen ts. One of the �nest forms of con trol, and

historically the most imp ortan t, is the subform ula prop ert y .

The class of subformulas of a giv en form ula or sequen t is de�ned b y the follo wing:

A is a subform ula of A . If A is a subform ula of B , then A is also a subform ula of

the follo wing form ulas: ? B , ! B , B 
 C , C 
 B , B P C , C P B , B � � C , and C � � B .

If A is a subform ula of B , then A is also a subform ula of the sequen t ` �

1

; B ; �

2

.

Corollary A.4 (Subform ula Prop ert y) A ny formula in any cut-fr e e pr o of of `

� is a subformula of � .

Pro of. Eac h rule of linear logic except Cut has the prop ert y that ev ery

subform ula of the h yp otheses is also a subform ula of the conclusion. F or example,

in the 
 rule, an y subform ula of either h yp othesis is either a subform ula of �

1

; A; B ;

or �

2

. Ho w ev er, an y suc h subform ula is also a subform ula of the conclusion. In fact,

w e ma y ha v e \added" a subform ula: ( A 
 B ) is a subform ula of the conclusion, but

migh t not b e a subform ula of the h yp otheses.

Therefore, b y induction on the size of pro ofs, w e ha v e that an y subform ula of

an y step of a cut-free pro of of a sequen t is a subform ula of the original sequen t.

It is easy to see that the subform ula prop ert y is not true of pro ofs with cut: the

subform ulas A and A

?

in the h yp otheses of cut migh t not app ear in the conclusion.



App endix B

Prop ositional Linear Logic

Pro of Rules

A linear logic sequen t is a ` follo w ed b y a m ultiset of linear logic form ulas. Note that

in standard presen tations of sequen t calculi, sequen ts are often built from sets of

form ulas, where w e use m ultisets here. This di�erence is crucial. W e assume a set of

prop ositions p

i

giv en, along with their asso ciated negations, p

?

i

. Belo w w e giv e the

inference rules for the linear sequen t calculus, along with the de�nition of negation

and implication. The reader should note that negation is a de�ned concept, not an

op erator.

The follo wing notational con v en tions are follo w ed throughout this pap er:

p

i

P ositiv e prop ositional literal

p

?

i

Negativ e prop ositional literal

A; B ; C Arbitrary form ulas

� ; � ; � Arbitrary m ultisets of form ulas

Th us the iden tit y rule ( I b elo w) is restricted to atomic form ulas, although in fact

the iden tit y rule for arbitrary form ulas ( ` A; A

?

) is deriv able in this system. F or

notational con v enience, it is usually assumed that � � and 
 asso ciate to the righ t,

and that 
 has higher precedence than � � . The notation ?� is used to denote a

m ultiset of form ulas whic h all b egin with ?. The English names for the rules giv en

b elo w are iden tit y , cut, tensor, par, plus, with, w eak ening, con traction, dereliction,

storage, b ottom, one, and top, resp ectiv ely . Note that there is no rule for the 0

constan t.

85
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I
` p

i

; p

i

?

Cut

` � ; A ` � ; A

?

` � ; �




` � ; A ` B ; �

` � ; ( A 
 B ) ; �

P

` � ; A; B

` � ; ( A P B )

�

` � ; A ` � ; B

` � ; ( A � B ) ` � ; ( A � B )

&

` � ; A ` � ; B

` � ; ( A & B )

? W

` �

` � ; ? A

? C

` � ; ? A; ? A

` � ; ? A

? D

` � ; A

` � ; ? A

! S

` ?� ; A

` ?� ; ! A

?

` �

` � ; ?

1
` 1

>
` � ; >
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Linear negation is de�ned as follo ws:

( p

i

)

?

�

= p

?

i

( p

?

i

)

?

�

= p

i

( A 
 B )

?

�

= B

?

P A

?

( A P B )

?

�

= B

?


 A

?

( A � B )

?

�

= A

?

& B

?

( A & B )

?

�

= A

?

� B

?

(! A )

?

�

= ? A

?

(? A )

?

�

= ! A

?

(1)

?

�

= ?

( ? )

?

�

= 1

(0)

?

�

= >

( > )

?

�

= 0

Linear implication, � � , is de�ned as follo ws:

A � � B

�

= A

?

P B


