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sl.sri.
om)SRI InternationalComputer S
ien
e Laboratory333 Ravenswood AvenueMenlo Park, CA 94025, USAAbstra
t. We investigate the 
ombination of propositional SAT 
he
kers with
onstraint solvers for domain-spe
i�
 theories su
h as linear arithmeti
, arrays, listsand the 
ombination thereof. Our pro
edure realizes a lazy approa
h to satis�ability
he
king of propositional 
onstraint formulas by iteratively re�ning Boolean formulasbased on lemmas generated on demand by 
onstraint solvers.1. Introdu
tionMany sear
h and optimization problems 
an e�e
tively be solved usingpropositional reasoning te
hniques. Finiteness, however, is an inher-ent restri
tion of propositional en
odings, and 
omputational systemsand environment models are usually expressed more su

in
tly in log-i
s enri
hed with domain-spe
i�
 
onstraints. Planning problems inAI, for example, may involve solving numeri
 resour
e 
onstraints,and program analyses often require reasoning about 
onstraints in the
ombination of datatypes su
h as integers, arrays, lists, or bitve
tors.Given a de
idable 
onstraint theory, we address the problem of
onstru
ting e�e
tive solutions to the satis�ability problem for propo-sitional 
ombinations of 
onstraints. Of 
ourse, satis�ability solversfor propositional 
onstraint formulas 
an easily be obtained from the
ombination of a propositional SAT solver with de
ision pro
eduressimply by 
onverting the problem into disjun
tive normal form, butthe resulting algorithm is usually prohibitively expensive. Alternatively,propositional sear
h 
apabilities 
an be added to theorem provers, butit seems to be more e�e
tive to augment propositional SAT solvers withtheorem proving 
apabilities.Here we look at the spe
i�
 
ombination of SAT solvers with 
on-straint solvers, and we propose a method that we 
all lemmas ondemand, whi
h invokes the 
onstraint solver lazily in order to eÆ
iently� This resear
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2prune out spurious 
ounterexamples, namely, 
ounterexamples that aregenerated by the SAT solver but dis
arded by the theorem proverby interpreting the propositional atoms. For example, the SAT solvermight yield the satisfying assignment p, :q, where the propositionalvariable p represents the atom x = y, and q represents f(x) = f(y).A de
ision pro
edure 
an easily dete
t the in
onsisten
y in this assign-ment. More importantly, it 
an be used to generate a set of 
on
i
tingassignments that 
an be used to 
onstru
t a lemma that further 
on-strains the sear
h. In the above example, the lemma :p _ q 
an beadded as a new 
lause in the input to the SAT solver. This pro
essof re�ning Boolean formulas is similar in spirit to the re�nement ofabstra
tions based on the analysis of spurious 
ounterexamples or failedproof attempts [26, 25, 6, 16, 8, 14, 18℄.From a set of in
onsistent 
onstraints in a spurious 
ounterexamplewe obtain an explanation as an over-approximation of the minimal, in-
onsistent subset of these 
onstraints. The smaller the explanation thatis generated from a spurious 
ounterexample, the greater the pruningin the subsequent sear
h. In this way, the 
omputation of explanationsa

elerates the 
onvergen
e of our pro
edure.The paper is stru
tured as follows. Se
tion 2 in
ludes some ba
k-ground material, whereas Se
tion 3 des
ribes the lemmas on demandapproa
h and various re�nements thereof. Initial experien
e with thiste
hnique is reported in Se
tion 4. Finally, in Se
tion 6 we draw 
on-
lusions. 2. Ba
kgroundWe use the familiar 
on
epts and notations of propositional logi
 and
onstraint logi
. The truth values true, false are assigned to proposi-tional variables. A literal is a propositional variable or its negation, a
lause 
 is a disjun
tion of literals, and a CNF formula is a 
onjun
tionof 
lauses. There is a linear-time satis�ability-preserving transforma-tion into CNF [22℄. A propositional SAT solver (B-sat) is, for ourpurposes, a 
omputable fun
tion that re
eives a CNF formula andreturns either a satisfying truth assignment or unsatis�able if su
h anassignment does not exist.A (
onjun
tive) 
onstraint solver, say C-sat , for a 
onstraint theoryC, is a 
omputable fun
tion that 
he
ks whether or not a set of 
on-straints in a theory C is satis�able. For instan
e, a linear programmingsystem is a 
onstraint solver for linear arithmeti
.Given a 
onstraint theory C, the set of Boolean 
onstraints Bool(C)in
ludes all 
onstraints in C and it is 
losed under 
onjun
tion ^ ,
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3disjun
tion _ , impli
ation ! , and negation :: The notions of sat-is�ability, in
onsisten
y, satisfying assignment, and satis�ability solverare lifted to the set of Boolean 
onstraints in the usual way.Formulas in Bool(C) 
an be translated into equisatis�able Booleanformulas as long as the 
onsisten
y of sets of 
onstraints in C is de
id-able. Translation s
hemes between propositional formulas and Boolean
onstraint formulas are needed. Given a formula ' su
h a 
orrespon-den
e is easily obtained by abstra
ting 
onstraints in ' with (fresh)propositional variables. Let � be a fun
tion that maps 
onstraints inC to propositional variables. This mapping indu
es a mapping fromboolean 
onstraint formulas to propositional formulas. For example,the formula ' � x0 � 0^x1 = x0 + 1 ! x1 � 1 over linear arith-meti
 is mapped to �(') = p1 ^ p2 ! p3, where �(x0 � 0) 7! p1,�(x1 = x0 + 1) 7! p2, and �(x1 � 1) 7! p3. Moreover, an assign-ment � for propositional variables indu
es a set of 
onstraints. Thus,let 
 be the fun
tion that performs su
h mapping. For instan
e, theassignment � = fp1 7! false; p2 7! true; p3 7! falseg indu
es the set
(�) = fx0 < 0; x1 = x0 + 1; x1 < 1g. Now, it is easy to see that aCNF formula ' in Bool(C) is equisatis�able with the Boolean formula(in CNF) �(')^ ( ^fl1;:::;lng2I(')(:l1 _ : : : _:ln))where I(') is the set of subsets fl1; : : : ; lng of literals li in �(') su
h thatits \interpretation" f
(l1); : : : ; 
(ln)g is in
onsistent in C . Thus, everyBool(C) formula 
an be transformed into an equisatis�able Booleanformula as long as there is a 
onstraint solver for C. On the otherhand, the redu
tion seems to be infeasible, sin
e an exponential numberof C-in
onsisten
y 
he
ks is required in the worst 
ase. It has beenobserved, however, that in many pra
ti
al 
ases only small fragmentsof the set of C-in
onsisten
ies is needed. The main problem here isto identify small subsets of the set of all C-in
onsisten
ies whi
h aresuÆ
ient to establish satis�ability of the Boolean 
onstraint formula athand. 3. Lemmas on DemandWe propose an algorithm based on the re�nement of Boolean formulaswith in
onsisten
y lemmas that are generated on demand. We restri
tourselves to formulas in CNF, sin
e most Boolean SAT solvers expe
ttheir input to be in this format.The pro
edure sat(') in Figure 3 
ombines a Boolean SAT solverB-sat and a domain-spe
i�
 
onstraint solver C-sat . B-sat generates a
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4 pro
edure sat(')p := �(');loop� := B-sat(p);if � = unsatis�able then return unsatis�ableelse if C-sat(
(�)) then return satis�ableelse p := p [ re�ne(�)Figure 1. Lemmas on Demand for Bool(C).
andidate Boolean assignment for �('). If there is no su
h 
andidate,the algorithm terminates, sin
e ' is 
learly unsatis�able. Otherwise thesatis�ability solver C-sat is used to 
he
k whether or not the Booleanassignment � determines a valid assignment for '. If the assignment isnot valid, new propositional 
lauses (in
onsisten
y lemmas) are addedto the propositional formula at hand. The pro
edure re�ne is 
ru
ialin that it generates su
h new 
lauses. In order to guarantee soundness,all (interpretations of) 
lauses returned by re�ne are assumed to beimplied by '. In addition, the algorithm is 
omplete if at least one
lause returned by re�ne is not subsumed by 
lauses already in p.Alternatively, 
ompleteness 
an also be a
hieved by disabling in�niteloops in whi
h re�ne is only adding 
lauses subsumed by 
lauses alreadyin p. We will return to a dis
ussion about spe
i�
 implementations ofre�ne fun
tions in Se
tion 3.2.3.1. Constraint theories: ExamplesOne advantage of our approa
h is that it works uniformly for a large
lass of 
onstraint theories, sin
e the main requirement on these the-ories is the de
idability of the 
onjun
tive satis�ability problem. Wereview some of the more important 
onstraints theories with polynomialsatis�ability problem for the 
onjun
tion of a 
onstraints. It followsthat the satis�ability problem for the 
orresponding Boolean 
onstrainttheories are all NP-
omplete. In the following we assume as given a
ountably in�nite set V of variables, and 
onjun
tions of 
onstraintsare represented by �nite sets.3.1.1. Equality for Constants.Satis�ability of 
onjun
tive 
onstraints C 
onsisting of equalities x = yand disequalities x 6= y for variables x, y 
an be de
ided in linear timein the size of C. First, a graph is built, where the nodes are the variablesand there is an edge between nodes x and y i� C 
ontains the equality
sat02.tex; 7/07/2002; 16:39; p.4



5x = y. Now, C is satis�able i� for all u 6= v in C it is the 
ase that uand v are not 
onne
ted in this graph.3.1.2. Equality for Uninterpreted Fun
tions.Terms are either variables or appli
ations f(t1; : : : ; tn), where f is afun
tion symbol in some given signature of arity n. Satis�ability for a
onjun
tion of equations and disequations over terms is de
idable inO(n log(n)) using 
ongruen
e 
losure [11℄. Satis�ability pro
edures fortheories su
h as the one for 
ons , 
ar , and 
dr 
an be obtained using
ongruen
e 
losure algorithms [20℄ by adding all relevant instan
esof universally quanti�ed axiom s
hemes su
h as x = 
ar (
ons(x; y).Similarly, using A
kermann's tri
k [1℄ or a variation thereof, one 
antransform Boolean 
onstraints over equalities for uninterpreted termsto an equisatis�able Boolean problem with equations over variables asliterals by adding all possible instan
es of the 
ongruen
e axiom andrenaming uninterpreted subterms with variables. In the worst 
ase, thenumber of su
h axioms is proportional to the square of the length ofthe given formula.3.1.3. Theories of Arithmeti
.Linear arithmeti
 
onstraints are built up from inequalities over lin-ear arithmeti
 terms in
luding rational 
onstants and addition. Wheninterpreted over the rationals, the 
onjun
tive satis�ability problemfor linear arithmeti
 
onstraints is polynomial, sin
e it is equivalentto the linear programming problem, whi
h is known to be polynomial;when interpreting linear arithmeti
 terms over the integers, the problembe
omes NP-
omplete over the integers. The 
onjun
tive satis�abil-ity problem for nonlinear arithmeti
 
onstraints, whi
h in
lude alsomultipli
ation, is still de
idable when interpreted over the rationals,but be
omes unde
idable over the integers. Pratt observed that mostinequalities in program veri�
ation are of the form x� y � 
, where 
is 
onstant. Think of a 
onjun
tion C of these 
onstraints representinga dire
ted graph whose nodes are labelled with variables and there isan edge from x to y of weight 
 for ea
h 
onstraint x � y � 
. Now,C is satis�able i� there exists a negative-weight 
y
le in this graph.Using then Bellman-Ford algorithm, satis�ability of C is de
ided intime quadrati
 to the number of variables in C. Shostak's [28℄ loopresidue algorithm for linear 
onstraints a � x + b � y � 
 redu
es toPratt's algorithm when applied to di�eren
e 
onstraints.
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63.1.4. Theory of Fixed-Sized Bitve
tors.A 
ore theory of equalities over �xed-sized bitve
tors in
ludes variablesxn, whi
h are interpreted over bitve
tors of width n, extra
tion xn[i : j℄of bits i through j, and 
on
atenation of two bitve
tor terms. From theresults in [7℄ it follows that the 
onjun
tive satis�ability problem for thistheory is de
idable in polynomial time when the width of variables andextra
tion positions are integer 
onstants. These problems 
an easilybe translated to equisatis�able propositional SAT problems by bitwisesplitting of the bitve
tor 
onstraints. In pra
ti
e, however, 
onsiderableperforman
e gains have been reported by using domain-spe
i�
 bitve
-tor pro
edures instead of SAT solvers [15℄. For example, a bitve
toren
oding of the shift register BMC ben
hmark is exponentially moresu

in
t than the 
orresponding Boolean formula [10℄.3.1.5. Combination of Satis�ability Pro
edures.Many veri�
ation problems require to solve 
onstraint problems inthe union of 
onstraint theories. There are two basi
 paradigms for
ombining de
ision pro
edures. The Nelson-Oppen [21℄ method 
om-bines de
ision pro
edures for disjoint theories by ex
hanging equalityinformation on the shared variables. If the 
onstituent de
ision pro-
edures are polynomial, then the 
ombined Nelson-Oppen pro
edureis polynomial, too. In Shostak's method [29, 24, 27℄ the 
ombinationof the theory of pure equality with 
anonizable and solvable theoriesis de
ided through an extension of 
ongruen
e 
losure that yields a
anonizer for the 
ombined theory. Again, if the 
onstituent 
anonizersand solvers are polynomial-time, then Shostak's algorithm also runsin polynomial time. All of the individual theories listed above 
anbe 
ombined using either the Nelson-Oppen or the Shostak approa
h.Consequently, satis�ability for propositional logi
 with 
onstraints inthe 
ombination of any subset of these theories is NP-
omplete.3.2. RefinementsNow we des
ribe some possible implementations of the re�ne fun
-tion in Figure 3. A simple implementation of re�ne 
reates 
lausesof in
reasing size in ea
h iteration. For example, if �(x0 � 1) 7! p1,�(x0 � 0) 7! p2, �(x1 = x0) 7! p3, �(x1 � 1) 7! p4, �(x1 � 0) 7! p5,the �rst 
all to re�ne produ
es the 
lauses :p1 _ p2, and :p4 _ p5, these
ond one produ
es the 
lauses :p1 _:p3 _ p4, :p1 _:p3 _ p5, and soon. This unguided enumeration is a sound and 
omplete pro
edure, butit is usually infeasible in pra
ti
e, sin
e the number of 
lauses of size kis O(nk), where n is the number of 
onstraints.
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7Alternatively, 
lauses are added in a guided way based on the analy-sis of the set of 
onstraints 
orresponding to a Boolean assignment. Forinstan
e, if the Boolean assignment � = fp1 7! true; p2 7! false; p3 7!falseg has been tested to yield an in
onsistent set of 
onstraints, thepro
edure re�ne adds the 
lause :p1 _ p2 _ p3. This 
lause 
learly pre-vents the invalid assignment to be regenerated by B-sat . Therefore, thepro
edure of iteratively re�ning a Boolean formula based on the newlydete
ted in
onsisten
ies is terminating and 
omplete. However, a naiveimplementation is also ineÆ
ient in pra
ti
e, sin
e only small fragmentsof the assignment � are in
onsistent. For example, suppose that aninvalid assignment is asso
iated with the following set of 
onstraints:fx0 � 0; y0 � 0; x1 = x0; y1 = y0+1; x2 = x1+1; y2 = y1; x2 � 1; x2 < 1gIt is 
lear that fx2 � 1; x2 < 1g or fx0 � 0; x1 = x0; x2 = x1+1; x2 <1g are suÆ
ient to des
ribe the 
on
i
t. Therefore, let us assume thatthere is a fun
tion explain that returns an over-approximation of theminimal set of 
onstraints that implies the in
onsisten
y dete
ted byC-sat . This fun
tion is similar to the 
on
i
t resolution pro
eduresfound in Boolean SAT solvers su
h as GRASP [17℄ or Cha� [19℄. Ab-stra
tly, 
on
i
t resolution pro
edures in Boolean SAT solver 
an beseen as a fun
tion that re
eives a 
on
i
ting 
lause 1 and returns a new
lause that prevents this spe
i�
 
on
i
t in future iterations. These new
lauses are 
alled 
on
i
t 
lause, and the pro
ess of 
onstru
ting them issometimes referred to as learning. There is an obvious trade-o� betweenthe 
on
iseness of this approximation and the 
ost for 
omputing it.We are proposing an algorithm for �nding su
h an over-approximationbased on rerunning the 
onstraint solver O(m � n) times, where m issome given upper bound on the number of iterations (see below) andn is the number of given 
onstraints.The run in Figure 3.2 illustrates this pro
edure. The 
onstraintsin Figure 3.2.(a) are asserted to C-sat from left-to-right. Sin
e C-satdete
ts a 
on
i
t when asserting y6 � 0, this 
onstraint is in theminimal in
onsistent set. Now, an over-approximation of the minimalin
onsistent sets is produ
ed by 
onne
ting 
onstraints with 
ommonvariables (Figure 3.2.(a)). This over-approximation is iteratively re�nedby 
olle
ting the 
onstraints in an array as illustrated in Figure 3.2.(b).Con�gurations 
onsist of triples (C; l; h), where C is a set of 
on-straints guaranteed to be in the minimal in
onsistent set, and theintegers l, h are the lower and upper bounds of 
onstraint indi
esstill under 
onsideration. The initial 
on�guration in our example is(fy6 � 0g; 0; 3). In ea
h re�nement step we maintain the invariant1 A 
on
i
ting 
lause is a 
lause in whi
h all literals are assigned to false.
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8(a) : : : y5 > 0 y5 = y4 + 1 x5 = x4 + 1 y6 = y5 x6 = x5 y5 > y4 y6 � 0 : : :
(b) array = 0 1 2 3 4y5 > 0 y5 = y4 + 1 y6 = y5 y5 > y4 y6 � 0Figure 2. Tra
e for linear time explain fun
tion.that C [ farray [i℄ j l � i � hg is in
onsistent. Given a 
on�guration(C; l; h), individual 
onstraints of index between l and h are added to Cuntil an in
onsisten
y is dete
ted. In the �rst iteration of our runningexample we pro
ess 
onstraints from right-to-left, and an in
onsis-ten
y is only dete
ted when pro
essing y5 > 0. The new 
on�guration(fy6 � 0; y5 > 0g; 1; 3) is obtained by adding this 
onstraint to the setof 
onstraints already known to be in a minimal in
onsistent set, byleaving h un
hanged, and by setting l to the in
rement of the indexof the new 
onstraint. The order in whi
h 
onstraints are asserted isinverted after ea
h iteration. Thus, in the next step in our example,we su

essively add 
onstraints between 1 and 3 from left-to-right tothe set fy6 � 0; y5 > 0g. An in
onsisten
y is �rst dete
ted whenasserting y6 = y5 to this set, and the new 
on�guration is obtainedas (fy6 � 0; y5 > 0; y6 = y5g; 1; 1), sin
e the lower bound l is now leftun
hanged and the upper bound is set to the de
rement of the indexof the 
onstraint for whi
h the in
onsisten
y has been dete
ted. Thepro
edure terminates if C in the 
urrent 
on�guration is in
onsistentor after m re�nements. In our example, two re�nement steps yield theminimal in
onsistent set fy5 > 0; y6 = y5; y6 � 0g. In general, thenumber of assertions is linear in the number of 
onstraints, and thealgorithm returns the exa
t minimal set if its 
ardinality is less thanor equal to the upper bound m of iterations.An additional re�nement 
an be introdu
ed in the pro
edure sat('),sin
e, in most 
ases, for a given assignment � only a small subset of 
(�)need to be 
onsidered. Overly eager assignments result in both uselesssear
h and overly spe
i�
 
ounterexamples. For instan
e, assume theformula (q ^ p1)_ (:q^ p2), and the assignment � = fq 7! true; p1 7!true; p2 7! trueg, suppose the following two situations:1. �(p1) 7! x � 0, and �(p2) 7! x = �1, C-sat(
(�)) returns unsatis-�able, sin
e fx � 0; x = �1g is in
onsistent. Therefore the assign-ment � is dis
arded and the sear
h 
ontinues. However, 
onstraintp2 is 
learly irrelevant, that is, it is a don't 
are.
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9pro
edure 
olle
t(f , �)if f � 
1 _ : : : _ 
n thenif f 2 
(�) then return 
olle
t(
hoose(f
i j 
i 2 
(�)g, �)else return Si2[1;n℄ 
olle
t(
i; �)if f � 
1 , 
2 thenreturn 
olle
t(
1; �) [ 
olle
t(
2; �)if f � :
 thenreturn 
olle
t(
; �)if is-
onstraint(f) thenif f 2 
(�) then return ffg else return f:fgreturn ;Figure 3. Colle
ting relevant 
onstraints.2. �(p1) 7! x � 0, and �(p2) 7! x � 1, C-sat(
(�)) returns satis�able.However, the resulting set of models is overly spe
i�
 in that thevalue of x is restri
ted to those in the interval [0; 1℄.To solve this problem we keep the stru
ture of the formula beforeCNF translation. The stru
ture of formula is used to de
ide whethera 
onstraint is relevant in a given assignment or not. The pro
edure
olle
t(f; �) in Figure 3.2 
olle
ts all relevant 
onstraints for a formulaf and an assignment �. For simpli
ity, this pro
edure only 
onsidersthe propositional 
onne
tives: _, ,, and :. The CNF translation addsa new propositional variable for ea
h non-atomi
 sub-formula. It isimportant to noti
e that, f 2 
(�) i� �(�(f)) = true, that is, theformula f is assigned to true in the assignment �. The fun
tion is-
onstraint(f) returns true, if f is a 
onstraint. For instan
e, the formula(q^ p1)_ (:q^ p2) is represented as :(:q_:p1)_:(q_:p2), and istranslated to the following CNF formula:(a1 _ a2)^(:q_:p1 _ a1)^ (:a1 _ q)^ (:a1 _ p1)^(q _:p2_ a2)^ (:a2 _:q)^ (:a2 _ p2)where, a1 and a2 are auxiliary propositional variables, that is, a1 �:(:q_:p1) and a2 � :(q_:p2). Given an assignment � = fq 7!true; p1 7! true; p2 7! true; a1 7! true; a2 7! falseg, it is 
lear that
olle
t(f; �) = fq; p1g, that is, the value of p2 is a don't 
are.Figure 3.2 summarizes the guided re�nement pro
edures dis
ussedabove. The pro
edure re�ne-1 implements the naive approa
h withoutexplanation 
apability and no spe
i�
 
onsideration of don't 
ares. The
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10pro
edure re�ne-1 (�) return f 
lausify(
(�)) gpro
edure re�ne-2 (�) return f 
lausify(explain(
(�))) gpro
edure re�ne-3 (�) return f 
lausify(
olle
t(', �)) gpro
edure re�ne-4 (�) return f 
lausify(explain(
olle
t(', �))) gpro
edure 
lausify(C) return f�(l) j 9l0 2 C ^ l = :l0gFigure 4. Re�nement fun
tions.pro
edure dpll()loopif de
ide() = done then return satis�ableloop

 := b
p();if 

 = nil then breakif not 
on
i
t-resolution(

) thenreturn unsatis�ableFigure 5. Davis-Putnam pro
edure.pro
edure 
lausify 
onverts a set of 
on
i
ting 
onstraints to a 
lause.Pro
edure re�ne-2 uses the explanation fa
ility but no don't 
ares,whereas re�ne-3 uses explanations and handles don't 
ares by 
olle
tingrelevant 
onstraints with 
olle
t in Figure 3.2. Finally, the pro
edurere�ne-4 uses all optimizations des
ribed in this se
tion.3.3. Online integrationSo far, we des
ribed an o�ine integration of B-sat and C-sat , in whi
hthe solvers are treated as bla
k boxes, and both pro
edures are restartedin ea
h re�nement step. However, some C-sat tools support ba
ktra
k-ing. In this 
ase, an online integration is more appropriate, where
hoi
es for propositional variable assignments are syn
hronized withextending the logi
al 
ontext of the C-sat with the 
orresponding atoms.Dete
tion of in
onsisten
ies in the logi
al 
ontext of the C-sat triggersba
ktra
king in the sear
h for variable assignments. Furthermore, de-te
ted in
onsisten
ies are propagated to the propositional sear
h engineby adding the 
orresponding in
onsisten
y 
lause (or, using an explana-tion fun
tion, a good over-approximation of the minimally in
onsistentset of atoms in the logi
al 
ontext).Figure 3.3 
ontains the main loop of the Davis-Putnam pro
edurefound in most Boolean SAT solvers [17℄. The algorithm starts with an
sat02.tex; 7/07/2002; 16:39; p.10



11pro
edure C-dpll ()loopstatus := de
ide();if status = done or should-propagate-to{C then

 := propagate-to-C();if 

 6= nil thenstatus := not-done;if not 
on
i
t-resolution(

) thenreturn unsatis�ableif status = done then return satis�ableloop

 := b
p();if 

 = nil then breakif not 
on
i
t-resolution(

) thenreturn unsatis�ablepro
edure propagate-to-C()relevant-
onstrains := 
olle
t(', �);if C-assert(relevant-
onstrains) return nilreturn 
lausify(explain(relevant-
onstrains))Figure 6. Online Integration.empty boolean assignment, and traverses the spa
e of truth assignmentsimpli
itly using a ba
ktra
k sear
h algorithm. The sear
h pro
ess iter-atively performs the following steps: extends the 
urrent assignment bymaking a de
ision assignment to an unassigned variable (pro
edure de-
ide); extends the 
urrent assignment by following logi
al 
onsequen
esof the assignments made so far (pro
edure b
p), the dedu
tion pro
essmay also identify and return a 
on
i
ting 
lause (variable 

), implyingthat the 
urrent assignment is not satis�able; undoes (ba
ktra
ks) the
urrent assignment, if a 
on
i
t was dete
ted, thus allowing anotherassignment to be tried (pro
edure 
on
i
t-resolution). The pro
edureb
p implements the boolean 
onstraint propagation whi
h 
orrespondsto the appli
ation of the unit 
lause rule proposed by M. Davis and H.Putnam [9℄.As des
ribed above, the explain fun
tion is similar to the 
on
i
tresolution pro
edure found in Boolean SAT solvers [17, 19℄. Therefore,the 
on
i
t resolution pro
edure 
an be used to re�ne the result pro-du
ed by the explain fun
tion in an online integration. For instan
e,suppose that the explain fun
tion returns the set fy > 10; y < 3gas an explanation for a 
on
i
t dete
ted by C-sat . Then, this set is
sat02.tex; 7/07/2002; 16:39; p.11



12used to build the 
on
i
ting 
lause f:(y > 10); :(y < 3)g, whi
his sent to the 
on
i
t resolution pro
edure in B-sat . A 
on
i
t 
lauseis then produ
ed by B-sat . Figure 6 
ontains our online algorithm.The pro
edure propagate-to-C is responsible to send re
ently assigned
onstraints to C-sat , it returns a 
on
i
ting 
lause if an in
onsisten
yis dete
ted. In other words, the pro
edure propagate-to-C implementsthe bridge between B-sat and C-sat . In our online algorithm, the pro
e-dure 
olle
t behaves slightly di�erent, sin
e it must handle unassignedvariables, sin
e � 
an be a partial assignment. We also keep tra
k ofwhi
h 
onstraints were already sent to C-sat , so the pro
edure 
olle
tonly 
olle
ts the unsent 
onstraints. The pro
edure C-assert is an in-
remental version of pro
edure C-sat in Figure 3, that is, it extendsthe logi
al 
ontext of C-sat with the new 
onstraints in the variablerelevant-
onstrains. The pro
edure propagate-to-C is 
alled when a sat-is�able boolean assignment is found (de
ide returns done), or when the
ag should-propagate-to-C is a
tive. Di�erent heuristi
s 
an be used toa
tivate this 
ag, in our implementation it is a
tivated every time agiven number of new 
onstraints are assigned to a boolean value. So,if the problem only 
ontains propositional variables, our algorithm willbehave like a standard Boolean SAT solver. Although it is not des
ribedin the Figure 6, the pro
edure de
ide must request C-sat to 
reatea new ba
ktra
king point, and 
on
i
t-resolution must request C-satto exe
ute the ba
ktra
king. Our integrated algorithm is 
ompatiblewith any kind of de
ision heuristi
 and standard optimizations su
h asnon-
hronologi
al ba
ktra
king and learning [17℄.4. ExperimentsWe implemented several re�nements of the basi
 lazy theorem provingalgorithm from Se
tion 3, using Cha� [19℄ for the o�ine integration,and ICS [12℄ for de
iding 
onstraints. ICS is a ground de
ision pro
e-dure for the 
ombination of linear arithmeti
 
onstraints, the theoryof tuples, arrays, bitve
tors, and equality over uninterpreted fun
tions.Sin
e state-of-the-art Boolean SAT solvers su
h as Cha� are missingthe ne
essary API for realizing su
h an online integration, we useda home-grown SAT for realizing the online integration. We des
ribesome of our experiments using the Bakery mutual ex
lusion proto
ol inFigure 4.2 with initial states y1 � 0 ^ y2 � 0. The basi
 idea is that ofa bakery, where 
ustomers take numbers, and whoever has the lowestnumber gets servi
e next. Here, of 
ourse, \servi
e" means entry to the2 See also http://www.
sl.sri.
om/�demoura/bm
-examples.
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13a1 a2 a3y01 := y2 + 1 y2 = 0 _ y1 � y2y01 := 0b1 b2 b3y02 := y1 + 1 y1 = 0 _ :(y1 � y2)y02 := 0Figure 7. Bakery Mutual Ex
lusion Proto
ol.
riti
al se
tion. In our example, there are only two pro
esses (P1 andP2). The program lo
ation a3(b3) represents the 
riti
al se
tion of thepro
ess P1(P2). The variable y1(y2) 
ontains the number that P1(P2)uses to enter the 
riti
al se
tion, it is zero if the pro
ess is not tryingto enter the 
riti
al se
tion. Only one pro
ess 
an exe
ute a transitionat ea
h time. In this example, we are interested in the property thatthe pro
esses are never in their 
riti
al se
tions at the same time. Forvalidating this property we use bounded model 
he
king (BMC) tosear
h for 
ounterexamples of length k to the model 
he
king problemM j= ', where M is the system (program) being veri�ed, and ' isthe mutual ex
lusion property. This te
hnique has been introdu
ed for�nite systems in [4℄. Here, we are working with an extension of theBMC methodology to in�nite-state systems [10, 30℄.We use the 
onvention that 
urrent variables are always written asy1, y2 whereas the next-state variables are written as y01, y02. In addition,xi represents the value of the variable x at time i. The variable p
1(p
2)is the program 
ounter of the pro
ess P1(P2). Thus the formula thatdes
ribes the initial state is:p
01 = a1 ^ y01 � 0^ p
02 = b1 ^ y02 � 0We want to verify the property :(p
1 = a3 ^ p
2 = b3), thus, a
ounterexample of length k is a tra
e that rea
hes the goal (p
k1 =a3 ^ p
k2 = b3). The transitions are en
oded as:(p
i1 = a1 ^ yi+11 = yi2 + 1^ p
i+11 = a2 ^ p
i+12 = p
i2 ^ yi+12 = yi2)_(p
i1 = a2 ^ (yi2 = 0_ yi1 � yi2)^ yi+11 = yi1 ^ p
i+11 = a3 ^p
i+12 = p
i2 ^ yi+12 = yi2)_(p
i1 = a3 ^ yi+11 = 0^ p
i+11 = a1 ^ p
i+12 = p
i2 ^ yi+12 = yi2)_(p
i2 = b1 ^ yi+12 = yi1 + 1^ p
i+12 = b2 ^ p
i+11 = p
i1 ^ yi+11 = yi1)_(p
i2 = b2 ^ (yi1 = 0_:(yi1 � yi2))^ yi+12 = yi2 ^ p
i+12 = b3 ^p
i+11 = p
i1 ^ yi+11 = yi1)_
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14 (p
i2 = b3 ^ yi+12 = 0^ p
i+12 = b1 ^ p
i+11 = p
i1 ^ yi+11 = yi1)This en
onding in
ludes the frame axioms to des
ribe whi
h vari-ables a transition does not a�e
t. The program 
ounter (p
1 and p
2)
an be en
oded using propositional variables, sin
e their domains are�nite.Table I. O�ine lazy theorem proving ('-' is time � 1800 se
s).depth re�ne-2 re�ne-3 re�ne-4time 
on
i
ts time 
on
i
ts time 
on
i
ts5 45.23 577 0.71 66 0.31 166 83.32 855 2.36 132 0.32 187 286.81 1405 12.03 340 1.75 588 627.90 1942 56.65 710 2.90 739 1321.57 2566 230.88 1297 8.00 10510 - - 985.12 2296 15.28 18515 - - - - 511.12 646Table I in
ludes some statisti
s for three di�erent o�ine 
on�gu-rations depending on whi
h re�ne pro
edure des
ribed in Se
tion 3 isused. For ea
h 
on�guration, we list the total time (in se
onds) andthe number of 
on
i
ts dete
ted by the de
ision pro
edure. This tableindi
ates that the e�ort of dete
ting the relevant 
onstraints, and thelinear explain fun
tion are essential for eÆ
ien
y. Re
all that the exper-iments so far represent worst-
ase s
enarios in that the given formulasare unsatis�able. For BMC problems with 
ounterexamples, however,our pro
edure usually 
onverges mu
h faster. Consider, for example themutual ex
lusion problem of the Bakery proto
ol with the assignmenty02 := y2+1 instead of y02 := y1+1. The 
orresponding 
ounterexamplefor k = 7 is produ
ed in a fra
tion of a se
ond after adding 53 lemmas.(a1; k1; b1; k2) ! (a1; k1; b2; 1 + k2) !(a2; 2 + k2; b2; 1 + k2) ! (a2; 2 + k2; b3; 1 + k2) !(a2; 2 + k2; b1; 0) ! (a3; 2 + k2; b1; 0) !(a3; 2 + k2; b2; 1) ! (a3; 2 + k2; b3; 1)Noti
e that this 
ounterexample represents a family of tra
es, sin
e itis parametrized by (newly introdu
ed 
onstants) k1 and k2 with k1; k2 �0. The results of using this online integration for the Bakery example
an be found in Table II for two di�erent 
on�gurations.3 For ea
h3 The di�eren
es in the number of 
on
i
ts 
ompared to Table I are due to thedi�erent heuristi
s of the SAT solvers used.
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15Table II. Online lazy theorem proving.depth no explain explaintime 
on
i
ts 
alls to ICS time 
on
i
ts 
alls to ICS5 0.03 24 162 0.01 7 716 0.08 48 348 0.01 7 837 0.19 96 744 0.02 7 948 0.98 420 3426 0.05 29 4619 2.78 936 7936 0.19 70 120510 8.60 2008 17567 0.26 85 154315 - - - 4.07 530 13468
on�guration, we list the total time (in se
onds), the number of 
on
i
tsdete
ted by ICS, and the total number of 
alls to ICS. Altogether, usingan explanation fa
ility 
learly pays o� in that the number of re�nementiterations (
on
i
ts) is redu
ed 
onsiderable.5. Related WorkFor the spe
ial 
ase of equality theories over terms with uninterpretedfun
tion symbols, A
kermann [1℄ already de�ned a redu
tion to Booleanlogi
 by adding propositional en
odings of all relevant instan
es of the
ongruen
e axiom. Variations of A
kermann's tri
k have been used, forexample, by Shostak [28℄ for arithmeti
 reasoning in the presen
e of un-interpreted fun
tion symbols, and various redu
tions of the satis�abilityproblem of Boolean formulas over the theory of equality with uninter-preted fun
tion symbols to propositional SAT problems have re
entlybeen des
ribed by Goel, Sajid, Zhou, and Aziz [13℄, by Pnueli, Rodeh,Shtri
hman, and Siegel [23℄, and by Bryant, German, and Velev [5℄. In asimilar vein, an eager redu
tion to propositional logi
 for 
onstraints inPratt's di�eren
e logi
 have been des
ribed by Stri
hman, Seshia, andBryant [31℄. Even for su
h a simple 
onstraint theory, however, an ex-ponential number of 
onstraints may be generated in the prepro
essingstage.Compared with these eager redu
tions, our lazy integration pro
e-dure uniformly works for logi
s with a ri
h set of data types. Moreover,instead of 
onstru
ting an equisatis�able Boolean formula a priori, we
ompute a sequen
e of re�nements by adding propositional lemmas asobtained from an analysis of spurious propositional assignments. Inthis way, the semanti
s of 
onstraints is introdu
ed gradually and on
sat02.tex; 7/07/2002; 16:39; p.15



16on demand. In this way, only in
onsisten
y lemmas of relevan
e to thesatis�ability of the formula are added.In resear
h that is most 
losely related to ours, Barrett, Dill, andStump [3℄ des
ribe an integration of Cha� with CVC by abstra
t-ing the Boolean 
onstraint formula to a propositional approximation,then in
rementally re�ning the approximation based on diagnosing
on
i
ts using theorem proving, and �nally adding the appropriate
on
i
t 
lause to the propositional approximation. This integration
orresponds dire
tly to an online integration in the lemmas on demandparadigm. Their approa
h to generate good explanations is di�erentfrom ours in that they extend CVC with a 
apability of abstra
t proofsfor over-approximating minimal sets of in
onsisten
ies. Also, optimiza-tions based on don't 
ares are not 
onsidered expli
itly in [3℄. Theexperimental results in [3℄ 
oin
ide with ours in that they suggestthat lazy theorem proving without explanations (there 
alled the naiveapproa
h) and o�ine integration qui
kly be
ome impra
ti
al. Usingequivalen
e 
he
king for pipelined mi
ropro
essors, speedups of severalorders of magnitude over their earlier SVC system are obtained.Armando, Castellini, and Giun
higlia [2℄ propose a SAT-based ap-proa
h for the spe
ial 
ase of solving disjun
tions of Pratt's di�eren
e
onstraints. In their experiments, they observe ex
essively redundant
omputations, whi
h 
an largely be eliminated using our explanation
apabilities. A prepro
essing step for 
omputing in
onsisten
y 
lauseswith two literals is used [2℄ to simplify problems. We also found it tooften to be advantageous to pregenerate 2- and even 3-in
onsisten
iesto a

elerate 
onvergen
e. Optimizations based on don't 
ares are not
onsidered in [2℄.
6. Con
lusionThe main 
ontribution of this paper is a lazy integration of proposi-tional SAT solvers with 
onstraint solvers for e�e
tively de
iding thesatis�ability problem for propositional 
onstraint formulas. The keyidea is to use 
onstraint solvers for suggesting, on demand, useful in-
onsisten
y lemmas. In this way, only in
onsisten
y lemmas of relevan
eto the satis�ability of the formula are added. Various re�nements su
has online integration and a

eleration of 
onvergen
e using explanationfun
tions are needed to make the lemmas on demand approa
h worke�e
tively in pra
ti
e.
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