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Abstract. W e explore the com bination of b ounded mo del c hec king and

induction for pro ving safet y prop erties of in�nite-state systems. In par-

ticular, w e de�ne a general k -induction sc heme and pro v e completeness

thereof. A main c haracteristic of our metho dology is that strengthened

in v arian ts are generated from failed k -induction pro ofs. This strengthen-

ing step requires quan ti�er-elimination, and w e prop ose a lazy quan ti�er-

elimination pro cedure, whic h dela ys exp ensiv e computations of disjunc-

tiv e normal forms when p ossible. The e�ectiv eness of induction based on

b ounded mo del c hec king and in v arian t strengthening is demonstrated

using in�nite-state systems ranging from comm unication proto cols to

timed automata and (linear) h ybrid automata.

1 In tro duction

Bounded mo del c hec king (BMC) [4, 3, 6] is often used for refutation, where one

systematically searc hes for coun terexamples whose length is b ounded b y some

in teger k . The b ound k is increased un til a bug is found, or some pre-computed

c ompleteness thr eshold is reac hed. Unfortunately , the computation of complete-

ness thresholds is usually prohibitiv ely exp ensiv e and these thresholds ma y b e

to o large to e�ectiv ely explore the asso ciated b ounded searc h space. In addition,

suc h completeness thresholds do not exist for man y in�nite-state systems.

In deductiv e approac hes to v eri�cation, the invarianc e rule is used for es-

tablishing in v ariance prop erties ' [10, 9, 12, 2]. This rule requires a prop ert y  

whic h is stronger than ' and inductive in the sense that all initial states satisfy

 and  is preserv ed under eac h transition. Theoretically , the in v ariance rule is

adequate for v erifying a v alid prop ert y of a system, but its application usually
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requires creativit y in coming up with a su�cien tly strong inductiv e in v arian t. It

is also non trivial to detect bugs from failed induction pro ofs.

In this pap er, w e explore the com bination of BMC and induction based on

the k-induction rule. This induction rule generalizes BMC in that it requires

demonstrating the in v ariance of ' in the �rst k states of an y execution. Conse-

quen tly , error traces of length k are detected. This induction rule also generalizes

the usual in v ariance rule in that it requires sho wing that if ' holds in ev ery state

of ev ery execution of length k , then ev ery successor state also satis�es ' . In its

pure form, ho w ev er, k -induction do es not require the in v en tion of a strengthened

inductiv e in v arian t. As in BMC, the b ound k is increased un til either a viola-

tion is detected in the �rst k states of an execution or the prop ert y at hand is

sho wn to b e k -inductiv e. In the ideal case of attempting to pro v e correctness of

an inductiv e prop ert y , 1-induction su�ces and iteration up to a, p ossibly large,

complete threshold, as in BMC, is a v oided. The k -induction rule is sound, but

further conditions, suc h as the restriction to acyclic execution sequences, m ust

b e added to mak e k -induction complete ev en for �nite-state systems [15].

One of our main con tributions is the de�nition of a general k -induction rule

and a corresp onding completeness result. This induction rule is parameterized

with resp ect to suitable notions of sim ulation. These sim ulation relations induce

di�eren t notions of path c ompr ession in that an execution path is compressed

if it do es not con tain t w o similar states. Man y completeness results, suc h as k -

induction for timed automata, follo w b y simply instan tiating this general result

with the sim ulation relation at hand. F or general transition systems, w e dev elop

an anytime algorithm for appro ximating adequate sim ulation relations for k -

induction.

Whenev er k -induction fails to pro v e a prop ert y ' , there is a coun terexample

of length k + 1 suc h that the �rst k states satisfy ' and the last state do es not

satisfy ' . If the �rst state of this trace is reac hable, then ' is refuted. Otherwise,

the coun terexample is lab eled spurious . By assuming the �rst state of this trace

is unreac hable, a spurious coun terexample is used to automatically obtain a

strengthened in v arian t. Man y in�nite-state systems can only b e pro v en with

k -induction enric hed with in v arian t strengthening, whereas for �nite systems

the use of strengthening decreases the minimal k for whic h a k -induction pro of

succeeds.

Since our in v arian t strengthening pro cedure for k -induction hea vily relies

on eliminating existen tially quan ti�ed state v ariables, w e dev elop an e�ectiv e

quan ti�er elimination algorithm for this purp ose. The main c haracteristic of

this algorithm is that it a v oids a p oten tial exp onen tial blo wup in the initial

computation of a disjunctiv e normal form whenev er p ossible, and a constrain t

solv er is used to iden tify relev an t conjunctions. In this w a y the paradigm of lazy

theorem pro ving, as dev elop ed b y the authors for the ground case [6], is extended

to �rst-order form ulas.

The pap er is organized as follo ws. Section 2 con tains bac kground material

on enco dings of transition systems in terms of logic form ulas. In Section 3 w e

dev elop the notions of rev erse and direct sim ulations together with an an ytime
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algorithm for computing these relations. Rev erse and direct sim ulations are used

in Section 4 to state a generic k -induction principle and to pro vide su�cien t con-

ditions for the completeness of these inductions. Sections 5 and 6 discuss in v ari-

an t strengthening and lazy quan ti�er elimination. Exp erimen tal results with k -

induction and in v arian t strengthening for v arious in�nite-state proto cols, timed

automata, and linear h ybrid systems are summarized in Section 7. Comparisons

to related w ork are in Section 8.

2 Bac kground

Let V := f x

1

; : : : ; x

n

g b e a set of v ariables in terpreted o v er nonempt y domains

D

1

through D

n

, together with a t yp e assignmen t � suc h that � ( x

i

) = D

i

. F or

a set of t yp ed v ariables V , a variable assignment is a function � from v ariables

x 2 V to an elemen t of � ( x ). The v ariables in V := f x

1

; : : : ; x

n

g are also called

state variables , and a pr o gr am state is a v ariable assignmen t o v er V .

All the dev elopmen ts in this pap er are parametric with resp ect to a giv en

constrain t theories C , suc h as linear arithmetic or a theory of bitv ectors. W e

assume a computable function for deciding satis�abilit y of a conjunction of con-

strain ts in C . A set of Bo ole an c onstr aints , Bo ol ( C ), includes all constrain ts in

C and is closed under conjunction ^ , disjunction _ , and negation : : E�ectiv e

solv ers for deciding the satis�abilit y problem in Bo ol ( C ) ha v e b een previously

describ ed [6, 5].

A tuple h V ; I ; T i is a C -pr o gr am o v er V , where in terpretations of the t yp ed

v ariables V describ e the set of states, I 2 Bo ol ( C ( V )) is a predicate that de-

scrib es the initial states, and T 2 Bo ol ( C ( V [ V

0

)) sp eci�es the transition re-

lation b et w een curren t states and their successor states ( V denotes the curren t

state v ariables, while V

0

stands for the next state v ariables). The seman tics of a

program is giv en in terms of a tr ansition system M in the usual w a y .

F or a program M = h V ; I ; T i , a sequence of states � ( s

0

; s

1

; : : : ; s

n

) forms a

p ath through M if

V

0 � i<n

T ( s

i

; s

i +1

). A state s is r e achable in M if there is a

path � ( s

0

; s

1

; : : : ; s

n � 1

; s ) through M and I ( s

0

), and a state prop ert y ' 2 C ( V ) is

invariant in M i� ' ( s ) holds for ev ery reac hable state s in M . A c ounter example

for a prop ert y ' is a path � ( s

0

; : : : ; s

n

) suc h that I ( s

0

) and : ' ( s

n

), and the

length len ( � ) of suc h a coun terexample is giv en b y the n um b er of states in this

path.

T ypical programming constructs can b e rewritten in to the program syn tax

presen ted ab o v e. F or example, Dijkstra's guarded commands are enco ded in

terms of a disjunction of conjunctions of guards g ( x

1

; : : : ; x

n

) and up dates x

0

i

=

f

1

( x

1

; : : : ; x

n

) for all v ariables x

i

. Programs with external, non-deterministic

inputs are de�ned b y partitioning the set of v ariables X in to the input v ariables

input ( X ), whic h are unconstrained, and the other state v ariables, whose next-

state v alues are constrained b y the transition relation.

Throughout this pap er w e use timed automata [1], whic h are state-transition

graphs augmen ted with a �nite set of real-v alued clo c ks, as a protot ypical class

of in�nite-state systems. Decidabilit y of the mo del-c hec king problem for timed
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automata rests on the fact that the space of clo c k v aluations is partitioned in to

�nitely man y clo c k regions. Tw o clo c k v aluations v

1

; v

2

that b elong to the same

region are (region) equiv alen t, denoted as v

1

�

T A

v

2

. This region equiv alence is

a stable quotien t relation, that is, whenev er q �

T A

u and T ( q ; q

0

), there exists

a state u

0

suc h that T ( u; u

0

) and q

0

�

T A

u

0

[1]. Enco ding of timed automata

in terms of logical programs with linear arithmetic constrain ts are describ ed

in [17]. In particular, program states consist of a lo cation and nonnegativ e real

in terpretations of clo c ks. F or timed automata w e restrict ourselv es to pro ving

so-called clo c k constrain ts ' , suc h that q �

T A

u implies that ' ( q ) i� ' ( u ).

3 Direct and Rev erse Sim ulation

The notions of direct and rev erse sim ulation as dev elop ed here la y out the foun-

dation for the completeness results in Section 4.

De�nition 1 (Direct / Rev erse Sim ulation). Let M = h V ; I ; T i b e a pro-

gram and ' a state form ula o v er V . W e de�ne the functors F

d

and F

r

that map

binary relations R o v er V in the follo wing w a y .

F

d

( R )( s

1

; s

2

) :=

�

if : ' ( s

1

) then : ' ( s

2

)

else 8 s

0

1

: T ( s

1

; s

0

1

) ) 9 s

0

2

: R ( s

0

1

; s

0

2

) ^ T ( s

2

; s

0

2

)

F

r

( R )( s

1

; s

2

) :=

�

if I ( s

1

) then I ( s

2

)

else 8 s

0

1

: T ( s

0

1

; s

1

) ) 9 s

0

2

: R ( s

0

1

; s

0

2

) ^ T ( s

0

2

; s

2

)

A dir e ct (r everse) simulation o v er V with resp ect to ' is an y binary relation �

o v er V that satis�es � � F

d

( � ) ( � � F

r

( � )).

In con trast to rev erse sim ulations, direct sim ulations dep end on a state form ula

' . Also, the de�nition of direct sim ulation is inspired b y the notion of stable

relations ab o v e. Direct (rev erse) sim ulations are usually denoted b y �

d

( �

r

). The

follo wing direct and rev erse sim ulation are used as running examples throughout

the pap er.

Example 1. The empt y relation a �

;

b := false is a direct and a rev erse sim ula-

tion.

Example 2. Equalit y (=) b et w een states is b oth a direct and a rev erse sim ula-

tion.

Example 3. The relation s

1

�

I

s

2

:= I ( s

1

) ^ I ( s

2

) is a rev erse sim ulation, where

I is the predicate for describing the set of initial states of the giv en program.

Example 4. No w, consider programs h V ; I ; T i with inputs suc h that input ( x )

holds i� x is an input v ariable. The relation

s

1

=

i

s

2

:= for al l variables x 2 V : input ( x ) or s

1

( x ) = s

2

( x ),
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with s ( x ) denoting the v alue of the v ariable x in the state s , is a rev erse sim ula-

tion, since the v alues of the input v ariables are not constrained b y the predicate

I and their next v alues are not constrained b y T . Ob viously , for transition sys-

tems with inputs, the relation s

1

=

i

s

2

is stronger than =, and therefore giv es

rise to shorter paths.

Example 5. W e no w consider timed automata programs and clo c k constrain ts.

The region equiv alence �

T A

, whic h giv e rise to �nitely man y clo c k regions, is

stable, and therefore a direct sim ulation.

The notions of direct and rev erse sim ulation are mo dular in the sense that

the union of direct (rev erse) sim ulations is also a direct (rev erse) sim ulation.

Prop osition 1 (Mo dularit y). If �

1

and �

2

are direct (rev erse) sim ulations,

then �

1

[ �

2

is also a direct (rev erse) sim ulation.

This prop ert y follo ws directly from the de�nitions of direct (rev erse) sim ulations

in De�nition 1 and from the monotonicit y of the functors F

d

and F

r

. F or example,

the rev erse sim ulations �

I

and =

i

in Examples 3 and 4 ma y b e com bined to

obtain a new rev erse sim ulation.

Giv en an arbitrary program M = h V ; I ; T i and a prop ert y ' , the asso ciated

lar gest dir e ct (r everse) simulation relation �

D

( �

R

) is obtained as the greatest

�xp oin t of the functor F

d

( F

r

) in De�nition 1. These �xp oin ts exist, since F

d

and F

r

are monotonic. Ho w ev er, the �xp oin t iterations are often prohibitiv ely

exp ensiv e, and a direct (rev erse) sim ulation is only obtained on con v ergence

of the iteration. The iteration in Prop osition 2 pro vides a viable alternativ e in

that a rev erse (direct) sim ulation is re�ned to obtain a stronger rev erse (direct)

sim ulation. The pro of of the prop osition b elo w follo ws from the de�nitions of

rev erse (direct) sim ulations, from the monotonicit y of the functors F

r

( F

d

), and

from mo dularit y (Prop osition 1).

Prop osition 2 (An ytime Iteration). If �

r

( �

d

) is a rev erse (direct) sim-

ulation, then for all n � 0 the relation �

r ;n

( �

d;n

) is also a rev erse (direct)

sim ulation:

�

r ; 0

:= �

r

�

d; 0

:= �

d

�

r ;n

:= �

r ;n � 1

[ F

r

( �

r ;n � 1

) �

d;n

:= �

d;n � 1

[ F

d

( �

d;n � 1

)

Consequen tly , this iteration giv es rise to an anytime algorithm for computing

direct (rev erse) sim ulations, and equalit y =, for example, ma y b e used as seed,

since it is b oth a direct and a rev erse sim ulation (see Example 2).

4 Completeness of k -Induction

Giv en the notions of direct and rev erse sim ulations, w e dev elop su�cien t con-

ditions for pro ving completeness of k -induction. These results are based on re-

stricting paths to not con tain states equiv alen t with resp ect to a giv en dir e ct

or r everse sim ulation. F or direct (rev erse) sim ulations w e de�ne a compressed
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q

1

q

2

q

3

q

4

Fig. 1. Incompleteness of k -induction.

path w.r.t. to the giv en direct (rev erse) sim ulation as a path � ( s

0

; s

1

; : : : ; s

n

)

not con taining an y s

i

, s

j

with j < i ( i < j ) suc h that s

i

directly (rev ersely)

sim ulates s

j

.

De�nition 2 (P ath Compression).

{ A path �

�

d

( s

0

; s

1

; : : : ; s

n

) is c ompr esse d w.r.t. the direct sim ulation �

d

if:

�

�

d

( s

0

; s

1

; : : : ; s

n

) := � ( s

0

; s

1

; : : : ; s

n

) ^

^

0 � j <i � n

s

i

6�

d

s

j

:

{ A path �

�

r

( s

0

; s

1

; : : : ; s

n

) is c ompr esse d w.r.t. the rev erse sim ulation �

r

if:

�

�

r

( s

0

; s

1

; : : : ; s

n

) := � ( s

0

; s

1

; : : : ; s

n

) ^

^

0 � i<j � n

s

i

6�

r

s

j

:

A path that is compressed with resp ect to the rev erse and the direct sim ulations

�

r

and �

d

is denoted b y �

�

r ;d

.

F or example, a path � ( s

0

; : : : ; s

n

) is compressed w.r.t. the rev erse sim ulation

(=) from Example 2 i� it is acyclic. Moreo v er, giv en the rev erse sim ulation �

I

from Example 3, a path � ( s

0

; : : : ; s

n

) is compressed w.r.t. �

I

i� it con tains at

most one initial state. Ob viously , for transition systems with inputs, the relation

(=

i

) (see Example 4) is stronger than (=), and therefore giv e rise to shorter

compressed paths. W e ha v e collected all ingredien ts for de�ning k -induction for

arbitrarily compressed paths.

De�nition 3 ( k -Induction). Let M = h V ; I ; T i b e a program, k an in teger,

�

r

a rev erse sim ulation, and �

d

a direct sim ulation. The induction sc heme of

depth k , IND

�

r ;d

( k ) allo ws one to deduce the in v ariance of ' in M if the follo wing

holds.

{ I ( s

0

) ^ �

�

r ;d

( s

0

; : : : ; s

k � 1

) ! ' ( s

0

) ^ : : : ^ ' ( s

k � 1

)

{ ' ( s

n

) ^ : : : ^ ' ( s

n + k � 1

) ^ �

�

r ;d

( s

n

; : : : ; s

n + k

) ! ' ( s

n + k

)

F or example, giv en the empt y relationship �

;

from Example 1, IND

�

;

re-

duces to the naiv e, incomplete k -induction on arbitrary paths. Consider, for

example, the system in Figure 1 and a prop ert y ' whic h is assumed to hold only

in q

4

. No w, the execution sequence q

3

; q

3

; : : : ; q

3

| {z }

k

; q

4

is not k -inductiv e,

but it is ruled out under the acyclic path restriction. The complete k -induction
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sc hemes in [15], whic h consider only acyclic paths and paths that only visit ini-

tial states once can b e reco v ered b y instan tiating De�nition 3 with the relations

(=) (Example 2) and ( �

I

) (Example 3), resp ectiv ely . Since b oth (=) and ( �

I

)

are rev erse sim ulations, an induction sc heme restricted to acyclic paths visiting

initial states at most once is obtained b y mo dularit y (Prop osition 1).

Completeness of k -induction relies hea vily on the notion of path compression.

W e no w state the main lemma.

Lemma 1 (Compressing non- �

�

r ;d

paths). Let � ( s

0

; : : : ; s

n

) b e a giv en

path; then:

1. There exists a �

�

r

- compressed path �

�

r

( q

0

; : : : ; q

m

) suc h that q

m

= s

n

and

m � n .

2. There exists a �

�

d

- compressed path �

�

d

( q

0

; : : : ; q

m

), suc h that q

0

= s

0

and

m � n .

Pro ofsk etc h. Assume a path � ( s

0

; : : : ; s

n

), whic h is not compressed w.r.t. �

r

.

By De�nition 1 it follo ws that there are states s

i

; s

j

2 � ( s

0

; : : : ; s

n

) suc h that

s

i

�

r

s

j

, and i < j . W e distinguish t w o cases. First, if s

i

is an initial state, then so

is s

j

, and therefore a shorter path � ( s

j

; : : : ; s

n

) is obtained as a coun terexample.

Second, if s

i

is not an initial state, then s

i

6= s

0

, and there exists a s

i � 1

suc h

that T ( s

i � 1

; s

i

). Since s

i

�

r

s

j

it follo ws b y De�nition 1 that there is a state s

0

i � 1

,

suc h that s

i � 1

�

r

s

0

i � 1

and T ( s

0

i � 1

; s

j

). If s

i � 1

is initial state, then so is s

0

i � 1

, and

since i < j a shorter path �

�

r

( s

0

i � 1

; s

j

; : : : ; s

n

) is obtained. If s

i � 1

is not initial,

b y rep eating the ab o v e argumen t a shorter path is constructed. In b oth cases a

shorter path is obtained, if suc h path is not a compressed path, then it is further

reduced. The pro of for �

�

d

- compressed paths w orks analogously .

IND

�

r ;d

( k ) is c omplete if: ' is an in v arian t of M i� there is a k suc h that

IND

�

r ;d

( k )( ' ). No w, completeness of k -induction follo ws from the main lemma 1

ab o v e.

Theorem 1 (Completeness). IND

�

r ;d

( k ) is a complete pro of metho d i�

there is an upp er b ound on the length of the paths �

�

r ;d

( s

0

; : : : ; s

n

).

Using the sim ulation from Example 2, Theorem 1 is instan tiated to obtain the

follo wing complete k -induction for �nite-state systems.

Corollary 1. Let M b e a �nite-state program o v er V and ' a state prop ert y

in V ; then IND

=

( k ) induction is complete.

In general, k -induction for (=) is not complete for in�nite-state systems. Con-

sider, for example, the program M = h I ; T i o v er the in teger state v ariable x

with I = ( x = 0) and T = ( x

0

= x + 2), and the form ula x 6= 3. Ob viously , it

is the case that x 6= 3 is in v arian t in M , but there exists no k 2 I N suc h that

the prop ert y is pro v en b y IND

=

( k ) . Ho w ev er, k -induction is complete for timed

automata, since the equiv alence relation �

T A

is a direct sim ulation (Example 5),

and an upp er b ound on the length of the paths �

�

T A

( s

0

; : : : ; s

n

) is giv en b y the

n um b er of clo c k regions.
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Corollary 2. Let M b e a timed automata program o v er the clo c k ev aluations

C and ' a clo c k constrain t in C ; then IND

�

T A

( k ) induction is complete.

Similar results are obtained for other direct and rev erse sim ulations and com bi-

nations thereof.

5 In v arian t Strengthening

Whenev er k -induction fails to pro v e a prop ert y ' , there is a coun terexample

� = s

n

; s

n +1

; : : : ; s

n + k

suc h that the �rst k states satisfy ' whereas the last

state s

n + k

do es not satisfy this prop ert y . If s

n

is indeed reac hable, then '

is not in v arian t. Otherwise, the coun terexample is lab eled as spurious and it

is inconclusiv e whether ' is in v arian t or not. Ho w ev er, b y assuming s

n

to b e

unreac hable, suc h a spurious coun terexample is used to obtain a strengthened

in v arian t ' ^ : ( s

n

).

Consider, for example, the prop ert y : ( q

4

) for the system in Figure 1. Induc-

tion of depth k = 1 fails, and the coun terexample q

3

; q

4

is obtained. No w,

: ( q

4

) is strengthened to obtain : ( q

4

) ^ : ( q

3

), whic h is pro v en using 1-induction.

More generally , whenev er the induction step of IND

�

r ;d

( k ) fails, the form ula

Q ( s

n

; : : : ; s

n + k

) := ' ( s

n

) ^ : : : ^ ' ( s

n + k � 1

) ^ �

�

r ;d

( s

n

; : : : ; s

n + k

) ^ : ' ( s

n + k

)

is satis�able, and eac h satisfying assignmen t describ es a coun terexample for the

induction step. Th us, w e de�ne the predicate U ( s ) for represen ting the set of

p ossibly unreac hable states, whic h ma y reac h the bad state in k steps b y means

of a �

�

r ;d

path.

U ( s ) = 9 s

n +1

; : : : ; s

n + k

:Q ( s; : : : ; s

n + k

)

No w, ' is strengthened as ' ^ : U ( s ), and quan ti�er elimination is used for trans-

forming this strengthened form ula in to an equiv alen t Bo olean constrain t form ula.

F or the general case, w e use the quan ti�er elimination pro cedure in Section 6.

Notice, ho w ev er, that for sp ecial cases suc h as guarded command languages,

the quan ti�ers in U ( s ) are eliminated using purely syntactic op erations suc h

as substitution, since all quan ti�cations are o v er \next-state" v ariables x for

whic h there are explicit solutions f ( : ). An example migh t help to illustrate the

com bination of k -induction, strengthening, and quan ti�er elimination.

Example 6. Consider the usual stripp ed-do wn v ersion of Lamp ort's Bak ery pro-

to col in Figure 2 with the initial v alue 0 for b oth coun ters y 1 and y 2 and the

m utual exclusion prop ert y M X de�ned b y : ( pc 1 = a 3 ^ pc 2 = b 3). W e apply

3-induction with the empt y sim ulation relation �

;

. The base step holds and the

induction step fails to obtain

U ( s

n

) := 9 s

n +1

; s

n +2

; s

n +3

:

M X ( s

n

) ^ M X ( s

n +1

) ^ M X ( s

n +2

) ^

�

�

;

( s

n

; s

n +1

; s

n +2

; s

n +3

) ^ : M X ( s

n +3

)
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a 1 a 2 a 3

y 1

0

:= y 2 + 1

y 2 = 0 _

y 1 � y 2

y 1

0

:= 0

b 1 b 2 b 3

y 2

0

:= y 1 + 1

y 1 = 0 _

: ( y 1 � y 2)

y 2

0

:= 0

Fig. 2. Bak ery Mutual Exclusion Proto col.

with states s

i

of the form ( pc 1

i

; y 1

i

; pc 2

i

; y 2

i

). Since the transitions of the Bak ery

proto col are in terms of guarded commands, simple substitution is used to obtain

a quan ti�er-eliminated form.

R ( s ) := ( pc 1 = a 1 ^ pc 2 = b 2 ^ y 2 = 0) _ ( pc 1 = a 2 ^ pc 2 = b 1 ^ y 1 = 0)

No w, the strengthened prop ert y M X ( s ) ^ : R ( s ) is pro v en using 3-induction.

6 Quan ti�er elimination

Giv en a quan ti�ed form ula 9 vars : ' with ' 2 Bo ol ( C ), quan ti�er-elimination

pro cedures usually w ork b y transforming ' in to disjunctiv e normal form (DNF)

and distributing the existen tial quan ti�ers o v er disjunctions. Th us, one is left

with eliminating quan ti�ers from a set of existen tially quan ti�ed conjunctions

of literals. W e assume as giv en suc h a pro cedure C -qe . The main dra wbac k of

these pro cedures is that there is a p oten tial exp onen tial blo wup in the initial

transformation to DNF and C -qe migh t ev en return further disjunctions (as is

the case for Presburger arithmetic).

The quan ti�er elimination problem for in v arian t strengthening, as discussed

in Section 5, ho w ev er, allo ws for a purely syn tactic quan ti�er elimination as long

as w e are restricting ourselv es to guarded command programs. In these cases,

C -qe just applies the substitution rule ( x =2 vars (  ))

( 9 x: ( x =  ) ^ ' ( x )) i� ' (  );

p ossibly follo w ed b y simpli�cation. Another C -qe function is used in McMil-

lan's [13] quan ti�er elimination algorithm based on prop ositional SA T solving,

in that his C -qe ( v ar s; c ) simply deletes the literals in c , whic h con tain a v ariable

in vars .

1

Ho w ev er, the initial DNF computation should usually b e a v oided when p os-

sible. Giv en a set of existen tially quan ti�ed v ariables vars and a quan ti�er-free

form ula ' in Bo ol ( C ) , the algorithm qe ( vars ; ' ) in Figure 3 returns a form ula in

Bo ol ( C ) whic h is equiv alen t to 9 vars : ' . The pro cedure qe relies on a satis�abilit y

solv er for form ulas ' 2 Bo ol ( C ), whic h is assumed to en umerate represen tations

of sets of satis�able mo dels in terms of conjunctions of literals in ' . Suc h a solv er

1

Actually , McMillan considers the dual problem of eliminating univ ersal quan ti�ca-

tions from a conjunctiv e normal form.
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pro cedure qe( v ar s , ' )

 := false

loop

c := next-solution ( ' )

if c := false then return  

c

0

:= C -qe ( v ar s; c )

 :=  _ c

0

' := ' ^ : c

0

Fig. 3. Lazy Quan ti�er Elimination.

is describ ed, for example, in [6, 5]. These solutions are supp osed to b e en umer-

ated b y successiv e calls to next-solution in Figure 3. Since there are only a �nite

n um b er of solutions in terms of subsets of literals, the function qe is terminating.

Moreo v er, minimal solutions or go o d o v er-appro ximations thereof, as pro duced

b y the lazy theorem pro ving algorithm [6, 5], accelerate con v ergence.

The v ariable c in Figure 3 stores the curren t solution obtained b y next-solution ,

and the pro cedure C -qe applies quan ti�er elimination for conjunction. In man y

cases, C -qe just applies the substitution rule to remo v e quan ti�ed v ariables. In

order to obtain the next set of solutions, w e rule out the curren t solutions b y

up dating ' with the v alue : c

0

instead of : c , since : c

0

is more restrictiv e.

Th us, the quan ti�er elimination pro cedure in Figure 3 a v oids eager computa-

tion of a disjunctiv e normal form. Moreo v er, a solv er for Bo ol ( C ) is used to guide

the searc h for relev an t \conjunctions" in ' . In this w a y , the qe algorithm extends

the lazy theorem pro ving paradigm describ ed in [6, 5] to the case of �rst-order

reasoning.

Example 7. Consider

9 x

1

; y

1

: (( x

0

= 1 _ x

0

= 3 _ y

0

> 1) ^ x

1

= x

0

� 1 ^ y

1

= y

0

+ 1)

_ (( x

0

= � 1 _ x

0

= � 3) ^ x

1

= x

0

+ 2 ^ y

1

= y

0

� 1)) ^ x

1

< 0

A �rst satis�able conjunction of literals is obtained b y , sa y

c := y

0

> 1 ^ x

1

= x

0

� 1 ^ y

1

= y

0

+ 1 ^ x

1

< 0.

No w, application of the substitution rule yields

c

0

:= y

0

> 1 ^ x

0

� 1 < 0

and, after up dating ' with : c

0

a second solution is obtained as

c := x

0

= � 3 ^ x

1

= x

0

+ 2 ^ y

1

= y

0

� 1 ^ x

1

< 0.

Again, applying the substitution rule, one gets c

0

:= x

0

= � 3 ^ x

0

+ 2 < 0, and,

since there are no further solutions, the quan ti�er-eliminated form ula is

( y

0

> 1 ^ x

0

� 1 < 0) _ ( x

0

= � 3 ^ x

0

+ 2 < 0)
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7 Exp erimen ts

W e describ e some of our exp erimen ts with k -induction and in v arian t strength-

ening. Our b enc hmark examples include in�nite-state systems suc h as comm u-

nication proto cols, timed automata and linear h ybrid systems.

2

. In particular,

T able 1 con tains exp erimen tal results for the Bak ery proto col as describ ed ear-

lier, Simpson's proto col [16] to a v oid in terference b et w een concurren t reads and

writes in a fully async hronous system, w ell-kno wn timed automata b enc hmarks

suc h as the train gate con troller and Fisc her's m utual exclusion proto col, and

three linear h ybrid automata b enc hmarks for w ater lev el monitoring, the leak-

ing gas burner, and the m ulti-rate Fisc her proto col. Timed automata and linear

h ybrid systems are enco ded as in [17]. Starting with k = 1 w e increase k un til

k -induction succeeds. W e are using in v arian t strengthening only in cases where

syntactic quan ti�er elimination based on substitution su�ces. In particular, w e

do not use strengthening for the timed and h ybrid automata examples, that is,

C -qe tries to apply the substitution rule, if the resulting satis�abilit y problems

for Bo olean com binations of linear arithmetic constrain ts are solv ed using the

lazy theorem pro ving algorithm describ ed in [6] and implemen ted in the ICS

decision pro cedures [8].

System Name Pro v ed with k Time Re�nemen ts

Bak ery Proto col 3 0.21 1

Simpson Proto col 2 0.16 2

T rain Gate Con troller 5 0.52 0

Fisc her Proto col 4 0.71 0

W ater Lev el Monitor 1 0.08 0

Leaking Gas Burner 6 1.13 0

Multi Rate Fisc her 4 0.84 0

T able 1. Results for k-induction . Timings are in seconds.

The exp erimen tal results in T able 1 are obtained on a 2GHz P en tium-IV

with 1Gb of memory . The second ro w in T able 1 lists the minimal k for whic h

k -induction succeeds, the third ro w includes the total time (in seconds) needed

for all inductions from 0 to k , and the fourth ro w the n um b er of strengthenings.

Timings do not include the one for quan ti�er elimination, since w e restricted our-

selv es to syn tactic quan ti�er elimination only

3

. Notice that in v arian t strength-

ening is essen tial for the pro ofs of the Bak ery proto col and Simpson's proto col,

since k-induction alone do es not succeed.

2

These b enc hmarks are a v ailable at h ttp://www.csl.sri.com/

�

demoura/ca v03examples

3

Note to the review er: w e plan to include further exp erimen ts b y using strengthening

on all b enc hmarks.
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Simpson's proto col for a v oiding in terference b et w een concurren t reads and

writes in a fully async hronous system has also b een studied using traditional

mo del c hec king tec hniques. Using an explicit-state mo del c hec k er, Rush b y [14]

demonstrates correctness of a �nitary v ersion of this p oten tially in�nite-state

problem. Whereas it to ok around 100 seconds for the mo del c hec k er to v erify

this stripp ed-do wn problem, k -induction together with in v arian t strengthening

pro v es the general problem in a fraction of a second. Moreo v er, other non trivial

problems suc h as correctness of Illinois and F uturebus cac he coherence proto cols,

as giv en b y [7], are easily established using 1-induction with only one round of

strengthening.

8 Related W ork

W e restrict this comparison to w ork w e think is most closely related to ours.

Sheeran, Singh, and St � almarc k's [15] also use k-induction , but their approac h is

restricted to �nite-state systems only . They consider k -induction restricted to

acyclic paths and eac h path is constrained to con tain at most one initial state.

These inductions are simple instances of our general induction sc heme based on

rev erse and direct sim ulations. Moreo v er, in v arian t strengthening is used here to

decrease the minimal k for whic h k -induction succeeds.

Our path compression tec hniques can also b e used to compute tigh t com-

pleteness thresholds for BMC. F or example, a c ompr esse d r e curr enc e diameter

is de�ned as the smallest n suc h that I ( s

0

) ^ �

�

r ;d

( s

0

; : : : ; s

n

) is unsatis�able.

Using equalit y (=) for the sim ulation relation, this form ula is equiv alen t to the

r e curr enc e diameter in [3]. A tigh ter b ound of the recurrence diameter, where

v alues of input v ariables are ignored, is obtained b y using the rev erse sim ulation

=

i

. In this w a y , the results in [11] are obtained as sp eci�c instances in our general

framew ork based on rev erse and direct sim ulations. In addition, the c ompr esse d

diameter is de�ned as the smallest n suc h that

I ( s

0

) ^ �

�

r ;d

( s

0

; : : : ; s

n

) ^

n � 1

^

i =0

: �

�

r ;d

i

( s

0

; s

i

)

is unsatis�able, where �

�

r ;d

i

( s

0

; s

i

) := 9 s

1

; : : : ; s

i � 1

:�

�

r ;d

( s

0

; s

1

; : : : ; s

i � 1

; s

i

) holds

if there is a relev an t path from s

0

to s

i

with i steps. Dep ending on the sim ulation

relation, this compressed diameter yields tigh ter b ounds for the completeness

thresholds than the ones usually used in BMC [3].

9 Conclusion

W e dev elop ed a general k -induction sc heme based on the notion of rev erse and

direct sim ulation, and w e studied completeness of these inductions. Although an y

k -induction pro of can b e reduced to a 1-induction pro of with in v arian t strength-

ening, there are certain adv an tages of using k -induction. In particular, bugs of
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length k are detected in the initial step, and the n um b er of strengthenings re-

quired to complete a pro of is reduced signi�can tly . F or example, a 1-induction

pro of of the Bak ery proto col requires three successiv e strengthenings eac h of

whic h pro duces 4 new clauses. There is, ho w ev er, a clear trade-o� b et w een the

additional cost of using k -induction and the n um b er of strengthenings required

in 1-induction, whic h needs to b e studied further.
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