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Abstract

This do cumen t pro vides an in tro ductory example, a tutorial, and a compact refer-
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Ov erview

Ov erview

PVS is a veri�c ation system : an in teractiv e en vironmen t for writing formal sp eci�cations

and c hec king formal pro ofs. It builds on nearly 20 y ears exp erience at SRI in building

v eri�cation systems, and on substan tial exp erience with other systems. The distinguishing

feature of PVS is its synergistic in tegration of an expressiv e sp eci�cation language and

p o w erful theorem-pro ving capabilities. PVS has b een applied successfully to large and

di�cult applications in b oth academic and industrial settings.

PVS pro vides an expressiv e sp eci�cation language that augmen ts classical higher-order

logic with a sophisticated t yp e system con taining predicate subt yp es and dep enden t t yp es,

and with parameterized theories and a mec hanism for de�ning abstract datat yp es suc h as

lists and trees. The standard PVS t yp es include n um b ers (reals, rationals, in tegers, naturals,

and the ordinals to �

0

), records, tuples, arra ys, functions, sets, sequences, lists, and trees, etc.

The com bination of features in the PVS t yp e-system is v ery con v enien t for sp eci�cation, but

it mak es t yp ec hec king undecidable. The PVS t yp ec hec k er cop es with this undecidabili t y b y

generating pro of obligations for the PVS theorem pro v er. Most suc h pro of obligations can

b e disc harged automatically . This lib eration from purely algorithmic t yp ec hec king allo ws

PVS to pro vide relativ ely simple solutions to issues that are considered di�cult in some

other systems (for example, accommo dating partial functions suc h as division within a logic

of total functions), and it allo ws PVS to enforce v ery strong c hec ks on consistency and other

prop erties (suc h as preserv ation of in v arian ts) in an en tirely uniform manner.

PVS has a p o w erful in teractiv e theorem pro v er/pro of c hec k er. The basic deductiv e steps

in PVS are large compared with man y other systems: there are atomic commands for induc-

tion, quan ti�er reasoning, automatic conditional rewriting, simpli�cation using arithmetic

and equalit y decision pro cedures and t yp e information, and prop ositional simpli�cation

using binary decision diagrams. The PVS pro of c hec k er manages the pro of construction

pro cess b y prompting the user for a suitable command for a giv en subgoal. The execution

of the giv en command can either generate further subgoals or complete a subgoal and mo v e

the con trol o v er to the next subgoal in a pro of. User-de�ned pro of strategies can b e used

to enhance the automation in the pro of c hec k er. Mo del-c hec king capabilities used for auto-

matically v erifying temp oral prop erties of �nite-state systems ha v e recen tly b een in tegrated

in to PVS. PVS's automation su�ces to pro v e man y straigh tforw ard results automatically;

for hard pro ofs, the automation tak es care of the details and frees the user to concen trate

on directing the k ey steps.

PVS is implemen ted in Common Lisp|with ancillary functions pro vided in C, Tcl/TK,

and L

A

T

E

X|and uses GNU Emacs for its in terface. Con�gured for Sun Sp ar c W orkstations

running under SunOS 4.1.3, the system is freely a v ailable under license from SRI.

PVS has b een used at SRI to undertak e pro ofs of di�cult fault-toleran t algo-

rithms [LR93a, LR93b, LR94], to v erify the micro co de for selected instructions of a complex,

pip elined , commercial micropro cessor ha ving 500,000 transistors where seeded and unseeded

errors w ere found [MS95], to pro vide an em b edding for the Duration Calculus (an in terv al

temp oral logic [SS94]), and for sev eral other applications. PVS is installed at man y sites

w orldwide, and is in serious use at ab out a dozen of them. There is a gro wing list of sig-

ni�can t applications undertak en using PVS b y p eople outside SRI. Man y of these can b e

examined at the WWW site http://www.csl.sri.com/sri -csl-fm. html .
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Ov erview

This tutorial is in tended to giv e y ou an idea of the 
a v or of PVS, of the opp ortunities

created b y e�ectiv e mec hanization of formal metho ds, and an in tro duction to the use of the

system itself. PVS is a big and complex system, so w e can really only scratc h the surface

here. T o mak e adv anced use of the system, y ou should study the man uals (there are three

v olumes: language [OSR93a], pro v er [SOR93], and system [OSR93b]), and some of the more

substan tial applications.

There are three parts to this tutorial.

� A n Intr o duction to the Me chanize d A nalysis of R e quir ements Sp e ci�c ations Using

PVS. This tutorial in tro duction sho ws ho w PVS can b e used to activ ely explore and

analyze a simple requiremen ts sp eci�cation. It is in tended to demonstrate the utilit y

of mec hanized supp ort for formal metho ds, and the opp ortunities for v alidation and

exploration that are created b y e�ectiv e mec hanization.

� T utorial on Using PVS . This in tro duces man y of the capabilities of PVS b y means of

simple examples and tak es y ou through the pro cess of using the system. While it can

b e read as an o v erview, it is b est to ha v e PVS a v ailable and to activ ely follo w along.

� PVS R efer enc e . This presen ts all PVS system and pro v er commands, and illustrates

the language constructs in a v ery compact form.

A useful supplemen t to the material presen ted here is [ORSvH95], whic h describ es some

of the larger v eri�cations undertak en using PVS and also motiv ates and describ es some of

the design decisions underlying PVS.
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P art I

In tro duction to Mec hanized

Analysis of Sp eci�cations Using

PVS
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Analyzing Sp eci�cations Using PVS

1 In tro duction

Simply using a formal notation do es not ensure that sp eci�cations will b e correct: writing a

correct formal sp eci�cation is no easier than writing a correct program or a correct descrip-

tion in English. Sp eci�cations|esp eci all y r e quir ements sp eci�cations, where there is no

higher-lev el sp eci�cation against whic h they can b e v eri�ed|need to b e validate d against

informal exp ectations. This is generally done b y h uman review and insp ection (whic h can

b e v ery formalized pro cesses), but with formal sp eci�cations it is p ossible to do more.

The distinctiv e feature of formal sp eci�cations is that they supp ort formal deduction:

it is p ossible to reduce certain questions ab out a formal sp eci�cation to a pro cess that

resem bles calculation and that can b e c hec k ed b y others or b y mac hine. Th us, reviews and

insp ections can b e supplemen ted b y analyses of formal sp eci�cations, and those analyses

can b e mec hanically c hec k ed.

In order to conduct mec hanized analysis, it is necessary to supp ort a sp eci�cation lan-

guage with p o w erful to ols including, primarily , a theorem pro v er. The needs of e�cien t

theorem pro ving driv e sp eci�cation language design in sligh tly di�eren t directions than for

unmec hanized notations suc h as Z, but the presence of mec hanization also creates new

linguistic opp ortunities|suc h as allo wing t yp ec hec king to use theorem pro ving|that can

enhance the clarit y and precision of sp eci�cations.

PVS is a veri�c ation system : a sp eci�cation language tigh tly in tegrated with a p o w erful

theorem pro v er and other to ols. This do cumen t is in tended to serv e as a �rst in tro duction

to PVS: it is not in tended to teac h the details of the PVS language and theorem pro v er,

but rather to giv e an appreciation of the opp ortunities created b y mec hanized analysis in

general, and of some of the capabilities of PVS in particular.

2 An Electronic Phone Bo ok: Simple V ersion

Supp ose w e are to formally sp ecify the requiremen ts for an electronic phone b o ok, giv en

the follo wing informal description.

1

� A phone b o ok shall store the phone n um b ers of a cit y

� It shall b e p ossible to retriev e a phone n um b er giv en a name

� It shall b e p ossible to add and delete en tries from a phone b o ok

Examining this description, w e see that there are three t yp es of en tities men tioned:

phone b o oks , phone numb ers and names ; a phone b o ok pro vides an asso ciation b et w een

names and phone n um b ers. W e need three op erations, whic h w e can call FindPhone ,

A ddPhone , and DelPhone . FindPhone should tak e a phone b o ok and a name and return

the phone n um b er asso ciated with that name. The exact functionalit y of the other t w o

op erations is less clear, so w e ha v e to mak e some design decisions. W e decide that A ddPhone

should tak e a phone b o ok, a name, and a phone n um b er and should add the asso ciation

1

This example is based on one b y Ric ky Butler and Sally Johnson of NASA Langley [BJ93].
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Phone Bo ok: Simple V ersion Analyzing Sp eci�cations Using PVS

b et w een the name and n um b er to the phone b o ok; and that DelPhone should tak e a phone

b o ok and a name and delete the phone n um b er asso ciated with that name (if an y).

The next step is decide ho w to represen t these en tities and op erations in PVS. If

w e w ere programming, w e w ould ha v e to c ho ose some sp eci�c represen tations for phone

n um b ers and names|e.g., ascii strings, or more structured represen tations suc h as records

con taining the area-co de and n um b er|and w ould ha v e to mak e sev eral design decisions at

this p oin t. But for requiremen ts sp eci�cation, all w e require is that phone n um b ers and

names are distinguishable typ es of en tities. In PVS, w e can sp ecify this as follo ws (a % sign

in tro duces a commen t that extends to the end of the line).

N: TYPE % names

P: TYPE % phone numbers

These t yp es are uninterpr ete d , meaning that w e kno w nothing ab out their mem b ers|not

ev en whether they are zero, man y , or in�nite in n um b er|except that elemen ts of t yp e N

are distinguishable from those of t yp e P , and that there is an equalit y predicate on eac h

t yp e (i.e., giv en t w o P s, it is p ossible to tell whether they are the same or not).

Next, w e need to describ e ho w phone b o oks|asso ciations b et w een names and n um b ers|

are to b e represen ted. There are sev eral p ossibiliti es: one is to record eac h asso ciation as

a (name, phone number) pair, so that a phone b o ok is a set of suc h pairs; another is as

a function from names to phone n um b ers (y ou can think of a function as an arra y if that

notion is more familiar to y ou). PVS is able to reason v ery e�ectiv ely with functions, so

there is some adv an tage to the latter represen tation. W e can sp ecify this as follo ws.

B: TYPE = [N -> P] % phone books

This sa ys that phone b o oks ha v e the typ e B , and are functions from names to phone n um b ers.

W e m ust recognize that not all names will b e in ev ery phone b o ok|a phone b o ok only

records those names that ha v e a phone n um b er|so w e need some w a y to distinguish those

names that ha v e a phone n um b er from those that do not. In the sp eci�cation language Z, for

example, this w ould b e accomplished b y sp ecifying that phone b o oks are p artial functions.

E�cien t theorem pro ving, ho w ev er, strongly encourages use of total functions, so PVS is

a logic of total functions.

2

One w a y to indicate that a name has no phone n um b er is to

iden tify some particular phone n um b er, represen ted b y n0 sa y , to indicate this fact. Of

course w e need to men tally mak e note that this n um b er m ust b e di�eren t from an y \real"

phone n um b er (w e will see later ho w w e can enforce this requiremen t, and later still w e will

see a b etter w a y to deal this whole issue of names that ha v e no phone n um b er). Giv e this

decision, w e can next sp ecify the empt y phone b o ok as the (unique) phone b o ok that maps

all names to n0 . I will sp ecify this axiomatically , later w e will see ho w to do it de�nitionally .

n0: P

emptybook: B

emptyax: AXIOM FORALL (nm: N): emptybook(nm) = n0

2

PVS can represen t partial functions v ery nicely using dep endent t yp es, but that is an adv anced topic.
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Analyzing Sp eci�cations Using PVS Phone Bo ok: Simple V ersion

If w e w ere programming an implemen tation, a literal translation of this represen tation w ould

b e grossly ine�cien t: it requires \space" for ev ery p ossible name and it explicitly records

for ev ery name that there is no n um b er asso ciated with the name. When programming, w e

w ould seek more compact represen tations that traded o� space for e�cien t access|p erhaps

a hash table or balanced binary tree. In requiremen ts sp eci�cation, ho w ev er, the idea is

simply to record the functionalit y required, and it is not our concern to suggest an e�cien t

implemen tation.

W e can sp ecify the FindPhone op eration as a function that tak es a phone b o ok and a

name and returns the phone n um b er asso ciated with that name.

FindPhone: [B, N -> P]

Findax: AXIOM FORALL (bk: B), (nm: N): FindPhone(bk, nm) = bk(nm)

Notice that this is a functional sp eci�cation st yle: the \state" of the system w e are in terested

in (i.e., the phone b o ok) is passed to the FindPhone function as an argumen t; this is in

con trast to a more pro cedural st yle of sp eci�cation (as in Z, for example), where there

is a built-in notion of state. F unctional sp eci�cations use con v en tional logic and can b e

mec hanized straigh tforw ardly , whereas pro cedural sp eci�cations in v olv e some kind of Hoare

logic|for whic h it is rather more di�cult to pro vide mec hanized deduction.

The distinction b et w een functional and pro cedural kinds of sp eci�cation is rev ealed

more clearly in the case of our next op eration, AddPhone. In a pro cedural sp eci�cation,

this op eration w ould up date the state of the phone b o ok \in place." In the functional st yle

used here, w e mo del the op eration b y a function that tak es a phone b o ok, a name, and a

n um b er, and giv es us bac k a \new" phone b o ok in whic h the asso ciation b et w een the name

and n um b er has b een added.

AddPhone: [B, N, P -> B]

Addax: AXIOM FORALL (bk: B), (nm: N), (pn: P):

AddPhone(bk, nm, pn) = bk WITH [(nm) := pn]

The WITH construct is similar to function o v erriding in Z.

No w that w e ha v e sp eci�ed t w o op erations, p erhaps w e should c hec k our understanding

of them. If w e w ere programming, w e migh t run a couple of test cases. Some p eople adv o cate

something similar (often called \animation") for sp eci�cations. This is generally feasible

only with sp eci�cations that ha v e a constructiv e c haracter (i.e., that are essen tially v ery

high-lev el programs). Not all sp eci�cations are b est presen ted in this w a y , ho w ev er, so the

desire to mak e sp eci�cations executable can distort their other c haracteristics. Another w a y

to prob e a sp eci�cation is b y means of \formal c hallenges." These are putativ e theorems:

general statemen ts that w e think should to b e true if our sp eci�cation sa ys what it ough t

to. This can yield more information than an individual test case (it is generally equiv alen t

to running a whole class of test cases), and uses theorem pro ving (i.e., searc h), rather than

direct execution, so it is p ossible ev en when the sp eci�cation is not constructiv e. (If the

sp eci�cation is constructiv e|as in this example|then theorem pro ving generally comes

do wn to sym b olic execution and is v ery e�cien t.) A suitable c hallenge for the sp eci�cation

w e ha v e so far is: \if I add a name nm with phone n um b er pn to a phone b o ok and lo ok up

the name nm , I should get bac k the phone n um b er pn ." W e can write this as follo ws.

7



Phone Bo ok: Simple V ersion Analyzing Sp eci�cations Using PVS

FindAdd: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

FindPhone(AddPhone (bk, nm, pn), nm) = pn

In order to test this conjecture, w e ha v e to extend the sp eci�cation in to a complete

PVS \theory" (as mo dules are called in PVS). This is sho wn in Figure 1. Then w e load

the sp eci�cation in to PVS, parse and t yp ec hec k it, and start the pro v er. The mec hanics of

doing this are describ ed in other PVS tutorial do cumen ts. Brie
y , PVS uses an extended

GNU Emacs as its in terface, and PVS system functions are in v ok ed b y Emacs k eystrok es.

T o in v ok e the pro v er, for example, place the cursor on the CONJECTURE and t yp e M-x prove

(this will automatically parse and t yp ec hec k if necessary).

phone_1: THEORY

BEGIN

N: TYPE % names

P: TYPE % phone numbers

B: TYPE = [N -> P] % phone books

n0: P

emptybook: B

emptyax: AXIOM FORALL (nm: N): emptybook(nm) = n0

FindPhone: [B, N -> P]

Findax: AXIOM FORALL (bk: B), (nm: N): FindPhone(bk, nm) = bk(nm)

AddPhone: [B, N, P -> B]

Addax: AXIOM FORALL (bk: B), (nm: N), (pn: P):

AddPhone(bk, nm, pn) = bk WITH [(nm) := pn]

FindAdd: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

FindPhone(AddPhone (bk, nm, pn), nm) = pn

END phone_1

Figure 1: Sp eci�cation Ready for Chec king the First Challenge

Starting the pro v er on the FindAdd conjecture pro duces the follo wing displa y .

FindAdd :

|-------

f 1 g FORALL (bk: B), (nm: N), (pn: P): FindPhone(AddPh one(b k, nm, pn), nm) = pn

Rule?

This is a se quent : in general there will b e sev eral n um b ered form ulas ab o v e the turnstile

sym b ol |------- , and sev eral b elo w. The idea is that w e ha v e to establish that the conjunc-

tion (and) of the form ulas ab o v e the turnstile implies the disjunction (or) of the form ulas

8



Analyzing Sp eci�cations Using PVS Phone Bo ok: Simple V ersion

b elo w the line. The Rule? prompt indicates that PVS is w aiting for us to t yp e a pro v er

command. These use lisp syn tax, with pieces of PVS syn tax em b edded in quotes: for

example: (grind :theories ("phone 1")) .

This in tro duction is in tended to describ e the purp ose and v alue of mec hanized theorem

pro ving in analysis of requiremen ts sp eci�cation; it is not in tended as a tutorial on the

PVS pro v er, so I will not explain all the v arious c hoices and considerations at eac h step.

The pro v er pro vides a n um b er (ab out 20) basic commands, and a similar-sized collection of

higher-lev el commands called \strategies" that are programmed using the basic commands.

Y ou t yp e a command at the Ready? prompt, and the pro v er applies the command and

presen ts y ou with the transformed sequen t and another prompt. When the pro v er recognizes

that a sequen t is trivially true, it terminates that branc h of the pro of. Some commands ma y

split the pro of in to branc hes, in whic h case y ou will b e presen ted with one of the branc hes,

and the others will b e remem b ered and p opp ed up when the curren t branc h terminates.

When all branc hes are terminated the theorem is pro v ed.

On straigh tforw ard theorems (and the straigh tforw ard parts of di�cult theorems), it is

generally b est to use the highest-lev el, most automated strategies, and only to resort to

the basic commands for crucial steps. The highest-lev el strategy is called grind . It do es

sk olemization, heuristic instan tiation, prop ositional simpli�cation (using BDDs), if-lifting,

rewriting, and applies decision pro cedures for linear arithmetic and equalit y . It tak es sev eral

optional argumen ts whic h mostly supply the names of the form ulas that can b e used for

automatic rewriting (i.e., replacing of an instance of the left hand side of an equation b y

the corresp onding instance of the righ t hand side). In this case, w e need to tell it that all

the de�nitions and axioms in the theory phone 1 ma y b e used as rewrites. The command

ab o v e do es this, and is su�cien t to pro v e the c hallenge.

Rule? (grind :theories ("phone_1"))

Addax rewrites AddPhone(bk, nm, pn)

to bk WITH [(nm) := pn]

Findax rewrites FindPhone(bk WITH [(nm) := pn], nm)

to pn

Trying repeated skolemization, instantiation, and if-lifting,

Q.E.D.

Encouraged b y this small con�rmation that w e are on the righ t trac k w e can return to

sp ecifying the DelPhone op eration. This is sp eci�ed in a similar w a y to AddPhone .

DelPhone: [B, N -> B]

Delax: AXIOM FORALL (bk: B), (nm: N): DelPhone(bk, nm) = bk WITH [(nm) := n0]

W e can similarly test our understanding of this sp eci�cation b y c hec king the in tuition

that adding a name and phone n um b er to a b o ok and then deleting them lea v es the b o ok

unc hanged.

DelAdd: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

DelPhone(AddPhone( bk, nm, pn), nm) = bk

9
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The same pro of strategy as b efore fails to pro v e the conjecture and pro duces the follo wing

result.

DelAdd :

|-------

f 1 g FORALL (bk: B), (nm: N), (pn: P): DelPhone(AddPho ne(bk , nm, pn), nm) = bk

Rule? (grind :theories ("phone_1"))

Addax rewrites AddPhone(bk, nm, pn)

to bk WITH [(nm) := pn]

Delax rewrites DelPhone(bk WITH [(nm) := pn], nm)

to bk WITH [(nm) := pn] WITH [(nm) := n0]

Trying repeated skolemization, instantiation, and if-lifting, this simplifies to:

DelAdd :

|-------

f 1 g bk!1 WITH [(nm!1) := pn!1] WITH [(nm!1) := n0] = bk!1

Rule?

The iden ti�ers with ! in them are Sk olem constan ts|arbitrary represen tativ es for quan ti-

�ed v ariables. This sequen t is requiring us to pro v e that t w o functions (i.e., phone b o oks)

are the same: one that has b een mo di�ed b y adding a name and then remo ving it, another

that is unc hanged. T o pro v e that t w o functions are the same, w e app eal to the principle of

extensionality , whic h sa ys that this is so if the v alues of the t w o functions are iden tical for

ev ery p oin t in their domains.

Rule? (apply-extension ality )

Applying extensionality, this simplifies to:

DelAdd :

|-------

f 1 g bk!1 WITH [(nm!1) := pn!1] WITH [(nm!1) := n0](x!1) = bk!1(x!1)

[2] bk!1 WITH [(nm!1) := pn!1] WITH [(nm!1) := n0] = bk!1

Rule? (delete 2)

Deleting some formulas, this simplifies to:

DelAdd :

|-------

[1] bk!1 WITH [(nm!1) := pn!1] WITH [(nm!1) := n0](x!1) = bk!1(x!1)

Rule?

It is alw a ys p ossible to delete form ulas from a sequen t; here I ha v e deleted the original

form ula to reduce clutter, since it is the extensional form that is in teresting. This se-

quen t is asking us to sho w that the phone n um b er asso ciated with an arbitrary name x!1

is the same b oth b efore and after the phone b o ok has b een up dated for name nm!1 . A
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case-analysis is appropriate here, according to whether or not x!1 = nm!1 . This can b e

accomplished b y the (lift-if) command, whic h con v erts WITH expressions to their corre-

sp onding IF-THEN-ELSE form. The (ground) command (a sligh tly less m uscular command

than (grind) ) then tak es care of the v arious cases, except for one.

DelAdd :

|-------

[1] bk!1 WITH [(nm!1) := pn!1] WITH [(nm!1) := n0](x!1) = bk!1(x!1)

Rule? (lift-if)

Lifting IF-conditions to the top level,

this simplifies to:

DelAdd :

|-------

f 1 g IF nm!1 = x!1 THEN n0 = bk!1(x!1)

ELSE IF nm!1 = x!1 THEN n0 = bk!1(x!1)

ELSE bk!1(x!1) = bk!1(x!1)

ENDIF

ENDIF

Rule? (ground)

Applying propositional simplification and decision procedures,

this simplifies to:

DelAdd :

f -1 g nm!1 = x!1

|-------

f 1 g n0 = bk!1(x!1)

Rule?

(A (grind) command w ould ha v e p erformed b oth these steps.) F or this sequen t to b e true,

w e need to to demonstrate that if x!1 = nm!1 , then the phone n um b er originally asso ciated

with x!1 is the sp ecial n um b er n0 . But, b y virtue of the equalit y , this is the same as asking

us to pro v e that the phone n um b er originally asso ciated with nm!1 is n0 |and there is

no reason wh y this should b e true! Suddenly , w e understand the problem: if the n um b er

asso ciated with nm!1 b eforehand w as a real phone n um b er, nm!2 , sa y , then the AddPhone

op eration changes the asso ciation to the new n um b er, and the DelPhone op eration c hanges

it again to n0 |whic h is not equal to nm!2 . Th us our conjecture is only true under the

assumption that the name w e add to the phone b o ok curren tly has no n um b er asso ciated

with it. W e can test this b y mo difying the conjecture as follo ws.

DelAdd2: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

FindPhone(bk, nm) = n0 => DelPhone(AddPhon e(bk, nm, pn), nm) = bk

And the (grind :theories ("phone 1")) strategy pro v es this.

Another conjecture is that the result of adding a name and then deleting it is the same

as just deleting it.

11
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DelAdd3: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

DelPhone(AddPhone( bk, nm, pn), nm) = DelPhone(bk, nm)

The (grind :theories ("phone 1")) strategy pro v es this conjecture also.

Notice ho w our inabilit y to pro v e the original DelAdd conjecture exp osed a de�ciency

in our sp eci�cation and led us to disco v er the source of the de�ciency . Individual test cases

migh t ha v e missed the particular circumstance that exp oses the problem, but the strict

requiremen ts of mec hanically c hec k ed pro of systematically led us to examine all the cases

un til w e disco v ered the one that manifested the problem.

Another conjecture w e migh t try to pro v e is that after adding a name and phone n um b er

to the phone b o ok, the n um b er stored for that name is a \real" n um b er (i.e., not n0 ).

KnownAdd: CONJECTURE FORALL (bk: B), (nm: N), (pn: P):

FindPhone(AddPhone (bk, nm, pn), nm) /= n0

The same kind of exploration with the pro v er will rapidly sho w that this is unpro v able

b ecause there is nothing that requires the pn argumen t to AddPhone to b e a \real" phone

n um b er.

Our exploration of this sp eci�cation has rev ealed a couple of de�ciencies.

1. AddPhone has the side e�ect of c hanging the phone n um b er when applied to someone

who already has a n um b er.

2. Our sp eci�cation do es not rule out the p ossibilit y of giving someone n0 as a phone

n um b er

W e can deal with the second de�ciency b y in tro ducing a t yp e GP of \go o d phone n um-

b ers" as a subtyp e of P , with the constrain t that n0 is not a mem b er of GP . In PVS, this is

done b y means of a pr e dic ate subtyp e , whic h can b e written as follo ws.

GP: TYPE = f pn: P | pn /= n0 g

W e will see later that predicate subt yp es are a v ery p o w erful elemen t of the PVS sp eci�cation

language. Here w e can mak e simple use of them b y c hanging the signatur e of the AddPhone

function from [B, N, P -> B] to [B, N, GP -> B] , and this will automatically prev en t

the addition of n0 to a phone b o ok as a real n um b er.

W e can deal with the �rst de�ciency noted ab o v e b y dividing the functionalit y of

AddPhone in t w o: the revised AddPhone will mak e no c hange to the phone b o ok if the name

concerned already has a phone n um b er, and the new ChangePhone op erator will c hange an

existing n um b er, but will not add a n um b er to a name that curren tly lac ks one.

In order to sp ecify these functions, it is con v enien t to add a predicate Known? that tak es

a phone b o ok and a name and returns true if that name has a \real" phone n um b er in the

b o ok concerned. (A pr e dic ate is just a function whose range t yp e is b o olean.) This can b e

sp eci�ed as follo ws.
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Known?: [B, N -> bool]

Known_ax: AXIOM FORALL (bk: B), (nm: N): Known?(bk, nm) = (bk(nm) /= n0)

This axiomatic st yle of sp eci�cation has the disadv an tage that axioms can in tro duce

inconsistencies. An individual axiom is seldom dangerous: rather, danger lies in the in ter-

actions among sev eral axioms. F or example, with the original signature and de�nition of

AddPhone , adding the follo wing axiom to that ab o v e yields an inconsisten t sp eci�cation.

Whoops: AXIOM FORALL (bk: B), (nm: N), (pn, P): Known?(AddPhone (bk, nm, pn), nm)

Inconsisten t sp eci�cations are dangerous b ecause they can b e used to pro v e an ything

at all,

3

and b ecause they cannot b e implemen ted. It is disturbingly easy to in tro duce

inconsisten t axioms, so it is generally b est to use them sparingly . Axioms are really needed

only when it is necessary to constrain (rather than fully de�ne) the v alues of a function,

or when it is necessary to constrain the in teractions of sev eral functions. When the in ten t

is to fully de�ne the v alues of a function, it is generally b etter to state it as a de�nition ,

since PVS will then c hec k that it is indeed a \conserv ativ e extension" (and therefore do es

not in tro duce an inconsistency).

The predicate Known? can b e in tro duced b y means of a de�nition b y replacing the t w o

lines used earlier (the sp eci�cation of its signature and axiom) b y the follo wing single line.

Known?: [B, N -> bool] = LAMBDA (bk: B), (nm: N): bk(nm) /= n0

The use of LAMBDA notation can b e a little daun ting, so PVS allo ws an alternativ e, \ap-

plicativ e," form of de�nition as follo ws.

Known?(bk: B, nm: N): bool = bk(nm) /= n0

The need to sp ecify the t yp es of the v ariables in this declaration can b e eliminated b y

declaring them separately .

bk: VAR B

nm: VAR N

Known?(bk, nm): bool = bk(nm) /= n0

In this w a y , the previous axiomatic sp eci�cation for AddPhone can b e c hanged to the fol-

lo wing de�nition, whic h incorp orates the re�nemen t that the function do es not c hange the

phone b o ok if the name already has a n um b er kno wn for it.

gp: VAR GP

AddPhone(bk, nm, gp): B =

IF Known?(bk, nm) THEN bk ELSE bk WITH [(nm) := gp] ENDIF

3

F or example, when used in conjunction with the AXIOM s emptyax , Known ax , and Addax , Whoops allo ws

us to pro v e true = false .
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W e can c hec k that these c hanges pro vide some of the prop erties w e exp ect b y considering

the follo wing formal c hallenge.

KnownAdd: CONJECTURE FORALL bk, nm, gp: Known?(AddPhone(b k, nm, gp), nm)

This sa ys that a name is de�nitely kno wn (i.e., has a \real" phone n um b er) after applying

AddPhone to it. Notice that since the v ariables bk , nm , and gp ha v e already b een declared,

there is no need to sp ecify their t yp es in the FORALL construction. In fact, there is no need

to pro vide the FORALL construction at all: the follo wing sp eci�cation is equiv alen t to the

one ab o v e, since PVS automatically in terprets \free" v ariables as univ ersally quan ti�ed at

the outermost lev el.

KnownAdd: CONJECTURE Known?(AddPhone(b k, nm, gp), nm)

This conjecture is easily pro v ed b y the grind strategy .

Pro ceeding in this w a y , w e can construct the theory phone 2 sho wn in Figure 2. All the

conjectures in that theory are pro v ed b y the simple command (grind) . There is no need to

sp ecify auto-rewriting of the phone 2 theory , since de�nitions are automatically a v ailable

for rewriting (another adv an tage that they ha v e o v er axioms).

If w e try to add the dangerous AXIOM Whoops to this new sp eci�cation, PVS will note

that the third argumen t supplied to Addphone (pn ) is a P , whereas the signature of AddPhone

sa ys it requires a GP in this p osition. PVS allo ws a v alue of a sup ert yp e to b e used where

one of a subt yp e is required, pro vided the v alue can b e pro v en, in its con text, to satisfy

the predicate of the subt yp e concerned. The corresp onding pro of obligation is generated

automatically b y PVS as a T yp e-Correctness Condition (TCC). PVS do es not consider a

sp eci�cation fully t yp ec hec k ed un til all its TCCs ha v e b een pro v ed (though y ou can p ostp one

doing the pro of un til con v enien t). TCCs are displa y ed b y the command M-x show-tccs ; in

the presen t case, the TCC generated b y Who ops is the follo wing.

% Subtype TCC generated (line 37) for pn

% untried

whoops_TCC1: OBLIGATION (FORALL (pn: P): pn /= n0);

This is ob viously unpro v eable (and un true!), and the folly of adding the axiom Whoops is

thereb y brough t to our atten tion.

Notice that if the pn in Whoops is c hanged to gp , then the form ula not only b ecomes

harmless (and no TCC is generated), but a pro v eable consequence of the de�nitions.
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phone_2: THEORY

BEGIN

N: TYPE % names

P: TYPE % phone numbers

B: TYPE = [N -> P] % phone books

n0: P

GP: TYPE = f pn: P | pn /= n0 g

nm: VAR N

pn: VAR P

bk: VAR B

gp, gp1, gp2: VAR GP

emptybook(nm): P = n0

FindPhone(bk, nm): P = bk(nm)

Known?(bk, nm): bool = bk(nm) /= n0

AddPhone(bk, nm, gp): B =

IF Known?(bk, nm) THEN bk ELSE bk WITH [(nm) := gp] ENDIF

ChangePhone(bk, nm, gp): B =

IF Known?(bk, nm) THEN bk WITH [(nm) := gp] ELSE bk ENDIF

DelPhone(bk, nm): B = bk WITH [(nm) := n0]

FindAdd: CONJECTURE

NOT Known?(bk, nm) => FindPhone(AddPh one(b k, nm, gp), nm) = gp

FindChange: CONJECTURE

Known?(bk, nm) => FindPhone(ChangePho ne(bk , nm, gp), nm) = gp

DelAdd: CONJECTURE

DelPhone(AddPhone( bk, nm, gp), nm) = DelPhone (bk, nm)

KnownAdd: CONJECTURE Known?(AddPhone(bk , nm, gp), nm)

AddChange: CONJECTURE

ChangePhone(AddPho ne(bk , nm, gp1), nm, gp2) =

AddPhone(ChangeP hone( bk, nm, gp2), nm, gp2)

END phone_2

Figure 2: Revised Sp eci�cation
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3 A Better V ersion of the Sp eci�cation Using Sets

The realization that AddPhone had the e�ect of c hanging the phone n um b er asso ciated with

a name if that name already had a phone n um b er led us to revise the sp eci�cation so that

AddPhone has no e�ect when the name already has a phone n um b er. This treatmen t assumes

that names can ha v e at most one phone n um b er asso ciated with them. On re
ection, or

after consultation with the customer, w e ma y decide that it is b etter to allo w names to

ha v e m ultiple n um b ers asso ciated with them. W e can accommo date this b y c hanging the

range of the phone b o ok function from a single phone n um b er to a set of phone n um b ers

as follo ws.

B: TYPE = [N -> setof[P]] % phone books

This approac h has the b ene�t that w e no w ha v e a \natural" represen tation for names that

do not ha v e phone n um b ers: they can b e asso ciated with the empt yset of phone n um b ers.

A sp eci�cation based on this approac h is sho wn in Figure 3. The set-constructing

functions suc h as add , remove , emptyset , etc., and the predicates on sets suc h as disjoint?

are de�ned in a PVS pr elude (i.e., built-in) theory called set . Y ou can insp ect this theory

with the command M-x view-prelude-theory . A rather more attractiv e rendition of this

sp eci�cation is sho wn in Figure 4; this is pro duced b y the command M-x latex-theory ,

whic h t yp esets the sp eci�cation using L

A

T

E

X.

The �rst conjecture in this sp eci�cation is easily pro v ed using (grind) . The second one

requires the more complex pro of sho wn b elo w.

("" (GRIND)

(APPLY-EXTENSIONAL ITY)

(DELETE 2)

(LIFT-IF)

(GROUND)

(APPLY-EXTENSIONAL ITY)

(DELETE 2)

(GRIND))

This is the form in whic h PVS pro ofs are stored for later repla y .

W e ha v e sp eci�ed single additions to the phone b o ok, but it seems lik ely that bulk

additions will also b e necessary . This will giv e us an opp ortunit y to explore some more

adv anced features of the PVS language and pro v er. W e w ould lik e to sp ecify a function

AddList , sa y , that tak es a phone b o ok and some collection of names and phone n um b ers

and adds all of those names and phone n um b ers to the phone b o ok. Eac h name-and-n um b er

is a pair, whic h can b e represen ted in PVS b y the tuple-t yp e [N, P] . W e could represen t

a collection of suc h pairs b y either a sequence, or a list|a list is most con v enien t here,

and is represen ted in PVS b y the t yp e list[[N, P]] . In this expression, the outermost

brac k ets enclose the t yp e parameter (here [N, P] ) to the generic list theory (e.g., a list

of phone n um b ers w ould b e list[P] ). In order to pro cess suc h a list, w e sp ecify AddList

as a recursiv e function that returns the phone b o ok it is giv en if the list is empt y , and

otherwise recurses b y applying the tail of the list to the phone b o ok that results from

applying AddPhone to the �rst name and n um b er pair in the list.
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phone_3 : THEORY

BEGIN

N: TYPE % names

P: TYPE % phone numbers

B: TYPE = [N -> setof[P]] % phone books

nm, x: VAR N

pn: VAR P

bk: VAR B

emptybook(nm): setof[P] = emptyset[P]

FindPhone(bk, nm): setof[P] = bk(nm)

AddPhone(bk, nm, pn): B = bk WITH [(nm) := add(pn, bk(nm))]

DelPhone(bk,nm): B = bk WITH [(nm) := emptyset[P]]

DelPhoneNum(bk,nm,pn ): B = bk WITH [(nm) := remove(pn, bk(nm))]

FindAdd: CONJECTURE member(pn, FindPhone(AddPhone (bk, nm, pn), nm))

DelAdd: CONJECTURE DelPhoneNum(Add Phone (bk, nm, pn), nm, pn) =

DelPhoneNum(bk, nm, pn)

END phone_3

Figure 3: Sp eci�cation Using Set Constructions
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phone 3: theor y

begin

N : type

P : type

B : type = [ N ! setof [ P ]]

nm ; x : v ar N

pn: v ar P

bk: v ar B

empt yb o ok (nm ): setof[ P ] = ;

P

FindPhone(bk ; nm ): setof [ P ] = bk(nm )

AddPhone(bk ; nm ; pn): B = bk with [(nm ) : = f pn g [ bk(nm )]

DelPhone(bk ; nm ): B = bk with [(nm ) : = ;

P

]

DelPhoneNum (bk ; nm ; pn): B = bk with [(nm ) : = bk(nm ) n f pn g ]

FindAdd: conjecture pn 2 FindPhone (AddPhone (bk ; nm ; pn) ; nm )

DelAdd : conjecture

DelPhoneNum (AddPhone (bk ; nm ; pn ) ; nm ; pn) = DelPhoneNum (bk ; nm ; pn)

end phone 3

Figure 4: L

A

T

E

X-Prin ted V ersion of the Sp eci�cation in Figure 3
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updates: VAR list[[N, P]]

AddList(bk, updates): RECURSIVE B =

CASES updates OF

null: bk,

cons(upd, rest): AddList(AddPhone(b k, proj_1(upd), proj_2(upd)), rest)

ENDCASES

MEASURE length(updates)

In this sp eci�cation, the CASES expression in tro duces a pattern-matc hing en umeration

o v er the constructors of an abstract data t yp e (here, list ), and the proj i functions

pro ject out the i 'th mem b er of a tuple. The MEASURE clause indicates the argumen t that

decreases across recursiv e calls (more generally , it sp eci�es a function of the argumen ts, and

an ordering relation according to whic h it decreases). PVS uses the MEASURE to generate a

TCC to ensure that the function is total (i.e., that the recursion alw a ys \terminates"). In

this case, the TCC is

% Termination TCC generated (line 48) for AddList

AddList_TCC1: OBLIGATION

(FORALL (rest: list[[N, P]], upd: [N, P], updates: list[[N, P]]):

updates = cons[[N, P]](upd, rest)

IMPLIES length[[N, P]](rest) < length[[N, P]](updates))

and it is pro v ed automatically b y PVS's standard strategy for pro ving TCCs (this strategy ,

called (tcc) , is a v ariet y of (grind) ).

The list datat yp e is sp eci�ed in the PVS prelude using the datat yp e construction

(similar to a \free t yp e" in Z).

list [T: TYPE]: DATATYPE

BEGIN

null: null?

cons (car: T, cdr:list):cons?

END list

This sp eci�es that list is a datat yp e that tak es a single t yp e parameter and has constructors

null and cons , with corresp onding recognizers and predicate subt yp es null? and cons? ,

and accessors car and cdr . This sp eci�cation expands in ternally in to man y axioms and

de�nitions that are guaran teed to b e conserv ativ e (i.e., not to in tro duce inconsistencies),

and that are used v ery e�cien tly b y the pro v er.

T o v alidate our understanding of this function, w e can try a couple of c hallenges. A

reasonable exp ectation is that if a n um b er is a mem b er of the set of phone n um b ers for a

giv en name, then it is still a mem b er of that set after an arbitrary list of names and phone

n um b ers ha v e b een added to the phone b o ok.

AddList_member: CONJECTURE

member(pn, FindPhone(bk, nm)) =>

member(pn, FindPhone(AddList( bk, updates), nm))
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Lik e most conjectures in v olving recursiv ely-de�ned functions, this one requires a pro of b y

induction. PVS pro vides some p o w erful strategies for inductiv e pro ofs. Here, the single

strategy (induct-and-simplify "updates" :defs t) is su�cien t to pro v e the c hallenge.

The argumen t "updates" is the name of the v ariable on whic h to induct, and :defs t

instructs PVS that it ma y treat all de�nitions as rewrites. PVS automatically selects the

correct induction rule (here, induction on lists), based on the t yp e of the induction v ariable.

The induction rule itself is de�ned automatically as part of the expansion of the list

datat yp e de�nition.

A rather more complicated conjecture is that the set of phone n um b ers asso ciated with

a giv en name is unc hanged when a list of names and phone n um b ers are added to the phone

b o ok if the giv en name is not men tioned in the list. This can b e sp eci�ed as follo ws.

FindList: CONJECTURE

(every! (upd:[N, P]): proj_1(upd)/=nm ) (updates) =>

FindPhone(AddLis t2(bk , updates), nm) = FindPhone(bk, nm)

In this sp eci�cation, every! in tro duces the b o dy of a predicate that is true of all mem b ers of

the list supplied as its argumen t (here, updates ). It is another of the constructions de�ned

automatically as a result of expanding the list datat yp e de�nition. As with the previous

example, the induct-and-simplify strategy is able to pro v e this conjecture automatically .

4 V ersion of the Sp eci�cation That Main tains An In v arian t

A reasonable exp ectation is that the same phone n um b er is nev er assigned sim ultaneously

to t w o di�eren t names. W e can extend the sp eci�cation to ensure this b y adding a predicate

UnusedPhoneNum that returns true if a giv en n um b er is not assigned to an y name in a giv en

phone b o ok, and then mo difying AddPhone to c hec k the n um b er b eing added is indeed

un used.

UnusedPhoneNum(bk, pn): bool =

(FORALL nm: NOT member(pn,FindP hone( bk, nm)))

AddPhone(bk, nm, pn): B =

IF UnusedPhoneNum(bk, pn) THEN bk WITH [(nm) := add(pn, bk(nm))]

ELSE bk

ENDIF

If w e'v e got this righ t, then it ough t to b e the case that the sets of phone n um b ers

assigned to di�eren t names are alw a ys disjoin t. W e could generate a few c hallenges to c hec k

this, but w e really w an t to b e sure that the disjoin tness condition is an invariant of the

sp eci�cation. Recognizing this, w e could try to generate the pro of obligations that ensure

this prop ert y . It is tedious and error-prone to generate pro of obligations of this kind b y

hand, so some systems ha v e sp ecial pro vision for generating the pro of obligations necessary

to guaran tee in v arian ts. PVS, ho w ev er, can generate the necessary pro of obligations as part

of a m uc h more general mec hanism.
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W e ha v e already seen that PVS allo ws predicate subt yp es. The �rst step is to de�ne

those phone b o oks that are \v alid" as the subt yp e VB of phone b o oks in whic h the sets of

n um b ers asso ciated with di�eren t names are disjoin t.

VB: TYPE = f b:B | (FORALL (x,y: N): x /= y => disjoint?(b(x), b(y))) g

Then w e c hange the sp eci�cation of FindPhone to sp ecify that it tak es a VB and returns a

VB :

bk: VAR VB

AddPhone(bk, nm, pn): VB =

IF UnusedPhoneNum(bk, pn) THEN bk WITH [(nm) := add(pn, bk(nm))]

ELSE bk

ENDIF

No w the expression bk WITH [(nm) := add(pn, bk(nm))] app earing here is a B , but not

necessarily a VB . But in order to satisfy the return t yp e sp eci�ed for AddPhone , this expres-

sion m ust b e a VB . As already explained, PVS allo ws a v alue of a sup ert yp e to b e used

where one of a subt yp e is required, pro vided the v alue can b e pro v en, in its con text, to

satisfy the predicate of the subt yp e concerned. The con text here is UnusedPhoneNum(bk,

pn) , so the pro of obligation that needs to b e disc harged in order to ensure this sp eci�cation

is w ell-t yp ed is the follo wing.

% Subtype TCC generated (line 37) for bk WITH [(nm) := add(pn, bk(nm))]

AddPhone_TCC1: OBLIGATION

(FORALL (bk: VB, nm: N, pn: P):

UnusedPhoneNum(bk, pn) IMPLIES

(FORALL (x, y: N):

x /= y =>

disjoint?[P](bk WITH [(nm) := add[P](pn, bk(nm))](x),

bk WITH [(nm) := add[P](pn, bk(nm))](y))));

This pro of obligation is called a T yp e-Correctness Condition (TCC) and it is generated

automatically b y PVS. Pro ving it requires the follo wing steps.

("" (GRIND :IF-MATCH NIL)

(("1" (GRIND)) ("2" (INST -1 "x!1" "y!1")

(GRIND))

("3" (GRIND))

("4" (INST -1 "x!1" "y!1")

(GRIND))

("5" (INST -1 "x!1" "y!1")

(GRIND))))
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(grind :if-match nil)

(grind) (inst -1 "x!1" "y!1")

(grind)

(grind) (inst -1 "x!1" "y!1")

(grind)

(inst -1 "x!1" "y!1")

(grind)

Figure 5: Graphical Displa y of the Pro of T ree for TCC AddPhone TCC1

Notice that the pro of splits in to sev eral branc hes after the �rst step. PVS can generate a

graphical displa y of the pro of tree|whic h can then b e sa v ed as a p ostscript �le|using the

command M-x x-show-proof . The output for this pro of is sho wn in Figure 5,

The imp ortan t p oin t to note, ho w ev er, is that the close in tegration b et w een language

and pro v er in PVS allo ws the mec hanization of v ery strong c hec ks on sp eci�cations.

The full v ersion of the sp eci�cation of the previous section, adjusted to ensure that only

v alid phone b o oks are generated is sho wn in �gure 6 and the TCCs generated are sho wn in

Figure 7.
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phone 4: theor y

begin

N : type

P : type

B : type = [ N ! setof [ P ]]

VB: type = f b : B j ( 8 ( x; y : N ): x 6= y ) disjoin t? ( b ( x ) ; b ( y ))) g

nm ; x : v ar N

pn: v ar P

bk: v ar VB

empt yb o ok : VB = ( � ( x : N ): ;

P

)

FindPhone(bk ; nm ): setof [ P ] = bk(nm )

Un usedPhoneNum(bk ; pn): b o ol = ( 8 nm : : pn 2 FindPhone (bk ; nm ))

AddPhone(bk ; nm ; pn): VB =

if Un usedPhoneNum (bk ; pn) then bk with [(nm ) : = f pn g [ bk(nm )]

else bk

endif

DelPhone(bk ; nm ): VB = bk with [(nm ) : = ;

P

]

DelPhoneNum (bk ; nm ; pn): VB = bk with [(nm ) : = bk(nm ) n f pn g ]

FindAdd: conjecture

Un usedPhoneNum(bk ; pn)

� pn 2 FindPhone (AddPhone (bk ; nm ; pn) ; nm )

DelAdd : conjecture

DelPhoneNum (AddPhone (bk ; nm ; pn ) ; nm ; pn) = DelPhoneNum (bk ; nm ; pn)

end phone 4

Figure 6: Sp eci�cation Enforcing the In v arian t that Di�eren t Names Ha v e Disjoin t Sets of

Phone Num b ers
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% Subtype TCC generated (line 15) for (LAMBDA (x: N): emptyset[P])

emptybook_TCC1: OBLIGATION

(FORALL (x, y: N): x /= y => disjoint?[P](emp tyset [P], emptyset[P]));

% Subtype TCC generated (line 23) for bk WITH [(nm) := add(pn, bk(nm))]

AddPhone_TCC1: OBLIGATION

(FORALL (bk: VB, nm: N, pn: P):

UnusedPhoneNum(bk, pn) IMPLIES

(FORALL (x, y: N):

x /= y =>

disjoint?[P](bk WITH [(nm) := add[P](pn, bk(nm))](x),

bk WITH [(nm) := add[P](pn, bk(nm))](y))));

% Subtype TCC generated (line 28) for bk WITH [(nm) := emptyset[P]]

DelPhone_TCC1: OBLIGATION

(FORALL (bk: VB), (nm: N), (x, y: N):

x /= y =>

disjoint?[P](bk WITH [(nm) := emptyset[P]](x),

bk WITH [(nm) := emptyset[P]](y)));

% Subtype TCC generated (line 30) for bk WITH [(nm) := remove(pn, bk(nm))]

DelPhoneNum_TCC1: OBLIGATION

(FORALL (bk: VB), (nm: N), (pn: P), (x, y: N):

x /= y =>

disjoint?[P](bk WITH [(nm) := remove[P](pn, bk(nm))](x),

bk WITH [(nm) := remove[P](pn, bk(nm))](y)));

Figure 7: TCCs for the Sp eci�cation of Figure 6
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5 Summary

It is no easier to write correct sp eci�cations than to write correct programs; just lik e pro-

grams, sp eci�cations need to b e v alidated against their informal requiremen ts and exp ecta-

tions. The mec hanization pro vided b y PVS allo ws the h uman insp ections and reviews that

are an essen tial elemen t of v alidation to b e supplemen ted b y mec hanically c hec k ed analyses.

I hop e the example considered here has con v ey ed some appreciation for the opp ortunities

created b y mec hanically supp orted formal sp eci�cation. Other tutorials describ e more of

the mec hanics of using PVS, and giv e examples of its use to v erify algorithm correctness

and to pro v e di�cult theorems.
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T utorial on Using PVS
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Using PVS

1 In tro ducing PVS

PVS stands for \Protot yp e V eri�cation System."

4

It consists of a sp eci�cation language

in tegrated with supp ort to ols and a theorem pro v er. PVS tries to pro vide the mec hanization

needed to apply formal metho ds b oth rigorously and pro ductiv ely .

The sp eci�cation language of PVS is a higher-order logic with a ric h t yp e-system, and is

quite expressiv e; w e ha v e found that most of the mathematical and computational concepts

w e wish to describ e can b e form ulated v ery directly and naturally in PVS. Its theorem

pro v er, or pro of c hec k er (w e use either term, though the latter is more correct), is b oth

in teractiv e and highly mec hanized: the user c ho oses eac h step that is to b e applied and

PVS p erforms it, displa ys the result, and then w aits for the next command. PVS di�ers

from most other in teractiv e theorem pro v ers in the p o w er of its basic steps: these can in v ok e

decision pro cedures for arithmetic, automatic rewriting, induction, and other relativ ely large

units of deduction; it di�ers from other highly automated theorem pro v ers in b eing directly

con trolled b y the user. W e ha v e b een able to p erform some signi�can t new v eri�cations

quite economically using PVS; w e ha v e also rep eated some v eri�cations �rst undertak en in

other systems and ha v e usually b een able to complete them in a fraction of the original

time (of course, these are previously solv ed problems, whic h mak es them m uc h easier for us

than for the original dev elop ers).

PVS is the most recen t in a line of sp eci�cation languages, theorem pro v ers, and

v eri�cation systems dev elop ed at SRI, dating bac k o v er 20 y ears. That line includes

the Jo vial V eri�cation System [EGMS79], the Hierarc hical Dev elopmen t Metho dology

(HDM) [RL76, RLS79], STP [SSMS82], and E HDM [MSR85, RvHO91]. W e call PVS a

\Protot yp e V eri�cation System," b ecause it w as built partly as a ligh t w eigh t protot yp e to

explore \next generation" tec hnology for E HDM , our main, hea vyw eigh t, v eri�cation system.

Another goal for PVS w as that it should b e freely a v ailable, require no costly licenses, and

b e relativ ely easy to install, main tain, and use. Dev elopmen t of PVS w as funded en tirely

b y SRI In ternational

In the rest of this in tro duction, w e brie
y sk etc h the purp oses for whic h PVS is in tended

and the rationale b ehind its design, men tion some of the uses that w e and others are making

of it, and explain ho w to get a cop y of the system. In Section 2, w e use a simple example

to brie
y in tro duce the ma jor functions of PVS; Sections 3 and 4 then giv e more detail

on the PVS language and theorem pro v er, resp ectiv ely , also using examples. More realistic

examples are pro vided in Section 5. The PVS language, system, and theorem pro v er eac h

ha v e their o wn reference man uals [OSR93a, SOR93, OSR93b], whic h y ou will need to study

in order to mak e pro ductiv e use of the system. A p o c k et reference card, summarizing all

the features of the PVS language, system, and pro v er is also a v ailable.

The purp ose of this tutorial is not to in tro duce the general ideas of formal metho ds,

nor to explain ho w formal sp eci�cation and v eri�cation can b est b e applied to v arious

problem domains; rather, its purp ose is to in tro duce some of the more un usual and p o w erful

4

A n um b er of p eople ha v e con tributed signi�can tl y to the design and implemen tation of PVS. They

include Da vid Cyrluk, F riedric h v on Henk e, P at Lincoln, Stev en Phillips, Sreeranga Ra jan, Jens Sk akk eb�k,

Manda y am Sriv as, and Carl Witt y . W e also thank Mark Moriconi, Director of the SRI Computer Science

Lab oratory , for his supp ort and encouragemen t.
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capabilities that are pro vided b y PVS. Consequen tly , this do cumen t, and the examples

w e use, are somewhat tec hnical and are most suitable for those who already ha v e some

exp erience with formal metho ds and wish to understand ho w PVS pro vides mec hanized

supp ort for some of the more c hallenging asp ects of formal metho ds.

1.1 Design Goals for PVS

PVS pro vides mec hanized supp ort for F ormal Metho ds in Computer Science. \F ormal

Metho ds" refers to the use of concepts and tec hniques from logic and discrete mathematics in

the dev elopmen t of computer systems, and w e assume that y ou already ha v e some familiarit y

with this topic.

F ormal metho ds can b e undertak en for man y di�eren t purp oses, in man y di�eren t w a ys

and st yles, and with v arying degrees of rigor. The earliest formal metho ds w ere concerned

with pro ving programs \correct": a detailed sp eci�cation w as assumed to b e a v ailable and

assumed to b e correct, and the concern w as to sho w that a program in some concrete

programming language satis�ed the sp eci�cation. If this kind of program v eri�cation is

y our in terest, then PVS is not for y ou. Y ou will probably b e b etter serv ed b y a v eri�cation

system built around a programming language, suc h as P enelop e [Pra92] (for Ada), or b y

some mem b er of the Larc h family [GHW85]. Similarly , if y our in terests are gate-lev el

hardw are designs, y ou will probably do b est to consider mo del-c hec king and automatic

pro cedures based on BDDs [BCM

+

90].

The design of PVS w as shap ed b y our exp erience in doing or con templating early-

lifecycle applications of formal metho ds. Man y of the larger examples w e ha v e done concern

algorithms and arc hitectures for fault-tolerance (see [ORSvH95] for an o v erview). W e found

that man y of the published pro ofs that w e attempted to c hec k w ere in fact, incorrect, as w as

one of the imp ortan t algorithms. W e ha v e also found that man y of our o wn sp eci�cations

are subtly 
a w ed when �rst written. F or these reasons, PVS is designed to help in the

detection of errors as w ell as in the con�rmation of \correctness." One w a y it supp orts

early error detection is b y ha ving a v ery ric h t yp e-system and corresp ondingly rigorous

t yp ec hec king. A great deal of sp eci�cation can b e em b edded in PVS t yp es (for example,

the in v arian t to b e main tained b y a state-mac hine can b e expressed as a t yp e constrain t),

and t yp ec hec king can generate pro of obligations that amoun t to a v ery strong consistency

c hec k on some asp ects of the sp eci�cation.

5

Another w a y PVS helps eliminate certain kinds of errors is b y pro viding v ery ric h mec h-

anisms for conserv ativ e extension|that is, de�nitional forms that are guaran teed to pre-

serv e consistency . Axiomatic sp eci�cations can v ery e�ectiv e for certain kinds of prob-

lem (e.g., for stating assumptions ab out the en vironmen t), but axioms can also in tro duce

inconsistencies|and our exp erience has b een that this do es happ en rather more often than

one w ould wish. De�nitional constructs a v oid this problem, but a limited rep ertoire of suc h

constructs (e.g., requiring ev erything to b e sp eci�ed as a recursiv e function) can lead to

excessiv ely constructiv e sp eci�cations: sp eci�cations that sa y \ho w" rather than \what."

PVS pro vides b oth the freedom of axiomatic sp eci�cations, and the safet y of a generous

5

As a w a y to further strengthen error c hec king, w e are thinking of adding dimensions and dimensional

analysis to the PVS t yp e system and t yp ec hec k er.
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collection of de�nitional and constructiv e forms, so that users ma y c ho ose the st yle of sp ec-

i�cation most appropriate to their problems.

6

The third w a y that PVS supp orts error detection is b y pro viding an e�ectiv e theorem

pro v er. Our exp erience has b een that the act of trying to pro v e prop erties ab out sp eci�-

cations is the most e�ectiv e w a y to truly understand their con ten t and to iden tify errors.

This can come ab out inciden tally , while attempting to pro v e a \real" theorem, suc h as that

an algorithm ac hiev es its purp ose, or it can b e done delib erately through the pro cess of

\c hallenging" sp eci�cations as part of a v alidation pro cess. A c hallenge has the form \if

this sp eci�cation is righ t, then the follo wing ough t to follo w"|it is a test case p osed as a

putativ e theorem; w e \execute" the sp eci�cation b y pro ving theorems ab out it.

7

1.2 Uses of PVS

PVS has so far b een applied to sev eral small demonstration examples, and a gro wing

n um b er of signi�can t v eri�cations. The smaller examples include the sp eci�cation and

v eri�cation of ordered binary tree insertion [Sha93a], a compiler for simple arithmetic ex-

pressions [Rus95], and sev eral small hardw are examples including pip eline and micro co de

correctness [CRSS94]. Examples of this scale can t ypically b e completed within a da y .

More substan tial examples include the correctness of a real-time railroad crossing con-

troller [Sha93b], an em b edding of the Duration Calculus [SS94], the correctness of some

transformations used in digital syn theses [Ra j94], and the correctness of distributed agree-

men t proto cols for a h ybrid fault mo del consisting of Byzan tine, symmetric, and crash

faults [LR93a, LR93b, LR94]. These harder examples can tak e from sev eral da ys to sev-

eral w eeks. Industrial applications of PVS include v eri�cation of selected elemen ts of a

commercial a vionics micropro cessor whose implemen tation has 500,000 transistors [MS95].

Some of these applications of PVS are summarized in [ORSvH95], whic h also motiv ates and

describ es some of the design decisions underlying PVS. Applications of PVS undertak en

indep enden tly of SRI include [Ho o94, But93, JMC94, MPJ94] .

1.3 Getting and Using PVS

A t the momen t, PVS is readily a v ailable only for Sun SP AR C w orkstations running SunOS

4.1.3, although v ersions of the system ha v e b een run on IBM Risc 6000 (under AIX) and

DECSystem 5000 (under Ultrix). PVS is implemen ted in Common Lisp (with CLOS),

and has b een p orted to Lucid, Allegro, AK CL, CMULISP , and Harlequin Lisps. Only the

Lucid and Allegro v ersions deliv er acceptable p erformance. All v ersions of PVS require

Gnu Ema cs , whic h m ust b e obtained separately . It is not particular ab out the windo w

system, as long as it supp orts Gnu Ema cs , although some facilities for presen ting graphical

represen taitons of theory dep endencie s and pro of trees (implemen ted in Tcl/TK) do require

6

Unlik e E HDM , PVS do es not pro vide sp ecial facilities for demonstrating the consistency of axiomatic

sp eci�cations. W e do exp ect to pro vide these in a later release, but using a di�eren t approac h than E HDM .

7

Directly executable sp eci�cation languages (e.g., [AJ90, HI88]) supp ort v alidation of sp eci�cations b y

running con v en tional test cases. W e think there can b e merit in this approac h, but that it should not

compromise the e�ectiv eness of the sp eci�cation language as a to ol for deductiv e analysis; w e are considering

supp orting an executable subset within PVS.
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X-Windo ws. In addition, L

A

T

E

X and an appropriate view er are needed to supp ort certain

optional features of PVS.

PVS is quite large, requiring ab out 50 megab ytes of disk space. In addition, an y system

on whic h it is to b e run should ha v e a minim um of 100 megab ytes of sw ap space and 48

megab ytes of real memory (more is b etter). T o obtain the PVS system, send a request to

pvs-request@csl.sri.com , and w e will pro vide further instructions for obtaining a tap e or

for getting the system b y FTP. Alternativ ely , y ou ma y insp ect the installation instructions

o v er WWW at URL http://www.csl.sri.com/pv s.html . All installations of PVS m ust

b e licensed b y SRI. The Lucid Lisp v ersion requires that y ou ha v e a run time license for

Lucid Lisp. A nominal distribution fee is c harged for tap es; there is no c harge for obtaining

PVS b y FTP .

2 A Brief T our of PVS

In this section w e in tro duce the system b y dev eloping a theory and doing a simple pro of.

This will in tro duce the most useful commands and pro vide a glimpse in to the philosoph y

b ehind PVS. Y ou will get the most out of this section if y ou are sitting in fron t of a

w orkstation (or terminal) with PVS installed. In the follo wing w e assume familiarit y with

Sun Unix and Gnu Ema cs .

Start b y going to a U NIX shell windo w and creating a w orking directory (using mkdir ).

Next, connect ( cd ) to that w orking directory and start up PVS b y t yping pvs .

8

This

command executes a shell script whic h runs Gnu Ema cs , loads the necessary PVS E MA CS

extensions, and starts the PVS lisp image as a subpro cess.

9

After a few momen ts, y ou should

see the w elcome screen indicating the v ersion of PVS b eing run, the curren t directory ,

and instructions for getting help. Y ou ma y b e ask ed whether y ou w an t to create a new

con text in the directory; answ er yes unless it is the wrong directory or y ou don't ha v e write

p ermission there, in whic h case y ou should answ er no and pro vide an alternativ e directory

when prompted.

PVS uses E MA CS as its in terface b y extending E MA CS with PVS functions, but all the

underlying capabilities of E MA CS are a v ailable. Th us the user can read mail and news, edit

nonPVS �les, or execute commands in a shell bu�er in the usual w a y .

In the follo wing, PVS E MA CS commands are giv en �rst in their long form, follo w ed b y

an alternativ e abbreviation and/or k ey binding in paren theses. F or example, the command

for pro ving in PVS is giv en as M-x prove ( M-x pr , C-c p ). This command can b e en tered

b y t yping the Escape k ey , then an x

10

follo w ed b y prove (or pr ) and the Return k ey .

Alternativ ely , hold the Control k ey do wn while t yping a c , then let go and t yp e a p . The

8

Y ou ma y need to include a pathname, dep ending on where and ho w PVS is installed.

9

All the Gnu Ema cs (and X-Windo ws or Emacsto ol) command line 
ags can b e added to the pvs

command and passed through as appropriate; the -q 
ag inhibits loading of the user's .emacs initiali zatio n

�le, and should b e used if di�culties are encoun tered starting PVS or if there app ear to b e con
icts in

k eybindings . Do not rep ort errors to us unless they can b e repro duced when the -q 
ag is used.

10

Man y k eyb oards pro vide a Meta k ey (hence the M- pre�x), and this ma y b e used instead. On the S UN 3,

the Meta k ey is normally lab eled Left and on the S UN 4 ( sp ar c ), it is lab eled 3 . The Meta k ey is lik e the

shift k ey; to use it simply hold the Meta k ey do wn while t yping another k ey .
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Return k ey do es not need to b e pressed when giving the k ey binding form. In PVS all

commands and abbreviations are preceded b y a M-x ; ev erything else is a k ey-binding. In

later sections w e will refer to commands b y their long form name, without the M-x pre�x.

Some of the commands prompt for a theory or PVS �le name and sp ecify a default; if the

default is the desired theory or �le, y ou can simply t yp e the Return k ey . Although the basic

k eyw ord commands describ ed here are preferred b y most serious users, PVS commands are

also a v ailable as men u selections if y ou are running under E MA CS 19.

T o b egin, t yp e M-x pvs-help ( C-h p ) for an o v erview of the commands a v ailable in

PVS (t yp e q to exit the help bu�er). T o exit PVS, use M-x exit-pvs ( C-x C-c ).

PVS sp eci�cations consist of a n um b er of �les, eac h of whic h con tains one or more

theories. Theories ma y imp ort other theories; imp orted theories m ust either b e part of

the prelude (the standard collection of theories built-in to PVS), or the �les con taining

them m ust b e in the same directory .

11

Sp eci�cation �les in PVS all ha v e a .pvs extension.

As sp eci�cations are dev elop ed, their pro ofs are k ept in �les of the same name with .prf

extensions. The sp eci�cation and pro of �les in a giv en directory constitute a PVS c ontext ;

PVS main tains the state of a sp eci�cation b et w een sessions b y means of the .pvscontext

�le. The .pvscontext and .prf �les are not mean t to b e mo di�ed b y the user. Other �les

used or created b y the system will b e describ ed as needed. Y ou ma y mo v e to a di�eren t

con text ( i.e. , directory) using the M-x change-context command, whic h is analogous to

the U NIX cd command.

No w let's dev elop a small sp eci�cation:

sum: THEORY

BEGIN

n: VAR nat

sum(n): RECURSIVE nat =

(IF n = 0 THEN 0 ELSE n + sum(n - 1) ENDIF)

MEASURE (LAMBDA n: n)

closed_form: THEOREM sum(n) = (n * (n + 1))/2

END sum

This is a sp eci�cation for summation of the �rst n natural n um b ers

This simple theory has no parameters and con tains three declarations. The �rst declares

n to b e a v ariable of t yp e nat , the built-in t yp e of natural n um b ers. The next declaration

is a recursiv e de�nition of the function sum(n) , whose v alue is the sum of the �rst n natural

n um b ers. Asso ciated with this de�nition is a me asur e function, follo wing the MEASURE

k eyw ord, whic h will b e explained b elo w.

12

The �nal declaration is a form ula whic h giv es

the closed form of the sum.

2.1 Creating the Sp eci�cation

The sum theory ma y b e in tro duced to the system in a n um b er of w a ys, all of whic h create

a �le with a .pvs extension,

13

whic h can b e done b y

11

PVS do es supp ort soft links, th us supp orting a limited capabilit y for reusing theories.

12

In this case, the measure is the iden tit y function, whic h could ha v e b een written simply as MEASURE n .

13

The �le do es not ha v e to b e named sum.pvs , it simply needs the .pvs extension.
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1. using the M-x new-pvs-file command ( M-x nf ) to create a new PVS �le, and t yping

sum when prompted. Then t yp e in the sum sp eci�cation.

2. Since the �le is included on the distribution tap e in the Examples/tutorial sub direc-

tory of the main PVS directory , it can b e imp orted with the M-x import-pvs-file

command ( M-x imf ). Use the M-x whereis-pvs command to �nd the path of the

main PVS directory .

3. Finally , an y external means of in tro ducing a �le with extension .pvs in to the curren t

directory will mak e it a v ailable to the system; for example, using vi to t yp e it in, or

cp to cop y it from the Examples/tutorial sub directory .

The �rst t w o alternativ es displa y the sp eci�cation in a bu�er. The third option requires

an explicit request suc h as a built-in Gnu Ema cs �le command (lik e M-x find-file , C-x

C-f ), or the M-x find-pvs-file ( M-x ff or C-c C-f ) command. The latter is more useful

when there are m ultiple sp eci�cation �les, as it supp orts completion on just the sp eci�cation

�les, ignoring other �les that y ou or the system ha v e created in the directory .

2.2 P arsing

Once the sum sp eci�cation is displa y ed, it can b e parsed with the M-x parse ( M-x pa )

command, whic h creates the in ternal abstract represen tation for the theory describ ed b y

the sp eci�cation. If the system �nds an error during parsing, an error windo w will p op up

with an error message, and the cursor will b e placed in the vicinit y of the error. If y ou

didn't get an error, in tro duce one (sa y b y missp elling the VAR k eyw ord), then mo v e the

cursor somewhere else and parse the �le again (note that the bu�er is automatically sa v ed).

Fix the error and parse once more. In practice, the parse command is rarely used, as the

system automatically parses the sp eci�cation when it needs to.

2.3 T yp ec hec king

The next step is to t yp ec hec k the �le b y t yping M-x typecheck ( M-x tc , C-c t ), whic h

c hec ks for seman tic errors, suc h as undeclared names and am biguous t yp es. T yp ec hec king

ma y build new �les or in ternal structures suc h as TCC s. When sum has b een t yp ec hec k ed,

a message is displa y ed in the minibu�er indicating that t w o TCC s w ere generated. These

TCC s represen t pr o of obligations that m ust b e disc harged b efore the sum theory can b e

considered t yp ec hec k ed. The pro ofs of the TCC s ma y b e p ostp oned inde�nitely , though it

is a go o d idea to view them to see if they are pro v able. TCC s can b e view ed using the M-x

show-tccs command, the results of whic h are sho wn in Figure 8 b elo w.

The �rst TCC is due to the fact that sum tak es an argumen t of t yp e nat , but the

t yp e of the argumen t in the recursiv e call to sum is in teger, since nat is not closed under

subtraction. Note that the TCC includes the condition NOT n = 0 , whic h holds in the branc h

of the IF-THEN-ELSE in whic h the expression n - 1 o ccurs.

The second TCC is needed to ensure that the function sum is total, i.e. , terminates. PVS

do es not directly supp ort partial functions, although its p o w erful subt yping mec hanism
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% Subtype TCC generated (line 7) for n - 1

% unchecke d

sum_TCC1: OBLIGATION (FORALL (n: nat): NOT n = 0 IMPLIES n - 1 >= 0);

% Terminatio n TCC generated (line 7) for sum

% unchecke d

sum_TCC2: OBLIGATION (FORALL (n: nat): NOT n = 0 IMPLIES n - 1 < n);

Figure 8: TCC s for Theory sum

allo ws PVS to express man y op erations that are traditionally regarded as partial. The

measure function is used to sho w that recursiv e de�nitions are total b y requiring the measure

to decrease with eac h recursiv e call.

These TCC s are trivial, and in fact can b e disc harged automatically b y using the M-x

typecheck-prove ( M-x tcp ) command, whic h attempts to pro v e all TCC s that ha v e b een

generated. (T ry it).

2.4 Pro ving

W e are no w ready to try to pro v e the main theorem. Place the cursor on the line con taining

the closed form theorem, and t yp e M-x prove ( M-x pr or C-c p ). A new bu�er will

p op up, the form ula will b e displa y ed, and the cursor will app ear at the Rule? prompt,

indicating that the user can in teract with the pro v er. The commands needed to pro v e this

theorem constitute only a v ery small subset of the commands a v ailable to the pro v er; more

details can b e found in the pro v er guide [SOR93].

First, notice the displa y (repro duced b elo w), whic h consists of a single form ula (lab eled

f 1 g ) under a dashed line. This is a se quent ; form ulas ab o v e the dashed lines are called

ante c e dents and those b elo w are called suc c e dents . The in terpretation of a sequen t is that

the conjunction of the an teceden ts implies the disjunction of the succeden ts. Either or b oth

of the an teceden ts and succeden ts ma y b e empt y .

14

In our case, w e are trying to pro v e a

single succeden t.

The basic ob jectiv e of the pro of is to generate a pr o of tr e e in whic h all of the lea v es are

trivially true. The no des of the pro of tree are sequen ts, and while in the pro v er y ou will

alw a ys b e lo oking at an unpro v ed leaf of the tree. The curr ent branc h of a pro of is the

branc h leading bac k to the ro ot from the curren t sequen t. When a giv en branc h is complete

( i.e. , ends in a true leaf ), the pro v er automatically mo v es on to the next unpro v ed branc h,

or, if there are no more unpro v en branc hes, noti�es y ou that the pro of is complete.

No w bac k to the pro of. W e will pro v e this form ula b y induction on n . T o do this, t yp e

(induct "n") .

15

This is not an E MA CS command, rather it is t yp ed directly at the prompt,

including the paren theses. This generates t w o subgoals; the one displa y ed is the base case,

where n is 0 . T o see the inductiv e step, t yp e (postpone) , whic h p ostp ones the curren t

14

An empt y an teceden t is equiv alen t to true , and an empt y succeden t is equiv alen t to false , so if b oth

are empt y the sequen t is unpro v able.

15

PVS expressions are case-sensitiv e, and m ust b e put in double quotes when they app ear as argumen ts

in pro v er commands.
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subgoal and mo v es on to the next unpro v ed one. T yp e (postpone) a second time to cycle

bac k to the original subgoal (lab eled closed form.1 ).

16

T o pro v e the base case, w e need to expand the de�nition of sum , whic h is done b y t yping

(expand "sum") . After expanding the de�nition of sum , w e send the pro of to the PVS

decision pro cedures, whic h automatically decide certain fragmen ts of arithmetic, b y t yping

(assert) .

17

This completes the pro of of this subgoal, and the system mo v es on to the next

subgoal, whic h is the inductiv e step.

The �rst thing to do here is to eliminate the FORALL quan ti�er. This can most easily b e

done with the skolem! command

18

, whic h pro vides new constan ts for the b ound v ariables.

T o in v ok e this command t yp e (skolem!) at the prompt. The resulting form ula ma y b e

simpli�ed b y t yping (flatten) , whic h will break up the succeden t in to a new an teceden t

and succeden t. The ob vious thing to do no w is to expand the de�nition of sum in the

succeden t. This again is done with the expand command, but this time w e w an t to con trol

where it is expanded, as expanding it in the an teceden t will not help. So w e t yp e (expand

"sum" +) , indicating that w e w an t to expand sum in the succeden t.

19

The �nal step is to send the pro of to the PVS decision pro cedures b y t yping (assert) .

The pro of is no w complete, the system ma y ask whether to sa v e the new pro of, and whether

to displa y a brief prin tout of the pro of. Y ou should answ er yes to these questions just to

see ho w they w ork. After resp onding to these questions, the bu�er from whic h the prove

command w as issued is redispla y ed if necessary , and the cursor is placed on the form ula

that w as just pro v ed. The en tire pro of transcript is sho wn b elo w. Y ours ma y b e di�eren t,

dep ending on y our windo w size and the timings in v olv ed.

closed_form :

|-------

f 1 g (FORALL (n: nat): sum(n) = (n * (n + 1)) / 2)

Rule? (induct "n")

Inducting on n,

16

Three extremely useful E MA CS k ey sequences to kno w here are M-p , M-n , and M-s . M-p gets the last input

t yp ed to the pro v er; further uses of M-p cycle bac k in the input history . M-n w orks in the opp osite direction.

T o use M-s , t yp e the b eginning of a command that w as previously input, and t yp e M-s . This will get the

previous input that matc hes the partial input; further uses of M-s will �nd earlier matc hes. T ry these k ey

sequences out; they are easier to use than to explain.

17

The assert command actually do es a lot more than decide arithmetical form ulas, p erforming three basic

tasks:

� it tries to pro v e the subgoal using the decision pro cedures.

� it stores the subgoal information in an underlying database, allo wing automatic use to b e made of it

later.

� it simpli�es the subgoal, again utilizing the underlying decision pro cedures.

These arithmetic and equalit y pro cedures are the main w orkhorses to most PVS pro ofs. Y ou should learn

to use them e�ectiv ely in a pro of.

18

The exclamation p oin t di�eren tiates this command from the skolem command, where the new constan ts

ha v e to b e pro vided b y the user.

19

W e could also ha v e sp eci�ed the exact form ula n um b er (here 1 ), but including form ula n um b ers in a

pro of tends to mak e it less robust in the face of c hanges. There is more discussion of this in the pro v er

guide [SOR93].
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this yields 2 subgoals:

closed_form .1 :

|-------

f 1 g sum(0) = (0 * (0 + 1)) / 2

Rule? (postpone )

Postponing closed_form .1.

closed_form .2 :

|-------

f 1 g (FORALL (j: nat):

sum(j) = (j * (j + 1)) / 2

IMPLIES sum(j + 1) = ((j + 1) * (j + 1 + 1)) / 2)

Rule? (postpone )

Postponing closed_form .2.

closed_form .1 :

|-------

f 1 g sum(0) = (0 * (0 + 1)) / 2

Rule? (expand "sum")

(IF 0 = 0 THEN 0 ELSE 0 + sum(0 - 1) ENDIF)

simplifies to 0

Expanding the definition of sum,

this simplifies to:

closed_form .1 :

|-------

f 1 g 0 = 0 / 2

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of closed_form .1.

closed_form .2 :

|-------

f 1 g (FORALL (j: nat):

sum(j) = (j * (j + 1)) / 2

IMPLIES sum(j + 1) = ((j + 1) * (j + 1 + 1)) / 2)

Rule? (skolem!)

Skolemizing ,

this simplifies to:

closed_form .2 |-------

f 1 g sum(j!1) = (j!1 * (j!1 + 1)) / 2

IMPLIES sum(j!1 + 1) = ((j!1 + 1) * (j!1 + 1 + 1)) / 2

Rule? (flatten)

Applying disjunctiv e simplific ati on to flatten sequent,

this simplifies to:

closed_form .2 :

f -1 g sum(j!1) = (j!1 * (j!1 + 1)) / 2

|-------

f 1 g sum(j!1 + 1) = ((j!1 + 1) * (j!1 + 1 + 1)) / 2

Rule? (expand "sum" +)

(IF j!1 + 1 = 0 THEN 0 ELSE j!1 + 1 + sum(j!1 + 1 - 1) ENDIF)
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simplifies to 1 + sum(j!1) + j!1

Expanding the definition of sum,

this simplifies to:

closed_form .2 :

[-1] sum(j!1) = (j!1 * (j!1 + 1)) / 2

|-------

f 1 g 1 + sum(j!1) + j!1 = (2 + j!1 + (j!1 * j!1 + 2 * j!1)) / 2

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of closed_form .2.

Q.E.D.

Run time = 5.62 secs.

Real time = 58.95 secs.

Note: The pro of presen ted here is a lo w-lev el in teractiv e one c hosen for illustrativ e

purp oses. In practice, trivial theorems suc h as this are handled automatically b y the higher-

lev el strategies of PVS. This particular theorem, for example, is pro v ed automatically b y

the single command (induct-and-simplify "n" :defs T) .

2.5 Status

No w t yp e M-x status-proof-theory ( M-x spt ) and y ou will see a bu�er whic h displa ys

the form ulas in sum (including the TCC s), along with an indication of their pro of status.

This command is useful to see whic h form ulas and TCC s still require pro ofs. Another

useful command is M-x status-proofchain ( M-x spc ), whic h analyzes a giv en pro of to

determine its dep endencies. T o use this, go to the sum.pvs bu�er, place the cursor on the

closed form theorem, and en ter the command. A bu�er will p op up indicating whether

the pro of is complete, and that it dep ends on the TCC s and the nat induction axiom.

2.6 Generating L

A

T

E

X

In order to try out this section, y ou m ust ha v e access to L

A

T

E

X and a T

E

X preview er, suc h

as vitex or dvitool (for S UN V IEW ), or xdvi (for X-windo ws). Otherwise this section ma y

b e skipp ed.

T yp e M-x latex-theory-view ( M-x ltv ). Y ou will b e prompted for the theory name|

t yp e sum , or just Return if sum is the default. Y ou will then b e prompted for the T

E

X

preview er name. Either the preview er m ust b e in y our path, or the en tire pathname m ust

b e giv en. This information will only b e prompted for once p er session, after that PVS

assumes that y ou w an t to use the same preview er.

After a few momen ts the preview er will p op up displa ying the sum theory , as sho wn in

Figure 9. Note that LAMBDA has b een translated as � . This and other translations are built

in to PVS; the user ma y also sp ecify translations for k eyw ords and iden ti�ers (and o v erride

those built-in) b y pro viding a substitution �le, pvs-tex.sub , whic h con tains commands to

customize the L

A

T

E

X output. F or example, if the substitution �le con tains the three lines
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sum : theor y

begin

n : v ar nat

sum ( n ): recursive nat =

( if n = 0 then 0 else n + sum ( n � 1) endif )

measure ( � n : n )

closed form : theorem sum ( n ) = ( n � ( n + 1)) = 2

end sum

Figure 9: Theory sum

THEORY key 7 {\large\bf Theory}

sum 1 2 {\sum_{i = 0}^{#1} i}

the output will lo ok lik e Figure 10.

sum : Theory

begin

n : v ar nat

P

n

i =0

i : recursive nat = ( if n = 0 then 0 else n +

P

n � 1

i =0

i endif )

measure ( � n : n )

closed form : theorem

P

n

i =0

i = ( n � ( n + 1)) = 2

end sum

Figure 10: Theory sum

Finally , using the M-x latex-proof command, it is p ossible to generate a L

A

T

E

X �le

from a pro of. A part of an example is sho wn b elo w; details are in the PVS system man ual.

Expanding the de�nition of sum

closed form.2:

f� 1 g

P

j

0

i =0

i = ( j

0

� ( j

0

+ 1)) = 2

f 1 g ( if j

0

+ 1 = 0 then 0 else j

0

+ 1 +

P

j

0

+ 1 � 1

i =0

i endif )

= (( j

0

+ 1) � ( j

0

+ 1 + 1)) = 2
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3 The PVS Language

The sp eci�cation language of PVS is a highly expressiv e language based on higher-order

logic. The language w as designed to describ e computer systems, but concen trates on ab-

stract descriptions rather than detailed prescriptions ( i.e. , what rather than how ). The

language supp orts mo dularit y and reuse b y means of parameterized the ories , and has a ric h

t yp e system, including the notion of a pr e dic ate subtyp e . This mak es t yp ec hec king unde-

cidable, but pro vides a great deal of 
exibili t y . In addition, there are t yp e constructors for

function, tuple, record, and abstract datat yp es.

A theory consists of a sequence of de clar ations , whic h pro vide names for t yp es, constan ts,

(logical) v ariables, axioms, and form ulas. These names ma y b e o v erloaded; e.g. , + ma y b e

declared to op erate on a newly declared t yp e, and still b e a v ailable for in teger addition.

There is a large b o dy of theories built in to PVS, collectiv ely referred to as the pr elude .

In the follo wing sections w e will describ e the language b y means of a series of examples.

These examples w ere c hosen to exemplify v arious asp ects of the language, and do not

necessarily re
ect the b est st yle. The PVS language is describ ed in detail in [OSR93a].

3.1 A Simple Example: The Rational Num b ers

The rational n um b ers are built in to PVS, but for the sak e of illustration w e attempt to de-

v elop a partial axiomatization. The examples in this section illustrate some simple syn tactic

and seman tic asp ects of PVS. They sho w ho w theories are de�ned con taining declarations

of t yp es, v ariables, and constan ts. They also illustrate the de�nition of t yp es, subt yp es, and

constan ts, the declaration of axioms and form ulas, and the consequences of t yp ec hec king

in the presence of subt yp es. W e start with the follo wing theory in tro ducing a t yp e rat , a

constan t zero of t yp e rat , and a binary function / . These form the signature of the theory

rats .

rats: THEORY

BEGIN

rat : TYPE

zero : rat

/ : [rat, rat -> rat]

END rats

The t yp e rat is unin terpreted; the only assumption made b y the system is that it is

nonempt y . Here the division function ` / ' tak es t w o argumen ts of t yp e rat and returns

a v alue of t yp e rat .

20

The theory presen ted so far sa ys little ab out the rational n um b ers; just that there is

a constan t and a binary function de�ned on the t yp e. The rationals are a mo del for this

theory , but so are the b o oleans, the in tegers, etc.

21

The next thing to do is to in tro duce

axioms and de�nitions that further constrain the p ossible in terpretations of the theory . W e

can augmen t the rats theory ab o v e as follo ws:

20

The division sym b ol ` / ' has already b een declared as an in�x sym b ol in the PVS grammar.

21

F or example, w e can in terpret rat as the b o olean t yp e, zero as f alse , and / as AND .
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rats : THEORY

BEGIN

rat : TYPE

zero : rat

/ : [rat, rat -> rat]

* : [rat, rat -> rat]

x, y: VAR rat

left cancellation : AXIOM x * (y/x) = y

zero times : AXIOM zero * x = zero

END rats

In this augmen ted theory , w e ha v e in tro duced the declaration for the m ultiplication op era-

tion ` * ,' the iden ti�ers x and y ha v e b een declared as logical v ariables that range o v er the

t yp e rat , and w e ha v e added t w o axioms asserting prop erties of m ultiplication and division.

Though the left cancellation axiom lo oks plausible, there is a problem with it.

A reasonable \c hallenge" for our theory is the conjecture (EXISTS y : y /= zero) .

22

Unfortunately , w e can easily pro v e zero = y for an y y , b y substituting zero for x in

left cancellation , and applying zero times with (y/x) substituted for x . The conclusion

zero = y is clearly not in tended for a mo del of the rational n um b ers. One w a y to repair the

problem is to qualify the left cancellation axiom so that it reads x /= zero IMPLIES x *

(y/x) = y . In this w a y , the axioms mak e no restrictions on the v alue returned b y division

when giv en a zero denominator. This tec hnique of ha ving division b y zero return some

unsp eci�ed v alue is the traditional approac h used in logic and mathematics, but can lead

to problems in sp eci�cations since most implemen tations prefer to treat this as an error

condition, rather than returning an arbitrary v alue.

T o circum v en t this problem, PVS mak es it p ossible to sp ecify division so that it is an

error to apply it when the denominator is zero. Here is an impro v ed PVS sp eci�cation:

rats : THEORY

BEGIN

rat : TYPE

x, y : VAR rat

zero : rat

nonzero : TYPE = f x | x /= zero g

/ : [rat, nonzero -> rat]

* : [rat, rat -> rat]

left cancellation : AXIOM zero /= x IMPLIES x * (y/x) = y

zero times : AXIOM zero * x = zero

END rats

Here the t yp e nonzero is de�ned to b e the t yp e of elemen ts of rat that are di�eren t from

zero . W e call nonzero a pr e dic ate subtyp e of rat , since it consists of the elemen ts of rat

satisfying a giv en predicate. In this new sp eci�cation, the denominator argumen t ma y

only range o v er the nonzero elemen ts of the t yp e rat . In t yp ec hec king the o ccurrence of

division in left cancellation , there is a typ e c orr e ctness c ondition ( TCC ) generated b y the

t yp ec hec k er that is added to the theory as a declaration:

left cancellation TCC1: OBLIGATION

(FORALL (x: rat): zero /= x IMPLIES x /= zero)

22

In PVS, \not equal" is written as \ /= ".
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Notice that the logical an teceden t go v erning the o ccurrence of division is included as an

an teceden t of left cancellation TCC1 . This TCC is of course easily pro v ed. In fact, if the

an teceden t w ere written in the more natural form x /= zero , the TCC w ould not ha v e b een

generated. TCC s suc h as this are obligations , and they m ust b e pro v ed in order to sho w

that the theory is t yp e correct. PVS allo ws the pro of of a TCC to b e deferred, but un til

it has b een disc harged an y pro ofs in v olving the theory rats directly or indirectly will b e

considered incomplete.

F or a more sligh tly more sophisticated example, w e can in tro duce the \less-than" rela-

tion and the subtraction and unary min us op erations, along with a statemen t asserting a

prop ert y of subtraction, division, and the less-than ordering.

23

< : [rat, rat -> bool]

- : [rat, rat -> rat]

- : [rat -> rat]

div test: FORMULA x /= y IMPLIES (y-x)/(x-y) < zero

Notice here that the relation < is declared as a function with range t yp e bool represen ting

the b o oleans

24

T yp ec hec king the form ula div test generates the TCC

div test TCC1: OBLIGATION

(FORALL (x:rat, y: rat): x /= y IMPLIES (x - y) /= zero)

An alternativ e notation for predicate subt yp es is illustrated b y another example. If the

predicate non neg? (w e often use a question mark in a name to indicate predicates) is

de�ned as

non neg?(x): bool = NOT (x < zero)

then the expression (non neg?) denotes a subt yp e with the same meaning as the t yp e

expression f x | NOT (x < zero) g . The function returning the absolute v alue of a rational

can no w b e sp eci�ed as

abs(x): (non neg?) = (IF (x < zero) THEN -x ELSE x ENDIF)

When t yp ec hec k ed, this de�nition generates the TCC s

abs TCC1: FORMULA

(FORALL (x: rat): (x < zero) IMPLIES non neg?(-x))

abs TCC2: FORMULA

(FORALL (x: rat): NOT (x < zero) IMPLIES non neg?(x))

Note that the t yp e of abs is [rat -> (non neg?)] whic h is more informativ e than the t yp e

of [rat -> rat] . The adv an tage of this is that whenev er abs o ccurs as an argumen t to a

function requiring a non neg? argumen t, no new obligations are generated. F or example,

a square ro ot function sqrt ma y b e de�ned with t yp e [(non neg?) -> (non neg?)] and

freely applied to the result of abs without incurring an y new obligations.

25

Clearly , w e still ha v e an inadequate sp eci�cation of rational n um b ers since w e do not

ha v e the axioms required to pro v e the v arious TCC s that w ere generated. W e will not

23

Note the o v erloading of the name - . All names of the same kind within a theory m ust b e unique, with

the exception of expression kinds, whic h need only b e unique up to the signature. The signature is enough

to distinguish these declarations.

24

F unctions with range t yp e bool are often called pr e dic ates in PVS, and are also used to represen ts sets.

Some con v enien t notation for these in terpretations is in tro duced later.

25

This is one of the adv an tages of ha ving predicate subt yp es; in a logic of partial terms w e w ould b e

forced to sho w that the term in v olving sqrt is w ell-de�ned ev ery time it o ccurs, or to someho w cac he the

information.
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em bark on the full axiomatization here, as no new features of the language are in v olv ed.

The dev elopmen t of the rational n um b ers is describ ed in an app endix to the Language

Reference [OSR93a]. It is imp ortan t to note that the PVS pro of c hec k er has an underlying

decision pro cedure that automatically pro v es man y of the prop erties of the rational n um b ers.

Summarizing, w e ha v e illustrated ho w predicate subt yp es can b e used to circumscrib e

the domain of partially de�ned op erations suc h as division, and to more usefully delineate

the range of functions suc h as abs . W e also examined ho w the use of predicate subt yp es

in an expression could require certain t yp e correctness conditions to b e pro v ed b efore the

expression is regarded as w ell-t yp ed.

3.2 A More Sophisticated Example: Stac ks

P erhaps the most hac kney ed sp eci�cation example is that of stac ks. It is in teresting there-

fore to examine if PVS can con tribute an ything no v el to this w ell-w orn example. F or

starters, let us try to capture the signature of the stac k op erations.

stacks : THEORY

BEGIN

stack : TYPE

empty : stack

push : [nat, stack -> stack]

top : [stack -> nat]

pop : [stack -> stack]

END stacks

In the theory stacks ab o v e, nat is the built-in t yp e for natural n um b ers, stack is declared

as an unin terpreted t yp e, and the empty is an unin terpreted constan t of t yp e stack . The

function push is declared to tak e a natural n um b er and a stac k and return a stac k. The top

function tak es a stac k and returns a natural n um b er. The pop function tak es a stac k and

returns a stac k.

One immediate ob jection is that the ab o v e declaration only sp eci�es the signature for

stac ks of natural n um b ers and is therefore not su�cien tly generic. PVS supp orts this b y

pro viding parameterization at the theory lev el.

26

With the stacks theory appropriately

parameterized, w e get

stacks [t : TYPE] : THEORY

BEGIN

stack : TYPE

empty : stack

push : [t, stack -> stack]

top : [stack -> t]

pop : [stack -> stack]

END stacks

This declares a schema of stac ks, one for eac h t yp e. Within the stacks theory t is treated

as a �xed unin terpreted t yp e. When the stacks theory is used b y another theory it m ust

b e instan tiated. F or example, the theory of stac ks of natural n um b er is just stacks[nat] .

26

An alternativ e approac h w ould allo w t yp e v ariables and t yp e abstraction in the language, but in the

presence of subt yp es this greatly complicates the seman tics.
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It is imp ortan t to note that eac h instan tiation of a theory yields a new signature; th us

instan tiating with int and nat yields t w o di�eren t empty constan ts.

The new signature is still unsatisfactory since the signatures for pop and top p ermit

expressions suc h as pop(empty) and top(empty) , for whic h it is di�cult to ascrib e a meaning.

The ob vious solution in PVS is to mimic what w as done with division and constrain the

domains of pop and top . W e do this b y in tro ducing the predicate nonemptystack? in the new

sp eci�cation b elo w. Note that the expression [stack -> bool] for the t yp e of a predicate

has b een rewritten as the equiv alen t PRED[stack] . In addition, w e add the usual stac k

axioms:

stacks [t: TYPE] : THEORY

BEGIN

stack : TYPE

nonemptystack? : PRED[stack]

s : VAR stack

x, y : VAR t

ns : VAR (nonemptystack?)

empty : stack

push : [t, stack -> (nonemptystack?)]

top : [(nonemptystack?) -> t]

pop : [(nonemptystack?) -> stack]

pop push : AXIOM pop(push(x, s)) = s

top push : AXIOM top(push(x, s)) = x

push pop top : AXIOM push(top(ns), pop(ns)) = ns

push empty : AXIOM empty /= push(x, s)

nonempty empty : THEOREM NOT nonemptystack?(emp ty)

pop2 push2 : THEOREM pop(pop(push(x, push(y, s)))) = s

END stacks

No w w e can explore the consequence of this sp eci�cation b y examining the form ula

declaration pop2 push2 . The left-hand side expression of this form ula p oses a problem

for most t yp e systems since the t yp e of pop(push(x, (push(y, s)))) (i.e., the argumen t

to the outermost pop ) is stack , whereas the domain t yp e of pop is the more constrained

(nonemptystack?) . In PVS, the t yp ec hec k er generates the TCC

pop2_push2_TCC1 : OBLIGATION

(FORALL (s: stack, x: t, y: t):

nonemptystack?( pop(p ush(x , push(y, s)))))

This TCC is easily pro v ed from the axiom pop push .

W e ha v e no w presen ted an abstract sp eci�cation of stac ks, sho wing ho w theories ma y

b e parameterized and further illustrating the subt yp e mec hanism. In the follo wing section

w e will explore di�eren t constructiv e de�nitions of stac ks, and in Section 3.9 w e will see

ho w to de�ne stac ks as an abstract datat yp e.

3.3 Implem en ting Stac ks

Ha ving satis�ed ourselv es that stac ks can b e sp eci�ed using the signature and axioms ab o v e,

w e migh t wish to in tro duce an alternativ e, more de�nitional sp eci�cation of stac ks. In this

new sp eci�cation, w e implemen t a stac k with t w o comp onen ts: a coun ter for recording the

n um b er of elemen ts in the stac k, and an arra y con taining the stac k en tries. One w a y to
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implemen t suc h a stac k in PVS is to use the tuple t yp e constructor and another is to emplo y

records. W e examine b oth approac hes b elo w.

newstacks [t: TYPE] : THEORY

BEGIN

i, j: VAR nat

stack : TYPE = [ nat, ARRAY[nat -> t] ]

s: VAR stack

x, y: VAR t

size(s): nat = proj 1(s)

elements(s): ARRAY[nat -> t] = proj 2(s)

e: t

nonemptystack?(s) : bool = (size(s) > 0)

empty: stack = (0, (LAMBDA j: e))

push(x,s): (nonemptystack?) =

(size(s)+1, elements(s) WITH [(size(s)):=x])

ns: VAR (nonemptystack? )

top(ns): t = elements(ns)(size(ns )-1)

pop(ns): stack = (size(ns)-1, elements(ns))

END newstacks

There are sev eral p oin ts to note ab out the ab o v e sp eci�cation. The 2-tuple implemen ting

stac ks is sp eci�ed b y the t yp e [nat, ARRAY [nat -> t]] whose �rst comp onen t is a natural

n um b er and whose second comp onen t is an arra y with index t yp e nat and elemen t t yp e

t . The arra y t yp e expression ARRAY[nat -> t] is iden tical to the function t yp e expression

[nat -> t] and the ARRAY k eyw ord serv es a descriptiv e rather than seman tic purp ose. The

built-in family of proj functions serv e to access tuple comp onen ts. The function size is

de�ned to return the size of stac k s whic h is de�ned to b e the �rst comp onen t of s , namely ,

proj 1(s) . The stac k elemen ts are \stored" in the arra y that is the second comp onen t of

stac k s , so that elements(s) is de�ned as proj 2(s) . The size function could also ha v e b een

de�ned b y the declaration

size: [stack -> nat] = proj 1

whic h is merely a consequence of applying the extensionalit y axiom of higher-order logic

to the earlier de�nition of size . The next thing to note is that if the size of the stac k is

i , for i > 0 , then the i stac k v alues are stored in the indices 0 to i-1 . A stac k expression

is constructed b y means of a pair of comma-separated expressions enclosed in paren theses,

so that the empt y stac k is constructed b y the expression (0, (LAMBDA j: e)) whose size

comp onen t is 0 , and where the elements arra y is initialized to con tain a default elemen t e .

The push op eration applied to an elemen t x and a stac k s constructs a stac k with size size(s)

+ 1 , where the size(s) index of the elements arra y of s has b een up dated to b e x . The

function up date is done b y the WITH construct as used in elements(s) WITH [(size(s)):=x] .

Corresp ondingly , the pop op eration decremen ts the stac k size b y one, but lea v es the elements

arra y unc hanged. Note that w e ha v e used predicate subt yping to ensure that pop is only

applied to stac ks of p ositiv e size, i.e. , nonempt y stac ks. The top op eration applied to a

nonempt y stac k ns returns the (size(ns)-1) th elemen t of the arra y elements(ns) .

The ab o v e sp eci�cation of stac ks when implemen ted using the record t yp e construction

of PVS rather than tuples, has the follo wing form.

newstacks [t: TYPE] : THEORY

BEGIN
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i, j: VAR nat

stack : TYPE = [# size: nat, elements : ARRAY[nat -> t] #]

s: VAR stack

x,y: VAR t

e: t

nonemptystack?(s) : bool = (size(s) > 0)

empty : stack = (# size := 0, elements := (LAMBDA j: e) #)

push(x,s): (nonemptystack?) =

(# size:= size(s)+1,

elements := elements(s) WITH [(size(s)):=x] #)

ns: VAR (nonemptystack? )

top(ns): t = (elements(ns)(size(n s)-1) )

pop(ns): stack = (ns WITH [size := size(ns) -1])

END newstacks

In this new sp eci�cation of stac ks, the record t yp e is constructed b y the t yp e expression [#

size: nat, elements : ARRAY[nat -> t] #] with �elds size and elements . The expression

(# size := 0, elements := (LAMBDA j: e) #) constructs the empt y stac k. This sp eci�ca-

tion is sligh tly more pleasing than the one using tuples since the size and elements functions

w ere automatically generated from the record lab els, and record up dating can b e used to

concisely de�ne the pop op eration.

There is a problem with b oth v ersions of newstacks that has to do with stac k equal-

it y . If w e consider newstacks[nat] , i.e. , stac ks of natural n um b ers, then b oth (# size :=

0, elements := (LAMBDA i: 1) #) and (# size := 0, elements := (LAMBDA i: 2) #) rep-

resen t empt y stac ks, but they are unequal since they di�er on their elemen ts �eld. Similarly ,

with this represen tation, the form ula pop(push(x, s)) = s fails to b e a theorem, since the

elements arra y ma y di�er at elemen ts b ey ond size . W e defer the discussion of this problem

and its solution to Section 3.8.

T o summarize the discussion of the PVS language so far, w e ha v e examined theories,

declarations and de�nitions of t yp es and constan ts, declarations of axioms and form ulas,

predicate subt yp es and the generation of t yp e correctness conditions, and the de�nition,

construction and use of tuple and record t yp es. So far w e ha v e only made limited use of

higher-order logic b y using a function ob ject to mo del the arra y that is used to con tain the

elemen ts of a stac k. W e next examine the use of theories in PVS.

3.4 Using Theories: P artial and T otal Orders

There are sev eral reasons for structuring sp eci�cations in to (parameterized) theories as is

done in PVS. The primary ones are that it pro vides for mo dularization, and the use of

parameters allo ws more generic sp eci�cations, as w e sa w with stac ks. In this section, w e

fo cus on the use and parameterization of theories.

A preliminary example of theory is that of partial orders as transcrib ed in PVS b elo w.

27

27

This is built in to PVS in a di�eren t form; again, the dev elopmen t here is for p edagogical purp oses.

Note the use of \;" to terminate the de�nition of antisym . Semicolons are optional, except in circumstances

suc h as this when the parser needs more information. In this case, the semicolon informs the parser that

the op erator < is a declaration rather than part of the preceding expression.
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partial order [t: TYPE] : THEORY

BEGIN

<= : PRED[[t,t]]

x, y, z: VAR t

refl: AXIOM x <= x

trans: AXIOM x <= y AND y <= z IMPLIES x <= z

antisym: AXIOM x <= y AND y <= x IMPLIES x = y;

< : PRED[[t,t]] = (LAMBDA x, y: x <= y AND x /= y)

END partial order

Note that the t yp e of a binary relation, suc h as <= , can b e giv en either as [t, t -> bool] ,

or as a predicate on the tuple [t, t] , as illustrated ab o v e. F or an y t yp e t , the theory

partial order in tro duces a partial order relation ` <= ' with the axioms of re
exivit y , transi-

tivit y , and an tisymmetry . It also in tro duces a strict partial order relation ` < ' along with its

de�nition.

The next example is the theory of total ordering whic h extends the original theory

partial order .

total order [t: TYPE] : THEORY

EXPORTING ALL WITH partial order[t]

BEGIN

IMPORTING partial order[t]

x, y: VAR t

total: AXIOM x <= y OR y <= x

END total order

There are sev eral p oin ts to note with total order . It imp orts the theory partial order[t]

with the IMPORTING construct. It w ould ha v e also b een acceptable to imp ort the generic

theory partial order since the t yp ec hec k er is able to resolv e the t yp e of the o ccurrences of

<= in total order as b elonging to partial order[t] . The EXPORTING clause that precedes

the b o dy of the theory (as mark ed b y BEGIN ) causes ev ery t yp e, constan t, and form ula

declaration in total order to b e visible in an y theory that imp orts total order . In addition

to the declarations in total order , the EXPORTING clause also mak es visible those declarations

in partial order[t] that are externally visible. When there is no EXPORTING clause, the

default is that all declarations

28

are visible, including all instances of imp orted theories

that w ere referenced.

29

Generic theories cannot b e exp orted, i.e. , it is not p ossible to

replace partial order[t] in the EXPORTING clause with partial order .

3.5 Using Theories: Sort

The next series of examples illustrate the use of the partial order and total order theories

in sev eral w a ys. These examples pro vide a generic sp eci�cation of what it means for an

arra y to b e sorted.

sort [domain, range: TYPE] : THEORY

BEGIN

IMPORTING partial order[range], total order[domain]

28

With the exception of v ariable declarations.

29

When a generic theory is imp orted, the t yp ec hec k er determines the instance for eac h reference to an

en tit y declared in the generic theory|it is these instances that are exp orted.
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Array type: TYPE = ARRAY[domain -> range]

A, B, C: VAR Array type

sorted?(A): bool =

(FORALL (x, y: domain): x < y IMPLIES NOT (A(y) <= A(x)))

END sort

The ab o v e theory is parameterized with resp ect to the t yp es domain and range . It imp orts

the theories partial order[range] and total order[domain] . The predicate sorted? on

arra ys of elemen t t yp e range and index t yp e domain is de�ned to c hec k that the partial

ordering on the elemen ts nev er violates the total ordering on the indices. Note that the

t yp es of the predicates < and <= are p oten tially am biguous since they could come from

either partial order[range] and total order[domain] but the t yp ec hec k er resolv es their

t yp es from the con text of their application. If it w as not p ossible to resolv e the am biguit y

from the con text, then it w ould ha v e b een necessary to write < as total order[domain].<

in order to distinguish it from partial order[domain].< .

One immediate problem with the ab o v e sp eci�cation of sortedness is that it is sp eci�ed

with resp ect to a �xed total ordering on the indices and a �xed partial order on the elemen ts

of the arra y . It is therefore not su�cien tly generic. The follo wing revised sp eci�cation of

the theory sort �xes this problem. It do es this b y taking the domain and range orderings as

parameters but then places restrictions that constrain the domain ordering to b e total and

the range ordering to b e partial. These restrictions are listed in the ASSUMING part b et w een

the k eyw ords ASSUMING and ENDASSUMING . The assuming part can only con tain v ariable dec-

larations and assumptions. These assumptions ha v e to b e disc harged whenev er the theory

is instan tiated with actual parameters. These pro of obligations are automatically generated

b y the t yp ec hec k er.

sorta [domain, range: type,

d order: PRED[[domain, domain]],

r order: PRED[[range, range]]] : THEORY

BEGIN

ASSUMING

x, y, z: VAR domain

u, v, w: VAR range

d refl: ASSUMPTION d order(x,x)

d trans: ASSUMPTION d order(x, y) & d order(y, z) => d order(x, z)

d antisym: ASSUMPTION d order(x, y) & d order(y, x) => x = y

d total: ASSUMPTION d order(x, y) OR d order(y, x)

r refl: ASSUMPTION r order(u, v)

r trans: ASSUMPTION r order(u, v) & r order(v, w) => r order(u, w)

r antisym: ASSUMPTION r order(u, v) & r order(v, u) => u = v

ENDASSUMING

Array type: TYPE = ARRAY[domain->rang e]

A, B, C: VAR Array type

sorted?(A): bool =

(FORALL (x, y: domain):

(d order(x, y) & x /= y) => NOT r order(A(y), A(x)))

END sorta

The ab o v e sp eci�cation of sortedness migh t seem a little tedious giv en that w e ha v e

already sp eci�ed partial and total orderings. This p oin ts to di�culties in the original

sp eci�cations for partial order and total order . In the �rst place, the constan t ` <= ' is

declared in the partial order theory; in general there is already a relation at hand, and the
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desire is to c hec k that it is a partial order. So w e w ould lik e ` <= ' to b e a parameter to the

theory . But no w the axioms are inappropriate; if the theory is parameterized with ` /= ', for

example, then w e ha v e an inconsistency . There are t w o p ossible approac hes to this. One is

to only allo w the theory to b e parameterized with relations that satisfy the axioms. This

is done b y means of an ASSUMING part:

partial order1 [t: TYPE, <=: PRED[[t,t]]] : THEORY

BEGIN

ASSUMING

x, y, z: VAR t

refl: ASSUMPTION x <= x

trans: ASSUMPTION x <= y AND y <= z IMPLIES x <= z

antisym: ASSUMPTION x <= y AND y <= x IMPLIES x = y

ENDASSUMING

< : PRED[[t,t]] = (LAMBDA x, y: x <= y AND x /= y)

END partial order1

No w if the theory is instan tiated with ` /= ', the t yp ec hec k er will generate pro of obligations

whic h will b e imp ossible to pro v e; th us suc h an instan tiation is disallo w ed.

The alternativ e is to declare higher-order predicates instead of axioms:

partial order2 [t: TYPE] : THEORY

BEGIN

<= : VAR PRED[[t,t]]

x, y, z: VAR t

reflexive?(<=): bool = (FORALL x: x <= x)

transitive?(<=): bool =

(FORALL x,y,z: x <= y AND y <= z IMPLIES x <= z)

antisymmetric?(<=) : bool =

(FORALL x,y: x <= y AND y <= x IMPLIES x = y)

END partial order2

The adv an tage of this theory is that it allo ws us to test directly the prop erties of a giv en

relation. The disadv an tage is the the ` < ' relation m ust b e de�ned outside. The real adv an-

tage comes in b eing able to com bine prop erties, and use them as t yp es. F or example w e

can add the declaration

partial order?(<=): bool =

reflexive?(<=) AND transitive?(<=) AND antisymmetric?(<=)

and declare a relation R to b e a v ariable ranging o v er partial orders on the t yp e in teger:

R: VAR (partial order?[int])

W e exploit this in the next theory sp eci�cation, whic h describ es the v arious ordering

relations as predicates on relations. The orderings theory in tro duces an in�x variable <=

whic h is a reasonable thing to do in a higher-order logic. No w notice that the predicates

reflexive? , antisymmetric? , transitive? , etc., are higher-order op erations since they are

predicates on predicates. The imp ortan t concept of w ell-foundedness is also in tro duced in

the theory b elo w. A partial order <= is said to b e w ell-founded on a set A if A con tains

no in�nitely descending c hain of elemen ts : : : <= x

n

<= : : : <= x

1

<= x

0

. Another w a y of stating

this is that ev ery nonempt y subset of A m ust con tain a minimal elemen t with resp ect to

<= . In terms of higher-order logic, for ev ery predicate qq on t that holds somewhere ( i.e. ,

is nonempt y), there is a minimal elemen t that satis�es qq .
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orderings[t: TYPE] : theory

BEGIN

x, y, z: VAR t

pp, qq: VAR PRED[t]

<= : VAR PRED[[t,t]]

reflexive?(<=): bool = (FORALL x: x <= x)

antisymmetric?(<=) : bool = (FORALL x, y: x <= y AND y <= x IMPLIES x = y)

transitive?(<=): bool =

(FORALL x, y, z: x <= y AND y <= z IMPLIES x <= z)

partial order?(<=): bool =

reflexive?(<=) AND antisymmetric?(<= ) AND transitive?(<=)

linear?(<=): bool = (FORALL x, y: x <= y OR y <= x)

total order?(<=): bool = partial order?(<=) AND linear?(<=)

well founded?(<=): bool =

(FORALL qq: (EXISTS y: qq(y))

IMPLIES (EXISTS y: (FORALL x: qq(x) IMPLIES NOT x<=y)))

END orderings

No w w e can giv e y et another sp eci�cation of sortedness. The in teresting thing to note

here is the o ccurrence of an IMPORTING clause in the parameter list of the theory to bring in

the information that is needed to t yp ec hec k the remaining parameters.

sorto [domain, range: type,

(IMPORTING orderings[t])

d order: (total order?[domain]),

r order: (partial order?[range])] : THEORY

BEGIN

Array type: TYPE = ARRAY[domain->rang e]

A, B, C: VAR Array type

sorted?(A): bool =

(FORALL (x, y: domain): (d order(x, y) AND x/=y)

IMPLIES NOT r order(A(y), A(x)))

END sorto

Another thing one can do with the orderings theory is de�ne w ell-founded induction

whic h is a standard pro of tec hnique for pro ving prop erties of programs. The k ey idea is

that if w e are trying to pro v e pp(x) for all x of t yp e t , and there is a w ell-founded ordering

<= on t , then w e can reason as follo ws. Consider the subset of elemen ts y of t suc h that

NOT pp(y) holds. Supp ose that this set is nonempt y , then b y w ell-foundedness, this subset

m ust con tain a minimal elemen t z , but the h yp othesis of well founded induction can b e

used to deriv e pp(z) since (FORALL y: y <= z AND y /= z IMPLIES pp(y)) holds trivially for

a minimal elemen t z . Th us b oth pp(z) and NOT pp(z) hold, con tradicting the assumption

that the set of y suc h that NOT pp(y) is nonempt y .

well founded induction [t: type,

(IMPORTING orderings[t])

<= : (well founded?)] : THEORY

BEGIN

x, y, z: VAR t

pp: VAR PRED[t]

wf induction: AXIOM

(FORALL x: (FORALL y: y<=x AND y/= x IMPLIES pp(y))

IMPLIES pp(x))

IMPLIES (FORALL x: pp(x))
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END well founded induction

The well founded induction theory mak es use of higher-order logic to assert the giv en

ordering <= to b e w ell-founded, and to state induction as an axiom for an y predicate pp .

As w e did in the case of ordering relations, w e can build a theory de�ning v arious

prop erties of functions in order to further illustrate the capabilities of higher-order logic as

formalized b y PVS.

30

functions [domain, range : type] : THEORY

BEGIN

fun : VAR [domain -> range]

x, y : VAR domain

injective?(fun): bool = (FORALL x, y : fun(x) = fun(y) IMPLIES x=y)

surjective?(fun): bool = (FORALL (u : range): (EXISTS x : fun(x) = u))

bijective?(fun): bool = injective?(fun) AND surjective?(fun)

END functions

If w e then in tro duce a function as an injection, the PVS t yp ec hec k er will require that w e

demonstrate that its de�nition indeed satis�es the predicate injective? . F or example

square [(IMPORTING functions ) domain, range : TYPE] : THEORY

BEGIN

x: VAR int

square: (injective?[int , nat]) = (LAMBDA (x): x * x)

END square

square generates an unpro v able TCC thereb y rev ealing an error in this construction.

Summarizing, w e ha v e examined some more adv anced capabilities of the language and

logic of PVS. The parameterization and use of theories w as illustrated in all the examples

in this section. The theories orderings , well founded induction , and functions illustrate

the higher-order asp ects of the logic as w ell. W e also noted the capabilit y of the t yp ec hec k er

in resolving am biguities in naming from the application con text.

3.6 Sets in Higher-order Logic

In this section, w e expand on the capabilities of higher-order logic with a naiv e enco ding

of the v arious set-theoretic op erations. W e sta y consisten t with the higher-order logic

view of sets as predicates. In this case the theory sets is parameterized so that w e are

talking ab out predicates o v er a t yp e T . The elemen t x is a mem b er of a set a if and only

if a(x) is TRUE . The union and add op eration is de�ned in terms of disjunction ( OR ), and

the in tersection and di�erence op erations are de�ned in terms of conjunction ( AND ). The

extensionalit y axiom asserts that if sets a and b ha v e exactly the same mem b ers, then they

are equal. Extensionalit y for sets can b e pro v ed from extensionalit y for functions so it is

stated b elo w as a lemma.

sets [T: TYPE] : THEORY

BEGIN

set: TYPE = SETOF[T]

member(x:T,a:set): bool = a(x)

union(a,b:set): set = f x:T | member(x,a) OR member(x,b) g

30

Both w ell-founded induction and functions are built in to the PVS prelude (theories wf induction and

functions , resp ectiv ely) and ma y not b e rede�ned, hence the name v ariations in tro duced here.
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intersection(a,b:s et): set = f x:T | member(x,a) AND member(x,b) g

difference(a,b:set ) : set = f x:T | member(x,a) AND NOT member(x,b) g

add(x:T,a:set) : set = f y:T | x = y OR member(y,a) g

singleton(x:T) : set = f y:T | y = x g

subset?(a,b:set) : bool = (FORALL (z:T) : member(z,a) => member(z,b))

strict subset?(a,b:set) : bool = subset?(a,b) AND a /= b

empty?(a:set) : bool = (FORALL (x:T) : NOT member(x,a))

emptyset: set = f x:T | FALSE g

fullset: set = f x:T | TRUE g

extensionality: LEMMA

FORALL (a,b: set):

(FORALL (x:T): member(x,a) = member(x,b)) => (a = b)

END sets

Sequences pro vide y et another nice illustration of the p o w er of the PVS higher-order

logic. W e can formalize in�nite sequences of elemen ts from some t yp e T as functions of t yp e

[nat -> T] , where nat is the t yp e of natural n um b ers. Then the n th elemen t of a sequence

seq is just seq(n) . The sequence that is obtained from seq b y remo ving the �rst n elemen ts

is de�ned as suffix(seq, n) .

sequences [T: TYPE] : THEORY

BEGIN

sequence : TYPE = [nat->T]

nth(seq: sequence, n: nat): T = seq(n)

suffix(seq:sequenc e, n:nat): sequence =

(LAMBDA (i:nat): seq(i+n))

first(seq: sequence): T = nth(seq, 0)

rest(seq: sequence): sequence = suffix(seq, 1)

END sequences

Both sets and sequences are emplo y ed hea vily in sp eci�cation writing and are built in to

the PVS prelude.

31

3.7 Recursion

In this section w e discuss recursiv e declarations. W e start with a simple example, the

factorial function:

factorial(x:nat ): RECURSIVE nat =

IF x = 0 THEN 1 ELSE x * factorial(x - 1) ENDIF

MEASURE (LAMBDA (x:nat): x)

This is similar to a constan t declaration, except that the de�ning expression references

factorial , whic h is the function b eing de�ned. In addition, there is a MEASURE function

sp eci�ed. In PVS, all de�nitions are total, and form a conserv ativ e extension.

32

In order

to guaran tee these conditions, a MEASURE function is required. This function has the same

domain as the de�nition, but its range is nat .

33

The MEASURE function is used to sho w that

the de�nition terminates, b y generating an obligation that the MEASURE decreases with eac h

call:

31

PVS prelude theories ma y b e view ed via the command M-x view-prelud e- the ory ( M-x vpt ). The

command M-x view-prelud e- fil e ( M-x vpf ) displa ys the en tire prelude.

32

This means that (new) inconsistenci es are not in tro duced as a result of adding a new de�nition.

33

The range ma y b e the constructiv e ordinals instead, but w e will not b e discussing that further here.
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factorial_TCC2: OBLIGATION

(FORALL (x: nat): NOT x = 0 IMPLIES x - 1 < x)

Note that the con text ` NOT x = 0 ' is included in the termination TCC . PVS do es not allo w

m utual recursion directly , although the same e�ect ma y b e had b y using axioms or b y

translating the m utually recursiv e forms to higher order, so this is not a real restriction.

3.8 Dep enden t T yping

In this section, w e illustrate a more sophisticated form of t yping that can in v olv e dep enden-

cies b et w een the comp onen ts of a tuple or a record t yp e, and also b et w een the range and

domain of a function t yp e. As w e ha v e already seen, predicate subt yping mak es it p ossible

to express prop erties within the t yp e language, and dep enden t t yping signi�can tly enhances

this capabilit y .

T o explore dep enden t t yping, w e return to the example of newstacks . There the t yp e

stack w as de�ned as the record t yp e [# size: nat, elements : ARRAY[nat -> t] #] . W e

noted that this sp eci�cation w ould distinguish b et w een t w o empt y stac ks simply b ecause

they con tained di�eren t elements arra ys, ev en though the con ten ts of the elements arra y

are irrelev an t when the the size �eld is 0 . What w e w ould lik e is to sp ecify a record with

t w o �elds, size and elements , where the t yp e of the elements �eld v aried according to the

con ten ts of the size �eld. W e can in fact express suc h a record t yp e in PVS so that the

de�nition of the t yp e stack b ecomes

stack : TYPE =

[# size: nat, elements : ARRAY[ f i| i<size g -> t] #]

Note that the index t yp e of the elements arra y has b een restricted to the natural n um b ers

b elo w the con ten ts of the size �eld. Suc h a record t yp e is an instance of a dep endent typ e .

With this form of dep enden t t yping, the newstacks sp eci�cation can b e written in PVS as

follo ws.

newstacks [t: TYPE] : THEORY

BEGIN

i: VAR nat

stack : TYPE = [# size: nat, elements: ARRAY[ f i| i<size g -> t] #]

s: VAR stack

x,y: VAR t

e: t

nonemptystack?(s) : bool = (size(s) > 0)

empty: stack =

(# size := 0, elements := (LAMBDA (j: f i|i<0 g ): e) #)

push(x,s): (nonemptystack?) =

(# size:= size(s)+1,

elements := elements(s) WITH [(size(s)):=x] #)

ns: VAR (nonemptystack? )

pop(x,ns): stack =

(# size := size(ns) -1,

elements := (LAMBDA (j: i|i<size(ns)-1):

elements(ns)(j)) #)

top(ns): t = (elements(ns)(size(n s)-1) )

END newstacks
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There are a n um b er of subtleties to the ab o v e sp eci�cation. The empty stac k con tains

an elements arra y with an empt y index t yp e. No w an y t w o stac ks with the size �eld set

to zero will b e equal since an y elemen t arra ys will b e treated as equal when compared o v er

the empt y index t yp e.

The v alue returned b y the push op eration is a stac k where the size �eld is one greater

than that of the input stac k. The t yp e of the elements �eld of this stac k is therefore di�eren t

from that of the input stac k. There is an additional index where the elements arra y m ust

b e de�ned, and the up date op eration (using the WITH construct) ensures that the elements

�eld is in fact de�ned on this additional index.

The v alue returned b y the pop op eration is a stac k in whic h the size �eld is one less

than that of the input stac k and the elements arra y is de�ned on one few er indices.

34

Giv en

these de�nitions, the form ula pop(push(x, s)) = s is pro v able.

3.9 Abstract Datat yp es: Stac ks

In this section w e describ e one of the more p o w erful features of the PVS language: abstract

datat yp es. W e will once again b e using stac ks for illustrativ e purp oses.

The abstract stacks theory of Section 3.2 con tains axioms pro viding the usual algebraic

sp eci�cation of stac ks. Ho w ev er, PVS has a mec hanism for automatically generating a com-

plete axiomatization for suc h a theory from a v ery succinct description. Th us an alternativ e

sp eci�cation for stac ks w ould b e

stack [t: TYPE]: DATATYPE

BEGIN

empty: emptystack?

push(top: t, pop: stack) : nonemptystack?

END stack

Notice that the k eyw ord DATATYPE distinguishes this from an ordinary THEORY . In this sp ec-

i�cation, empty and push are c onstructors , top and pop are ac c essors , and emptystack? and

nonemptystack? are r e c o gnizers of the parameterized stack t yp e. In addition to generating

the signatures giv en in the previous stacks theory , this sp eci�cation automatically generates

a new theory (and �le) called stack adt con taining

35

:

� Extensionalit y axioms for the constructors, e.g. ,

stack_push_extensi onali ty: AXIOM

(FORALL (nonemptystack?_va r: (nonemptystack?) ,

nonemptystack?_va r2: (nonemptystack? )):

top(nonemptystack? _var) = top(nonemptystac k?_va r2)

AND pop(nonemptystack ?_var ) = pop(nonemptysta ck?_v ar2)

IMPLIES nonemptystack?_var = nonemptystack?_v ar2);

34

A sligh tly abbreviated form of the LAMBDA expression:

(LAMBDA (i|i<size(n s) -1) : elements( ns) (i) )

is also p ossible. T o appreciate the subtlet y of this example, note the considerable care necessary when

constructing a new record of t yp e stack to insure that the domains of elements matc h prop erly .

35

Disjoin tness and inclusion axioms are not explicitly generated, but are built in to the pro v er (principall y

through the seman tics of induction and the case construct).
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� An eta axiom:

stack_push_eta: AXIOM

(FORALL (nonemptystack?_var : (nonemptystack?)) :

push(top(nonemptyst ack?_ var), pop(nonemptystack? _var) )

= nonemptystack?_ var);

� Accessor/constructor axioms, e.g. ,

stack_pop_push: AXIOM

(FORALL (push1_var: t, push2_var: stack):

pop(push(push1_var , push2_var)) = push2_var);

� An induction sc heme:

stack_induction: AXIOM

(FORALL (p: [stack -> boolean]):

p(empty) AND

(FORALL (push1_var: t, push2_var: stack):

p(push2_var) IMPLIES p(push(push1_var , push2_var)))

IMPLIES (FORALL (stack_var: stack): p(stack_var)));

� F unctions distributing predicates o v er the stac k base t yp e

36

:

every(p: PRED[t])(a: stack): boolean =

CASES a OF

empty: TRUE,

push(push1_var, push2_var):

p(push1_var) AND every(p)(push2_var )

ENDCASES

some(p: PRED[t])(a: stack): boolean =

CASES a OF

empty: FALSE,

push(push1_var, push2_var):

p(push1_var) OR some(p)(push2_var)

ENDCASES

� A subterm function:

<<(x: stack, y: stack): boolean =

CASES y OF

empty: FALSE,

push(push1_var, push2_var): x = push2_var OR x << push2_var

ENDCASES

� A w ell-foundedness axiom:

stack_well_founded : AXIOM well_founded?[sta ck]( <<);

� A recursiv e com binator

37

:

36

These functions are a v ailable b oth in curried form (sho wn ab o v e) and uncurried form.

37

Another function, reduce ordinal , that reduces a stac k to an ordinal rather than a natural n um b er is

also generated.
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reduce_nat(empty stac k?_fu n: nat, nonemptystack?_f un: [[t, nat] -> nat]):

[stack -> nat] =

LAMBDA (stack_var: stack):

CASES stack_var OF

empty: emptystack?_fun,

push(push1_var, push2_var):

nonemptystack?_fun( push1 _var,

reduce_nat(emptystac k?_f un,

nonemptystack?_ fun)

(push2_var))

ENDCASES

The recursiv e com binator allo ws the sp eci�cation of functions suc h as length

38

:

length(s:stack): nat =

reduce_nat(0, (LAMBDA (x:t, n:nat): n + 1))(s)

� In addition to the recursiv e com binator used ab o v e (whic h is sp ecialized to the con-

struction of measure functions), a fully general recursiv e com binator is generated in a

separate parameterized theory named stack adt reduce .

� Another separate parameterized theory , pro viding a mapping function on stac ks, is

also generated

39

:

stack_adt_map[t: TYPE, t1: TYPE]: THEORY

BEGIN

IMPORTING stack_adt

map(f: [t -> t1])(a: stack[t]): stack[t1] =

CASES a OF

empty: empty[t1],

push(push1_var, push2_var):

push[t1](f(push1_v ar), map(f)(push2_var))

ENDCASES

END stack_adt_map

3.10 Abstract Datat yp es: T erms

More complicated examples of abstract datat yp es ma y b e giv en. F or example, an abstract

term structure ma y b e de�ned as b elo w

term [id, varid: TYPE] : DATATYPE

BEGIN

const(cid: id): const?

variable(vid : varid) : var?

lamb(bnd:(var?), body:term) : lamb?

38

In order to preserv e soundness, PVS requires all user-de�ned recursiv e functions to include a me asur e ,

whic h is used to generate termination conditions. The primary use of the recursiv e com binator is to build

measure functions for recursiv e de�nitions. (Measure functions themselv es cannot usually b e de�ned b y

recursiv e de�nitions, since those de�nitions require an existing measure function.)

39

The map function is also a v ailable in curried form (sho wn ab o v e) and uncurried form.
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app(op: term, args: list[term]): app?

END term

Note that the args accessor is of t yp e list[term] . There are restrictions on the t yp es

allo w ed for accessors; in this case the only allo w able t yp es a v ailable for accessors in v olving

the t yp e term are: term , list[term] , setof[term] , sequence[term] , or pred[term] . There is

no restriction on t yp e expressions that do not reference term . Some of the axioms generated

for abstract datat yp es are mo di�ed when accessors are of complex t yp es; here, in particular,

the induction axioms and recursiv e com binators generated are mo di�ed to handle the list

argumen t.

4 The PVS Pro of Chec k er

The PVS Pro of Chec k er is also referred to as an in teractiv e theorem pro v er. It is m uc h more

automated than the lo w-lev el \pro of editors" that supp ort some sp eci�cation notations, but

op erates under the user's direction and is therefore more con trollable than purely automatic

theorem pro v ers.

4.1 In tro duction

Just as w e execute programs to c hec k if they return the desired result, w e sub ject high-

lev el functional descriptions of a system to c hallenges b y demanding pro ofs of desirable

prop erties. W e call suc h c hallenges putative the or ems . Here are some simple examples:

� If a function that rev erses a list has b een correctly sp eci�ed, then w e should b e able

to pro v e that w e get the original list b y rev ersing a list t wice.

� When a train is allo w ed in to a railroad crossing the gates m ust b e do wn.

� If the op erational seman tics is correct, then it should conform to the denotational

seman tics.

The p oin t of these c hallenges is that the pro cess of pro ving putativ e theorems quic kly

highligh ts the gaps, errors, and inadequacies in the functional description. In some cases,

suc h a pro of could also pro v e that the system as describ ed meets its complete sp eci�cation,

in other w ords, that it is c orr e ct . But it is the rare pro of that succeeds. The t ypical pro of

attempt fails, but suc h failure usually yields v aluable insigh ts that can b e used to correct

o v ersigh ts in the sp eci�cation or form ulation of the c hallenge. A useful automated pro of

assistan t m ust therefore pla y the role of an in telligen t but implacable sk eptic in rejecting an y

argumen t that is not en tirely w atertigh t. F urthermore, in rejecting these argumen ts, suc h

a sk eptic m ust pinp oin t the source of the failure so that the argumen t can b e corrected and

the dialogue resumed. The PVS pro of c hec k er is in tended to serv e as the sk eptical part y

in suc h a dialogue. The user supplies the steps in the argumen t and PVS applies them

to the goal of the pro of progressiv ely breaking them in to simpler subgoals or to ob vious

truths or falseho o ds. If all of the subgoals are reduced to ob vious truths, the pro of attempt
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has succeeded. Otherwise, the pro of attempts fails either b ecause the argumen t or the

conjecture is incorrect.

The cen tral design assumptions in PVS are therefore that

� The purp ose of an automated pro of c hec k er is not merely to pro v e theorems but also to

pro vide useful feedbac k from failed and partial pro ofs b y serving as a rigorous sk eptic.

� The most straigh tforw ard mec hanizable criterion for a rigorous argumen t is that of a

formal pro of.

� Automation serv es to minimize the tedious asp ects of formal reasoning while main-

taining a high lev el of accuracy in the b o ok-k eeping and formal manipulations.

� Automation should also b e used to capture rep etitiv e patterns of argumen tation.

� The end pro duct of a pro of attempt should b e a pro of that, with only a small amoun t

of w ork, can b e made h umanly readable so that it can b e sub jected to the so cial

pr o c ess of mathematical scrutin y .

In follo wing these design assumptions, the PVS pro of c hec k er is more automated than

a lo w-lev el pro of c hec k er suc h as A UTOMA TH [dB80], LCF [GMW79], Nuprl [Const86],

Co q [CH85], and HOL [Gor88], but pro vides more user con trol o v er the structure of the

pro of than highly automated systems suc h as Nqthm [BM79, BM88] and Otter [McC90].

W e feel that the lo w-lev el systems o v er-emphasize the formal correctness of pro ofs at the

exp ense of their cogency , and the highly automated systems emphasize theorems at the

exp ense of their pro ofs.

What is un usual ab out PVS is the exten t to whic h asp ects of the language, the t yp e-

c hec k er, and pro of c hec k er are in tert wined. The t yp ec hec k er in v ok es the pro of c hec k er

in order to disc harge pro of obligations that arise from t yp ec hec king expressions in v olving

predicate subt yp es or dep enden t t yp es. The pro of c hec k er also mak es hea vy use of the

t yp ec hec k er to ensure that all expressions in v olv ed in a pro of are w ell-t yp ed. This use of

the t yp ec hec k er can also generate pro of obligations that are either disc harged automatically

or are presen ted as additional subgoals. Sev eral asp ects of the language, particularly the

t yp e system, are built in to the pro of c hec k er. These include the automatic use of t yp e

constrain ts b y the decision pro cedures, the simpli�cations giv en b y the abstract datat yp e

axioms, and forms of b eta-reduction and extensionalit y , Another less un usual asp ect of

PVS is the exten t to whic h decision pro cedures in v olving equalities and linear arithmetic

inequalities are emplo y ed.

40

The most direct consequence of this is that the trivial, ob vious,

or tedious parts of the pro of are often en tirely hidden from the displa y ed pro of so that the

user can fo cus on the in tellectually demanding parts of the pro of, and the resulting pro of

is also easier to read.

As with m uc h else in PVS, the implemen tation philosoph y of the pro of c hec k er has b een

guided b y the 80-20 rule, namely that 80% of the functionalit y of a nearly p erfect system

can b e built with 20% of the e�ort, and the remaining 20% of the functionalit y can tak e

40

The On tic system [McA89] is a pro of c hec k er where decision pro cedures are ubiquitousl y used.

Nqthm [BM79, BM88], Ev es [PS89], and IMPS [F GT91] also rely hea vily on the use of decision pro cedures.
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up the remaining 80% of the e�ort. PVS attempts to pro vide m uc h of the 80% of the

functionalit y that is easily implemen ted. Eac h PVS pro of commands p erforms the function

that, in our exp erience, is t ypically required of it. T o some reasonable exten t, the less t ypical

functionalit y can b e obtained b y pro viding optional argumen ts to these pro of commands.

In at ypical instances, the burden of carrying out some manipulation falls squarely on the

user. Ev en in these instances, it is not to o tedious to ac hiev e one's ends with the existing

pro of commands in some fairly simple w a ys. The reader should let us kno w if an y of our

design decisions are found to b e ill-considered.

In order to learn ho w to use the PVS pro of c hec k er, one m ust �rst understand the

sequen t represen tation used b y PVS to represen t pro of goals, the commands used to mo v e

around and undo parts of the pro of tree, and the commands used to get help. One m ust

then understand the syn tax and e�ects of pro of commands used to build pro ofs. Man y

of these commands are extremely p o w erful ev en in their simplest usage. Sev eral of these

commands can b e more carefully directed b y supplying them with one or more optional

argumen ts. The adv anced user will also need to understand ho w to de�ne pro of strategies

that capture rep etitiv e patterns of pro of commands, and commands used for displa ying,

editing, and repla ying pro ofs.

Section 4.2 pro vides the basic information needed to get started with the PVS pro of

c hec k er. The remaining sections giv e a collection of t ypical examples of ho w the pro of

c hec k er is used. The PVS Pro of Chec k er Reference Man ual [SOR93] con tains detailed

descriptions of the PVS pro of commands.

4.2 Preliminarie s

Sequen t Represen tation of Pro of Goals. Eac h goal or subgoal in a PVS pro of attempt

is a sequen t of the form � ` �, where � is a sequence of ante c e dent form ulas and � is a

sequence of c onse quent form ulas. The actual displa y ed form of a PVS sequen t is

f -1 g A

1

f -2 g A

2

[-3] A

3

.

.

.

|-------

[1] B

1

f 2 g B

2

f 3 g B

3

.

.

.

where eac h A

i

is an an teceden t form ula and eac h B

i

is a consequen t form ula. The in tuitiv e

reading of suc h a sequen t is as the form ula

( A

1

^ A

2

^ A

3

^ : : : ) � ( B

1

_ B

2

_ B

3

_ : : : ) :

Note that the an teceden t form ulas are n um b ered with negativ e in tegers and the consequen t

form ulas with p ositiv e in tegers. These n um b erings are used in directing the PVS pro of
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commands. If a form ula n um b er n app ears as [ n ] in the sequen t, it is an indication that

the form ula w as una�ected b y the pro of step that created the sequen t. It is a go o d heuristic

is to examine the new form ulas ( i.e. , the form ulas whose n um b er app ears as f n g ) in the

sequen t to form ulate the next pro of step.

Starting and Quitting Pro ofs. As indicated earlier, the PVS Emacs command M-x

pr initiates a pro of with the cursor on the form ula to b e pro v ed. This brings up the *pvs*

bu�er with the goal sequen t and a Rule? prompt. T yping the PVS Emacs command M-x

help-pvs-prover brings up help on the pro v er commands. T o quit out of an existing pro of

attempt, t yp e q or quit at the Rule? prompt. Y ou will b e ask ed whether y ou wish to sa v e

the partial pro of. Remem b er that if y ou answ er yes , the old pro of will b e o v erwritten, and

if y ou answ er no , y ou will lose the partial pro of that y ou ha v e dev elop ed up to this p oin t.

Since PVS pro of construction is carried out in a Lisp bu�er, there is a small c hance that

y ou could �nd y ourself at a Lisp breakp oin t with a ` -> ' prompt. T yping (restore) at this

p oin t should almost alw a ys tak e y ou bac k to the nearest sensible pro of goal and a Rule?

prompt.

The Structure of PVS Pro ofs. In the course of a pro of, PVS builds up a tree of

sequen ts where eac h sequen t is a subgoal generated from its paren t sequen t b y a PVS pro of

command. A t an y p oin t in a pro of attempt, the con trol is at a leaf sequen t of suc h a pro of

tree. A t this p oin t a PVS pro of command can either

� cause con trol to b e transferred to next pro of sequen t in the tree ( postpone )

� undo a subtree b y causing con trol to mo v e up to some ancestor no de in the pro of tree

( undo )

� pro v e the curr ent se quent causing con trol to mo v e to the next remaining leaf sequen t

in the tree

� generate subgoals so that con trol mo v es to the �rst of these subgoals, or

� lea v e the pro of tree unc hanged while pro viding some useful status information.

A pro of is completed when there are no remaining unpro v ed leaf sequen ts in the pro of

tree. The resulting pro of is sa v ed and can b e edited and rerun on the same or a di�eren t

conjecture.

4.3 Using the Pro of Chec k er

Prop ositional Pro of Commands

No w that w e ha v e gotten past the preliminaries, w e can lo ok at examples of some simple

in teractions with the PVS pro of c hec k er. W e start with the follo wing PVS theory named

propositions that declares three Bo olean constan ts A , B , and C , and states a theorem

named prop asserting that the conjunction of ( A � ( B � C )) and ( A � B ) and A implies C .
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propositio ns : THEORY

BEGIN

A, B, C: bool

prop: THEOREM (A IMPLIES (B IMPLIES C)) AND (A IMPLIES B) AND A

IMPLIES C

END propositio ns

The pro of script displa y ed b elo w is the result of t yping the PVS Emacs command M-x

pr on the form ula prop and t yping the inputs (sho wn in b old-face) in resp onse to the Rule?

prompt or to other queries from PVS. The (flatten) command eliminates the disjunctiv e

connectiv es in the form ula so as to 
atten the form ula out in to the sequen t. The next pro of

command (split) pic ks the �rst a v ailable conjunctiv e form ula, in this case (A IMPLIES

(B IMPLIES C)) , and generates the three subgoals resulting from the conjunctiv e splitting

of this form ula. PVS then observ es that the �rst of these subgoals is trivially true since it

has C in b oth the an teceden t and consequen t. The (split) command applied to the second

subgoal generates t w o further subgoals whic h are b oth recognized as b eing trivially true,

as is the remaining subgoal from the earlier (split) command. The pro of has no w b een

successfully completed generating the Q.E.D. message, and the new pro of is automatically

sa v ed. The system inquires whether the user w ould lik e to see an abbreviated v ersion of

the pro of whic h is then prin ted out follo wing the yes resp onse. F or space reasons, w e only

displa y a few lines of this prin tout in the script b elo w. The t w o timings prin ted out at the

end pro vide the mac hine time and the h uman time for the pro of attempt, resp ectiv ely . The

Emacs command M-x show-last-proof can b e used to bring up an abbreviated v ersion of

the most recen tly completed pro of that can b e used as a guide in dev eloping an informal

presen tation of the pro of. It displa ys the sequen ts at the branc h p oin ts in the pro of and

the commen tary in b et w een.

prop :

|-------

f 1 g (A IMPLIES (B IMPLIES C)) AND (A IMPLIES B) AND A IMPLIES C

Rule? (flatten)

Applying disjunctiv e simplific ati on to flatten sequent,

this simplifies to:

prop :

f -1 g (A IMPLIES (B IMPLIES C))

f -2 g (A IMPLIES B)

f -3 g A

|-------

f 1 g C

Rule? (split)

Splitting conjuncti ons ,

this yields 3 subgoals:

prop.1 :

f -1 g C
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[-2] (A IMPLIES B)

[-3] A

|-------

[1] C

which is trivially true.

This completes the proof of prop.1.

prop.2 :

[-1] (A IMPLIES B)

[-2] A

|-------

f 1 g B

[2] C

Rule? (split)

Splitting conjuncti ons ,

this yields 2 subgoals:

prop.2.1 :

f -1 g B

[-2] A

|-------

[1] B

[2] C

which is trivially true.

This completes the proof of prop.2.1.

prop.2.2 :

[-1] A

|-------

f 1 g A

[2] B

[3] C

which is trivially true.

This completes the proof of prop.2.2.

This completes the proof of prop.2.

prop.3 :

[-1] (A IMPLIES B)

[-2] A

|-------

f 1 g A

[2] C

which is trivially true.

This completes the proof of prop.3.

Q.E.D.

Run time = 0.52 secs.

Real time = 14.32 secs.
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Summary . The PVS Emacs command M-x pr is used to in v ok e the PVS pro of c hec k er.

Pro of goals are represen ted as sequen ts with the form ulas n um b ered. The command

(flatten) 
attens the top-lev el disjunctiv e structure of all of the sequen t form ulas so that

there are no disjunctiv e form ulas in the resulting subgoal sequen t. (V ariations: (flatten

*) is the same as (flatten) . (flatten +) 
attens only the consequen t form ulas, and

(flatten -) the an teceden t form ulas. (flatten -2 3 4) 
attens form ulas n um b ered -2 ,

3 , and 4 in the goal sequen t.) The command (split) pic ks the �rst top-lev el conjunctiv e

sequen t form ula and generates the subgoals that result from splitting this conjunction. As

with flatten , (split *) is the same as (split) , (split -) splits the �rst an teceden t con-

junction, (split +) the �rst consequen t conjunction, and (split -3) splits the form ula

n um b ered -3 .

With the same example, w e can no w attempt to rep eat the pro of in order to explore

some other commands. When w e no w t yp e M-x pr at the form ula prop in the theory

proposition , PVS informs us that the form ula has already b een pro v ed and asks whether

w e wish to retry pro ving the form ula. If w e resp ond that w e do, then PVS inquires whether

the existing pro of should b e rerun. If w e c ho ose to rerun the existing pro of, the follo wing

script is automatically generated.

prop :

|-------

f 1 g (A IMPLIES (B IMPLIES C)) AND (A IMPLIES B) AND A IMPLIES C

Rerunning step: (FLATTEN)

Applying disjunctive simplifica tio n to flatten sequent,

this simplifies to:

prop :

f -1 g (A IMPLIES (B IMPLIES C))

f -2 g (A IMPLIES B)

f -3 g A

|-------

f 1 g C

Rerunning step: (SPLIT)

Splitting conjunctio ns,

this yields 3 subgoals:

prop.1 :

f -1 g C

[-2] (A IMPLIES B)

[-3] A

|-------

[1] C

which is trivially true.

This completes the proof of prop.1.

.

.

.
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Summary . Pro ofs can b e rerun b y resp onding suitably to the mini-bu�er query when

M-x pr is in v ok ed on a form ula that has a pro of or a partial pro of. Another w a y to rerun

the existing pro of is to t yp e (rerun) as the �rst step in a man ual pro of.

W e can retry the same example to explore some further pro of commands. In this v ersion,

w e c ho ose not to rerun the existing pro of. T yping the inappropriate command (split)

results in No change to the pro of state since there is no top lev el conjunctiv e form ula in the

sequen t. W e then t yp e (flatten) whic h 
attens the form ula follo w ed b y (split) whic h

generates three subgoals, the �rst of whic h is trivially true. W e then t yp e (postpone)

at the second subgoal. This causes the con trol to shift to the third subgoal whic h is also

trivially true. The con trol no w returns to the second subgoal. A further (postpone) brings

us bac k to the same subgoal since there are no other p ending subgoals. A t this p oin t, w e

simply c ho ose to quit the pro of b y t yping q at the Rule? prompt. A t the query , w e c ho ose

to sa v e the partial pro of from the curren t pro of attempt.

prop :

|-------

f 1 g (A IMPLIES (B IMPLIES C)) AND (A IMPLIES B) AND A IMPLIES C

Rule? (split)

No change on: (SPLIT)

prop :

|-------

f 1 g (A IMPLIES (B IMPLIES C)) AND (A IMPLIES B) AND A IMPLIES C

Rule? (flatten)

Applying disjunctiv e simplific ati on to flatten sequent,

this simplifies to:

prop :

f -1 g (A IMPLIES (B IMPLIES C))

f -2 g (A IMPLIES B)

f -3 g A

|-------

f 1 g C

Rule? (split)

Splitting conjuncti ons ,

this yields 3 subgoals:

prop.1 :

f -1 g C

[-2] (A IMPLIES B)

[-3] A

|-------

[1] C

which is trivially true.

This completes the proof of prop.1.

prop.2 :

[-1] (A IMPLIES B)

[-2] A

|-------
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f 1 g B

[2] C

Rule? (postpone )

Postponing prop.2.

prop.3 :

[-1] (A IMPLIES B)

[-2] A

|-------

f 1 g A

[2] C

which is trivially true.

This completes the proof of prop.3.

prop.2 :

[-1] (A IMPLIES B)

[-2] A

|-------

f 1 g B

[2] C

Rule? (postpone )

Postponing prop.2.

prop.2 :

[-1] (A IMPLIES B)

[-2] A

|-------

f 1 g B

[2] C

Rule? q

Do you really want to quit? (Y or N): y

Would you like the partial proof to be saved?

(***Old proof will be overwritten .** *)

(Yes or No) yes

Use M-x revert-proo f to revert to previous proof.

Run time = 0.77 secs.

Real time = 22.63 secs.

W e can again t yp e M-x pr and this time w e can rerun the partial pro of that w e sa v ed.

Notice that w e are bac k at the subgoal where w e quit the pro of since this is the only

un�nished subgoal in the pro of.

Summary . The command (postpone) is used to na vigate cyclically around the unpro v ed

subgoals in a pro of. The PVS Emacs command M-x siblings displa ys all those subgoals

that share the same paren t goal as the curren t subgoal in the pro of. The PVS Emacs

command M-x ancestry displa ys the c hain of goals leading bac k from the curren t goal

bac k to the ro ot no de of the pro of tree. A q or quit can b e used to quit out of a pro of-

in-progress with the option of sa ving the partial pro of. If a previous pro of is o v erwritten
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as a result, then the PVS Emacs command M-x revert-proof can b e used to reco v er the

earlier pro of. The PVS Emacs command M-x show-proof can b e used to displa y a pro of

in progress in suc h a w a y that parts of it can b e edited and used as input to the rerun

pro of command. The PVS Emacs command M-x edit-proof with the cursor p ositioned

on a form ula in a theory brings up a bu�er con taining the pro of of the form ula displa y ed

as a tree of commands. This displa y ed pro of can also b e edited and rerun.

Quan ti�er Pro of Commands

W e no w consider a simple example in v olving quan ti�ers displa y ed in the theory predicate

b elo w.

predicate: THEORY

BEGIN

T : TYPE

x, y, z: VAR T

P, Q : [T -> bool]

pred_calc: THEOREM

(FORALL x: P(x) AND Q(x))

IMPLIES (FORALL x: P(x)) AND (FORALL x: Q(x))

END predicate

The pro of script for this example starts with the application of (flatten) to the giv en

conjecture follo w ed b y the (split) command to break the consequen t conjunction. In

the �rst branc h of the pro of, w e use the (skolem) command to replace the univ ersally

quan ti�ed v ariable x in the consequen t form ula n um b ered 1 with the (Sk olem) constan t X ,

where X is new ( i.e. , undeclared) in the presen t con text. The next step is to instan tiate the

univ ersally quan ti�ed v ariable x in the an teceden t form ula n um b ered -1 with the constan t

X using the (inst) command. The �rst branc h of the pro of is then easily completed b y

prop ositional reasoning. Note that the t w o quan ti�er steps, skolem and inst , only a�ect

the outermost quan ti�er of a form ula in the sequen t. Also, univ ersally quan ti�ed v ariables

in consequen t form ulas are replaced b y new constan ts, whereas an teceden t univ ersally quan-

ti�ed v ariables are instan tiated with terms. Existen tially quan ti�ed v ariables b eha v e dually .

The second branc h of the pro of emplo ys minor v arian ts of the skolem and inst . Here the

(skolem!) command pic ks the �rst \sk olemizable" sequen t form ula and replaces the quan-

ti�ed v ariables with in ternally generated constan ts (con taining exclamations). The (inst?)

command pic ks the �rst instan tiable sequen t form ula and tries to �nd an instan tiation for

the quan ti�ed v ariables b y matc hing against the rest of the sequen t.

pred_calc :

|-------

f 1 g (FORALL x: P(x) AND Q(x)) IMPLIES (FORALL x: P(x)) AND (FORALL x: Q(x))

Rule? (flatten)
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Applying disjunctive simplifica tio n to flatten sequent,

this simplifies to:

pred_calc :

f -1 g (FORALL x: P(x) AND Q(x))

|-------

f 1 g (FORALL x: P(x)) AND (FORALL x: Q(x))

Rule? (split)

Splitting conjunctio ns,

this yields 2 subgoals:

pred_calc .1 :

[-1] (FORALL x: P(x) AND Q(x))

|-------

f 1 g (FORALL x: P(x))

Rule? (skolem 1 "X")

For the top quantifier in 1, we introduce Skolem constants: X

this simplifies to:

pred_calc .1 :

[-1] (FORALL x: P(x) AND Q(x))

|-------

f 1 g P(X)

Rule? (inst -1 "X")

Instantia tin g the top quantifie r in -1 with the terms:

X

this simplifies to:

pred_calc .1 :

f -1 g P(X) AND Q(X)

|-------

[1] P(X)

Rule? (prop)

By propositiona l simplificati on ,

This completes the proof of pred_calc .1.

pred_calc .2 :

[-1] (FORALL x: P(x) AND Q(x))

|-------

f 1 g (FORALL x: Q(x))

Rule? (skolem!)

Skolemizi ng,

this simplifies to:

pred_calc .2 :

[-1] (FORALL x: P(x) AND Q(x))

|-------

f 1 g Q(x!1)

Rule? (inst?)

Found substitutio n:

x gets x!1,

Instantia tin g quantifie d variables ,

this simplifies to:

pred_calc .2 :

f -1 g P(x!1) AND Q(x!1)
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|-------

[1] Q(x!1)

Rule? (prop)

By propositiona l simplificati on ,

This completes the proof of pred_calc .2.

Q.E.D.

Summary . The command (skolem 1 "X") is used to in tro duce a new constan t X in

place of the univ ersally quan ti�ed v ariable in the form ula n um b ered 1 . (skolem 1 ("X"

" " "Z")) is to b e used if there are three v ariables b ound b y the univ ersal quan ti�er and

only the �rst and third are to b e replaced b y constan ts. (skolem + "X") carries out the

sk olemization step for the �rst consequen t univ ersally quan ti�ed form ula, and (skolem -

"X") for the �rst an teceden t existen tially quan ti�ed form ula. The v ariations of the instan-

tiation command inst are similar to those of skolem . The command forms (skolem!) ,

(skolem! 1) , (skolem! -) , etc., are v arian ts of skolem where the new constan t names

are in ternally generated. The command (inst?) is a v ersion of inst that tries to �nd

a matc hing substitution for a c hosen quan ti�ed form ula. It can also b e supplied a partial

substitution to disam biguate the matc hing pro cess as in (inst? - :subst ("x" "X")) .

Both inst and inst? tak e an optional :copy? argumen t that can b e giv en as T in order

to retain a cop y of the original quan ti�ed form ula in the sequen t in case further instances

of the form ula are needed, as in (inst + ("x" "X") :copy? T) . The PVS rule inst-cp

is a v ersion of the inst that automatically copies the quan ti�ed form ula, and inst is the

non-cop ying v arian t. Note that optional argumen ts to PVS pro of commands can b e giv en

b y order or b y k eyw ord. T o �nd out the order, the k eyw ords, and defaults for eac h of the

pro of commands, use M-x help-pvs-prover .

Decision Pro cedures

The equalit y and linear inequalit y decision pro cedures are the w orkhorses of almost an y

non trivial PVS pro of. The theory decisions displa y ed b elo w illustrates some of the

p o w er of these decision pro cedures. The form ulas mark ed THEOREM are those that can

b e pro v ed using the decision pro cedures, and the ones mark ed CONJECTURE are either true

but cannot b e pro v ed solely b y the decision pro cedures (lik e badarith1 ) or false (lik e

badarith and badarith2 ) and hence unpro v able. The reader should in v ok e M-x pr on

eac h of the form ulas in decisions and t yp e either (then (skolem!)(ground)) or (then*

(skolem!)(flatten)(assert) ) to the Rule? prompt to observ e the e�ects of the decision

pro cedures. The command assert is used to either record equalit y or inequalit y informa-

tion in to the data-structures used b y the decision pro cedures, or to simplify prop ositional or

IF-THEN-ELSE structures in a form ula, or carry out the automatic rewrites (to b e describ ed

b elo w). The command (ground) is a com bination of (prop) and (assert) .
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decisions: THEORY

BEGIN

x,y,v: VAR number

f: [number -> number]

eq1: THEOREM x = f(x) IMPLIES f(f(f(x))) = x

g : [number, number -> number]

eq2: THEOREM x = f(y) IMPLIES g(f(y + 2 - 2), x + 2) = g(x, f(y) + 2)

arith: THEOREM %Proved by decision procedures

x < 2*y AND y < 3*v IMPLIES 3*x < 18*v

badarith: CONJECTURE %Not proved; statement is false.

x < 2*y AND y < 3*v IMPLIES 3*x < 17*v

badarith1: CONJECTURE %Not proved; statement true but non-linea r

x<0 AND y<0 IMPLIES x*y>0

i, j, k: VAR int

intarith: THEOREM %Proved by decision procedures

2*i < 5 AND i > 1 IMPLIES i = 2

badarith2: CONJECTURE %Not proved; stmt. true of integers but not reals.

2*x < 5 AND x > 1 IMPLIES x = 2

range : THEOREM %Proved by decision procedure s

i > 0 AND i < 3 IMPLIES i = 1 OR i = 2

END decisions

W e no w consider an example pro of that further illustrates the use of decision pro cedures.

The theory stamps b elo w con tains the form ula asserting that an y p ostage requiremen t of

8 cen ts or more can b e met solely with 3 and 5 cen t stamps, i.e. , is the sum of some m ultiple

of 3 and some m ultiple of 5.

stamps: THEORY

BEGIN

i, three, five: VAR nat

stamps: LEMMA (FORALL i: (EXISTS three, five: i + 8 = 3 * three + 5 * five))

END stamps

In abstract terms, the pro of pro ceeds b y induction on i . In the base case, when i is 0 ,

the left-hand side is 8. Letting m and n b oth b e 1 ful�lls the equalit y . In the induction case,

w e kno w that that i + 8 can b e expressed as 3*M + 5*N for some M and N and w e need

to �nd m and n suc h that i + 8 + 1 is 3*m + 5*n . If N = 0 , then M is at least 3 . W e then

let m b e M - 3 and n b e 2 , i.e. , w e remo v e three 3 cen t stamps and add t w o 5 cen t stamps

to get p ostage w orth i + 8 + 1 . If N > 0 , then w e simply remo v e a 5 cen t stamp and add

t w o 3 cen t stamps to pro v e the induction conclusion.
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In the pro of script b elo w, the �rst command (induct "i") directs PVS to use induction

on i . PVS deduces from the t yp e nat of i that natural n um b er induction is to b e used

and form ulates an induction predicate based on the form ula n um b er 1 in the sequen t. The

command induct , lik e prop and ground , is a comp ound step or a pr o of str ate gy . Tw o

subgoals are generated corresp onding to the base and induction cases. In the base case,

the inst command is used to instan tiate three with 1 and five with 1 . The decision

pro cedures are in v ok ed to pro v e the resulting trivial arithmetic equalit y . In the induction

case, the skolem command follo w ed b y flatten results in a sequen t con taining the induction

h yp othesis in its an teceden t and the conclusion in its consequen t part. The witnesses

corresp onding to the induction h yp othesis are pro duced b y the skolem! command. The

case-split according to five!1 = 0 is created b y the case command. In the �rst five!1 =

0 case, w e instan tiate the existen tial quan ti�ers in the conclusion as required b y the abstract

pro of. Since the b ound v ariable three has t yp e nat (whic h is a subt yp e of the integer

t yp e consisting of the non-negativ e in tegers), the inst command generates a second (t yp e

correctness) subgoal demanding pro of that three!1 - 3 is at least 0 . Both subgoals are

disc harged through the use of assert . In the case when five!1 = 0 is false, note that the

assumption of falsit y is indicated b y the form ula five!1 = 0 app earing in the consequen t

part of the goal sequen t. W e no w follo w an approac h that is sligh tly di�eren t from that of

the previous branc h; w e use assert at this p oin t. This has no visible e�ect on the sequen t

to b e pro v ed, but the falsit y of five!1 = 0 is noted b y the decision pro cedures for use

deep er in the pro of. No w note that the inst command instan tiating five with five!1 -

1 do es not generate the t yp e correctness subgoal that w as generated in the previous branc h

since the decision pro cedures w ere able to automatically demonstrate that five!1 - 1 w as

non-negativ e from the kno wn information.

stamps :

|-------

f 1 g (FORALL i: (EXISTS three, five: i + 8 = 3 * three + 5 * five))

Rule? (induct "i")

Inducting on i,

this yields 2 subgoals:

stamps.1 :

|-------

f 1 g (EXISTS (three: nat), (five: nat): 0 + 8 = 3 * three + 5 * five)

Rule? (inst 1 1 1)

Instantiati ng the top quantifier in 1 with the terms:

1, 1,

this simplifies to:

stamps.1 :

|-------

f 1 g 0 + 8 = 3 * 1 + 5 * 1

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of stamps.1.

stamps.2 :
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|-------

f 1 g (FORALL (j: nat):

(EXISTS (three: nat), (five: nat): j + 8 = 3 * three + 5 * five)

IMPLIES

(EXISTS (three: nat), (five: nat):

j + 1 + 8 = 3 * three + 5 * five))

Rule? (skolem + "JJ")

For the top quantifier in +, we introduce Skolem constants : JJ,

this simplifies to:

stamps.2 :

|-------

f 1 g (EXISTS (three: nat), (five: nat): JJ + 8 = 3 * three + 5 * five)

IMPLIES

(EXISTS (three: nat), (five: nat):

JJ + 1 + 8 = 3 * three + 5 * five)

Rule? (flatten)

Applying disjunctiv e simplific ati on to flatten sequent,

this simplifies to:

stamps.2 :

f -1 g (EXISTS (three: nat), (five: nat): JJ + 8 = 3 * three + 5 * five)

|-------

f 1 g (EXISTS (three: nat), (five: nat): JJ + 1 + 8 = 3 * three + 5 * five)

Rule? (skolem!)

Skolemizing ,

this simplifies to:

stamps.2 :

f -1 g JJ + 8 = 3 * three!1 + 5 * five!1

|-------

[1] (EXISTS (three: nat), (five: nat): JJ + 1 + 8 = 3 * three + 5 * five)

Rule? (case "five!1 = 0")

Case splitting on

five!1 = 0,

this yields 2 subgoals:

stamps.2.1 :

f -1 g five!1 = 0

[-2] JJ + 8 = 3 * three!1 + 5 * five!1

|-------

[1] (EXISTS (three: nat), (five: nat): JJ + 1 + 8 = 3 * three + 5 * five)

Rule? (inst + "three!1 - 3" 2)

Instantiati ng the top quantifier in + with the terms:

three!1 - 3, 2,

this yields 2 subgoals:

stamps.2.1. 1 :

[-1] five!1 = 0

[-2] JJ + 8 = 3 * three!1 + 5 * five!1

|-------

f 1 g JJ + 1 + 8 = 3 * (three!1 - 3) + 5 * 2

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of stamps.2.1. 1.
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stamps.2.1. 2 (TCC):

[-1] five!1 = 0

[-2] JJ + 8 = 3 * three!1 + 5 * five!1

|-------

f 1 g three!1 - 3 >= 0

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of stamps.2.1. 2.

This completes the proof of stamps.2.1.

stamps.2.2 :

[-1] JJ + 8 = 3 * three!1 + 5 * five!1

|-------

f 1 g five!1 = 0

[2] (EXISTS (three: nat), (five: nat): JJ + 1 + 8 = 3 * three + 5 * five)

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

this simplifies to:

stamps.2.2 :

f -1 g 8 + JJ = 5 * five!1 + 3 * three!1

|-------

[1] five!1 = 0

f 2 g (EXISTS (three: nat), (five: nat): 9 + JJ = 5 * five + 3 * three)

Rule? (inst + "three!1 + 2" "five!1 - 1")

Instantiati ng the top quantifier in + with the terms:

three!1 + 2, five!1 - 1,

this simplifies to:

stamps.2.2 :

[-1] 8 + JJ = 5 * five!1 + 3 * three!1

|-------

[1] five!1 = 0

f 2 g 9 + JJ = 5 * (five!1 - 1) + 3 * (three!1 + 2)

Rule? (assert)

Simplifying , rewriting , and recording with decision procedure s,

This completes the proof of stamps.2.2.

This completes the proof of stamps.2.

Q.E.D.

Summary . PVS pro ofs mak e hea vy use of decision pro cedures to simplify tedious equal-

it y and arithmetic reasoning so that the n um b er of trivial subgoals can b e minimized and to

k eep the sequen t form ulas simple. The equalit y decision pro cedure emplo ys congruence clo-

sure to propagate equalit y information along the term structure to quic kly decide whether a
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sequen t con taining equalities and other prop ositions is true. An an teceden t form ula P that

is not an equalit y can b e treated as P = TRUE , and a consequen t form ula P as the equal-

it y P = FALSE . The assert rule is the most p o w erful form in whic h decision pro cedures

are applied. It is a com bination of the record rule whic h records sequen t form ulas in the

data-structures used b y the decision pro cedures, simplify whic h simpli�es branc hing and

prop ositional structure using the decision pro cedures, beta whic h b eta-reduces record, tu-

ple, function-up date, LAMBDA , and abstract datat yp e redexes, and do-rewrite whic h applies

the rewrites sp eci�ed b y auto-rewrite and auto-rewrite-theory .

The (case h f or mul a i

�

) command used in the ab o v e pro of is extremely useful for case-

splitting on a form ula. F or example, if there is no straigh tforw ard w a y to simplify a form ula

A to another form ula A

0

, then one can case-split on A

0

so that w e can use A

0

on one branc h

and pro v e it from A on the other branc h. The case command can also b e used to replace

a term s b y s

0

b y case-splitting on s = s

0

and using the replace pro of command (whic h is

not explained here) to carry out the replacemen t.

Using De�nitions and Lemmas

F or the purp ose of this discussion, w e use the follo wing v ery simple example of a recursiv e

function that halv es a giv en natural n um b er.

half: THEORY

BEGIN

i, j, k: VAR nat

half(i): RECURSIVE nat =

(IF i = 0 THEN 0 ELSIF i = 1 THEN 0 ELSE half(i - 2) + 1 ENDIF)

MEASURE (LAMBDA i: i)

half_halves : THEOREM half(2 * i) = i

half_half: THEOREM half(2 * half(2 * i)) = i

END half

W e sho w a segmen t of the pro of of half halves where the de�nition of half is expanded.

Notice that the �rst use of expand brings in an unsimpli�ed expansion of the de�nition of

half . When w e undo this pro of step and retry the same expand step follo wing an assert ,

not only is the expansion simpli�ed, but the equalit y is itself reduced to TRUE .

.

.

.

half_halv es. 2 :

f -1 g half(2 * J) = J

|-------

f 1 g half(2 * (J + 1)) = J + 1

Rule? (expand "half" +)
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Expanding the definitio n of half

this simplifies to:

half_halv es. 2 :

[-1] half(2 * J) = J

|-------

f 1 g (IF 2 * (J + 1) = 0 THEN 0 ELSE half(2 * (J + 1) - 2) + 1 ENDIF) = J + 1

Rule? (undo)

This will undo the proof to:

half_halv es. 2 :

f -1 g half(2 * J) = J

|-------

f 1 g half(2 * (J + 1)) = J + 1

Sure? (Y or N): y

half_halv es. 2 :

f -1 g half(2 * J) = J

|-------

f 1 g half(2 * (J + 1)) = J + 1

Rule? (assert)

Invoking decision procedures,

this simplifies to:

half_halv es. 2 :

[-1] half(2 * J) = J

|-------

[1] half(2 * (J + 1)) = J + 1

Rule? (expand "half" +)

Expanding the definitio n of half

this simplifies to:

half_halv es. 2 :

[-1] half(2 * J) = J

|-------

f 1 g TRUE

which is trivially true.

.

.

.

The rewrite command is an alternativ e to expand , though rewrite can b e used to

rewrite with b oth form ulas and de�nitions. In the script b elo w, the rewrite step replaces

the second of the ab o v e applications of expand . Notice that rewrite b eha v es sligh tly dif-

feren tly from expand , but it to o is sensitiv e to the facts recorded b y the decision pro cedures

from a previous assert .

.

.

.

half_halv es. 2 :

[-1] half(2 * J) = J

|-------

[1] half(2 * (J + 1)) = J + 1

Rule? (rewrite "half" +)
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Rewriting using half,

this simplifies to:

half_halv es. 2 :

[-1] half(2 * J) = J

|-------

f 1 g half(2 * (J + 1) - 2) + 1 = J + 1

Rule? (assert)

Invoking decision procedures,

This completes the proof of half_halv es. 2.

.

.

.

In summary , expand is used to expand de�nitions, and rewrite is used to rewrite using

de�nitions and form ulas. Both emplo y decision pro cedures for simpli�cation during rewrit-

ing. Decision pro cedures are also used to disc harge an y conditions (arising from a condi-

tional rewrite rule) and the t yp e-correctness conditions arising from the lemma instan tiation

applied b y rewrite . The expand step is the preferred w a y to expand de�nitions.

Other Commands. W e ha v e describ ed some t ypical commands, but ha v e not men tioned

man y others. A partial accoun t of some of those w e'v e omitted is giv en b elo w; a complete,

annotated list of pro v er commands can b e found in The PVS Pro v er Chec k er Reference

Man ual [SOR93]. The lemma command is used to bring in an instance of a lemma as an an-

teceden t sequen t form ula. The extensionality pro of command is similarly used to bring

in the extensionalit y sc heme giv en a suitable t yp e expression, i.e. , a function, record, or

tuple t yp e or an abstract datat yp e. The beta rule is used to carry out b eta-reduction of

redexes including those in v olving LAMBDA -abstraction, record access, tuple access, function

up dates, and datat yp e expressions. The command delete can b e used to drop irrelev an t

sequen t form ulas; hide is a more conserv ativ e form of delete where the form ula can b e

restored using the reveal command. The PVS Emacs command M-x show-hidden sho ws

the hidden form ulas. The command typepred can b e used to mak e the subt yp e predi-

cates on a giv en expression explicit as sequen t form ulas. The lift-if command lifts IF -

branc hing to the top-lev el of a sequen t form ula through F (IF A THEN s ELSE t ENDIF)

b eing transformed to (IF A THEN F ( s ) ELSE F ( t ) ENDIF) . The commands auto-rewrite

and auto-rewrite-theory are used to install rewrite rules to b e used automatically b y the

assert command.

Pro of Chec k er Pragmatics

The PVS pro ofs in the tutorial examples re
ect a v ery lo w lev el of automation and should b e

view ed merely as p edagogical exercises. The pro of c hec k er actually pro vides sev eral p o w erful

commands for the adv anced user that mak e it p ossible to v erify large classes of theorems

using only a small n um b er of steps. F or example, the grind command is usually a go o d

w a y to complete a pro of that only requires de�nition expansion, and arithmetic, equalit y ,

and quan ti�er reasoning. The decision pro cedure command assert is used v ery frequen tly
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since it do es simpli�cation, automatic rewriting, and records the sequen t form ulas in the

decision pro cedure database. The inst? command is the most e�ectiv e w a y to automatically

instan tiate quan ti�ers of existen tial strength. The induct-and-simplify command is a

p o w erful w a y to construct pro ofs b y induction. The commands induct-and-rewrite and

induct-and-rewrite! are v arian ts of induct-and-simplify . These induction commands

are able to automatically complete a fairly large class of induction pro ofs.

It is not necessary to master all the pro of commands in order to use the PVS pro of

c hec k er e�ectiv ely . In general, it is advisable to learn the most p o w erful commands �rst

and only rely on the simpler commands when the p o w erful ones fail. F or example, the

initial step in a pro of is usually sk olemization, and the preferred and most p o w erful form

here is skosimp* . Similarly , induct-and-simplify or one of its v arian ts should b e used to

initiate induction pro ofs.

T ypically , the creativ e c hoices in a pro of are:

1. The induction sc heme: One of the ab o v e induction commands should b e emplo y ed

here.

2. The case analysis: If the case analysis is not explicit in the prop ositional structure,

then it migh t b e implicit in an em b edded IF-THEN-ELSE or CASES structure in whic h

case the lift-if command should b e used to bring the case analyses to the surface of

the sequen t where they can b e prop ositionally simpli�ed. Otherwise, the case analysis

has to b e supplied explicitly using the case command.

3. The quan ti�er instan tiations: The instan tiation of an teceden t univ ersal and succeden t

existen tial quan ti�ers is done automatically b y the inst? command. When this fails,

the more man ual inst and inst-cp commands should b e used.

The bddsimp command is the most e�cien t w a y to do prop ositional simpli�cation, but

prop will do when e�ciency is not imp ortan t. Prop ositional simpli�cation has to b e used

with care b ecause it can generate man y subgoals that share the same pro of. The flatten

and split commands are used to do the prop ositional simpli�cation more delicately .

User-de�ned pr o of str ate gies , similar to the tactics and tacticals of LCF, can b e emplo y ed

b y more adv anced PVS users. A �le con taining de�nitions of basic strategies is distributed

with PVS and pro vides a go o d in tro duction to this topic. The PVS Pro v er Chec k er Ref-

erence Man ual [SOR93] can b e consulted for additional information on user-de�ned pro of

strategies.

Finally , it is helpful to b e familiar with the PVS prelude theories, whic h pro vide v ery

useful bac kground mathematics, as w ell as a ric h source of examples.

5 Tw o Hardw are Examples

In this �nal section, w e dev elop t w o hardw are examples that illustrate a more sophisti-

cated use of PVS and suggest the in tellectual disciplin e in v olv ed in sp ecifying and pro ving

industrial-strength applications. The pip elined micropro cessor and n-bit ripple-carry adder
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examples pro vide an opp ortunit y to touc h on mo deling issues, sp eci�cation st yles, and hard-

w are pro of strategies, as w ell as a c hance to review man y of the PVS language and pro v er

features describ ed in earlier sections of this tutorial.

41

5.1 A Pip elined Micropro cessor

W e �rst dev elop a complete pro of of a correctness prop ert y of the con troller logic of a

simple pip elined pro cessor design describ ed at a register-transfer lev el. The design and the

prop ert y v eri�ed are b oth based on the pro cessor example giv en in [BCM

+

90]. The example

has b een used as a b enc hmark for ev aluating ho w w ell �nite state-en umeration based to ols,

suc h as mo del c hec k ers, can handle datapath-orien ted circuits with a large n um b er of states

b y v arying the size of the datapath. F rom the p ersp ectiv e of a theorem pro v er, the size

of the datapath is irrelev an t b ecause the sp eci�cation and pro of are indep enden t of the

datapath size. As a theorem pro ving exercise, the c hallenge is to see if the pro of can b e

done as automatically as a mo del c hec k er pro of.

Informal Description

Figure 11 sho ws a blo c k diagram of the pip eline design. The pro cessor executes instructions

of the form (opcode src1 src2 dstn) , i.e., \destination register dstn in the register �le

REGFILE b ecomes some ALU function determined b y opcode of the con ten ts of source regis-

ters src1 and src2 . Ev ery instruction is executed in three stages (cycles) b y the pro cessor:

41

One p oin t w orth noting that ma y not b e apparen t in reading these examples is that the pro cess of

sp eci�cation and v eri�cation is an iterativ e one in whic h pro of is used not to certify a completed sp eci�cation,

but as an aid to dev eloping the sp eci�cation.
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Figure 11: A Pip elined Micropro cessor
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1. R e ad : Obtain the prop er con ten ts of the register �le at src1 and src2 and clo c k them

in to opreg1 and opreg2 , resp ectiv ely .

2. Compute : P erform the ALU op eration corresp onding to the op co de (remem b ered in

opcoded ) of the instruction and clo c k the result in to wbreg .

3. Write : Up date the register �le at the destination register (remem b ered in dstndd ) of

the instruction with the v alue in wbreg .

The pro cessor uses a three-stage pip eline to sim ultaneously execute distinct stages of three

successiv e instructions. That is, the read stage of the curren t instruction is executed along

with the compute stage of the previous instruction and the write stage of the previous-to-

previous instruction. Since the REGFILE is not up dated with the results of the previous and

previous-to-previous instructions while a read is b eing p erformed for the curren t instruction,

the con troller \b ypasses" REGFILE , if necessary , to get the correct v alues for the read. The

pro cessor can ab ort, i.e., treat as NOP , the instruction in the read stage b y asserting the

stall signal true. An instruction is ab orted b y inhibiting its write stage b y remem b ering

the stall signal un til the write stage via the registers stalld and stalldd . W e v erify that

an instruction en tering the pip eline at an y time gets completed correctly , i.e., will write

the correct result in to the register �le, three cycles later, pro vided the instruction is not

ab orted.

F ormal Sp eci�cation

PVS sp eci�cations consist of a n um b er of �les, eac h of whic h con tains one or more theories.

The micropro cessor sp eci�cation is organized in to three theories, selected parts of whic h

are sho wn in Figures 12 and 13. (The complete sp eci�cation can b e found in [SSR95].)

The theory pipe (Figure 12) con tains a sp eci�cation of the design and a statemen t of the

correctness prop ert y to b e pro v ed. The theories signal and time , (Figure 13) imp orted b y

pipe , declares the t yp es signal and time used in pipe .

The theory pipe is parameterized with resp ect to the t yp es of the register address,

data, and the op co de �eld of the instructions. A theory parameter in PVS can b e either

a t yp e parameter or a parameter b elonging to a particular t yp e, suc h as nat . Since pipe

do es not imp ose an y restriction on its parameters, other than the requiremen t that they

b e nonempt y , whic h is stated in the ASSUMING part of the theory , one can instan tiate them

with an y t yp e. Ev ery en tit y declared in a parameterized theory is implicitly parameterized

with resp ect to the parameters of the theory . F or example, the t yp e signal declared in the

parameterized theory signal is a parametric t yp e denoting a function that maps time (a

synon ym for nat ) to the t yp e parameter T . (The t yp e signal is used to mo del the wires in

our design.) By imp orting the theory signal uninstan tiated in pipe , w e ha v e the freedom

to create an y desired instances of the t yp e signal .

In this example, w e use a functional st yle of sp eci�cation to mo del register-transfer-

lev el digital hardw are in logic. In this st yle, the inputs to the design and the outputs of

ev ery comp onen t in the design are mo deled as signals. Ev ery signal that is an output of a

comp onen t is sp eci�ed as a function of the signals app earing at the inputs to the comp onen t.
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pipe[addr: TYPE, data: TYPE, opcodes: TYPE]: THEORY

BEGIN

IMPORTING signal, time

ASSUMING

addr_none mpt y: ASSUMPTION (EXISTS (a: addr): TRUE)

data_none mpt y: ASSUMPTION (EXISTS (d: data): TRUE)

opcodes_n one mpt y: ASSUMPTION (EXISTS (o: opcodes): TRUE)

ENDASSUMIN G

t: VAR time

%% Signal declarations

opcode: signal[opco de s]

src1, src2, dstn: signal[ad dr]

stall: signal[bool]

aluout: signal[data ]

regfile: signal[[ad dr -> data]]

...

%% Specifica tio n of constrain ts on the signals

dstnd_ax: AXIOM dstnd(t+1) = dstn(t)

dstndd_ax: AXIOM dstndd(t+1 )= dstnd(t)

.....

regfile_ax : AXIOM regfile(t +1) =

IF stalldd(t) THEN regfile(t)

ELSE regfile(t)

WITH [(dstndd( t)) := wbreg(t)]

ENDIF

opreg1_ax: AXIOM opreg1(t+1 ) =

IF src1(t) = dstnd(t) & NOT stalld(t)

THEN aluout(t)

ELSIF src1(t) = dstndd(t) & NOT stalldd(t )

THEN wbreg(t)

ELSE regfile(t)( src 1( t)) ENDIF

opreg2_ax : AXIOM ...

aluop: [opcodes, data, data -> data]

ALU_ax: AXIOM aluout(t) = aluop(opcod ed( t), opreg1(t),

opreg2(t) )

correctnes s: THEOREM (FORALL t:

NOT(stall(t )) IMPLIES regfile(t+3 )(d stn (t) ) =

aluop(opc ode (t) , regfile(t +2) (sr c1 (t) ),

regfile(t+2 )(s rc 2(t ))) )

END pipe

Figure 12: Micropro cessor Sp eci�cation

This st yle should b e con trasted with a pr e dic ative st yle, whic h is commonly used in

most HOL applications. In the predicativ e st yle ev ery hardw are comp onen t is sp eci�ed

as a predicate relating the input and output signals of the comp onen t and a design is

sp eci�ed as a conjunction of the comp onen t predicates, with all the in ternal signals used

to connect the comp onen ts hidden b y existen tial quan ti�cation. A pro of of correctness for

a predicativ e st yle sp eci�cation usually in v olv es executing a few additional steps at the

start of the pro of to essen tially transform the predictativ e sp eci�cation in to an equiv alen t

functional st yle. After that, the pro of pro ceeds similar to that of a pro of in a functional

sp eci�cation. The additional pro of steps required for a predicativ e sp eci�cation essen tially
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signal[val: TYPE]: THEORY

BEGIN

signal: TYPE = [time -> val]

END signal

time: THEORY

BEGIN

time: TYPE nat

END signal

Figure 13: Signal Sp eci�cation

un wind the comp onen t predicates using their de�nitions and then appropriately instan tiate

the existen tially quan ti�ed v ariables. An automatic w a y of p erforming this translation is

discussed in [SSR95], whic h illustrates more examples of hardw are design v eri�cation using

PVS.

Returning to our example, the micropro cessor sp eci�cation in pipe consists of t w o parts.

The �rst part declares all the signals used in the design|the inputs to the design and the

in ternal wires that denote the outputs of comp onen ts. The comp osite state of REGFILE ,

whic h is represen ted as a function from addr to data , is mo deled b y the signal regfile .

The signals are declared as unin terpreted constan ts of appropriate t yp es. The second part

consists of a set of AXIOMs that sp ecify the the v alues of the signals o v er time. (T o conserv e

space, w e ha v e only sho wn the sp eci�cation of a subset of the signals in the design.) F or

example, the signal v alue at the output of the register dstnd at time t+1 is de�ned to b e that

of its input a cycle earlier. The output of the ALU, whic h is a com binational comp onen t,

is de�ned in terms of the inputs at the same time instan t.

In PVS, w e can use a descriptiv e st yle of de�nition, as illustrated in this example,

b y selectiv ely in tro ducing prop erties of the constan ts declared in a theory as AXIOMs.

Alternativ ely , w e can use the de�nitional forms pro vided b y the language to de�ne the

constan ts. An adv an tage of using the de�nitions is that a sp eci�cation is guaran teed to

b e consisten t. A disadv an tage is that the resulting sp eci�cation ma y b e o v erly sp eci�c

(i.e., o v ersp eci�ed). An adv an tage of the descriptiv e st yle is that it giv es b etter con trol

o v er the degree to whic h an en tit y is de�ned F or example, w e could ha v e sp eci�ed dstnd

prescriptiv ely , using the con v en tional function de�nition mec hanism of PVS, whic h w ould

ha v e forced us to sp ecify the v alue of the signal at time t = 0 to ensure that the function

is total. In the descriptiv e st yle used, w e ha v e left the v alue of the signal at 0 unsp eci�ed.

In the presen t example, the sp eci�cations of the signals opreg1 and opreg2 are the most

in teresting of all. They ha v e to c hec k for an y register collisions that migh t exist b et w een the

instruction in the read stage and the instructions in the later stages and b ypass reading from

the register �le in case of collisions. The regfile signal sp eci�cation is recursiv e since the

register �le state remains the same as its previous state except, p ossibly , at a single register

lo cation. The WITH expression is an abbreviation for the result of up dating a function at

a giv en p oin t in the domain v alue with a new v alue. Note that the function aluop that

denotes the op eration ALU p erforms for a giv en opcode is left completely unsp eci�ed since

it is irrelev an t to the con troller logic.
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The theorem ( correctness ) to b e pro v ed states a correctness prop ert y ab out the execu-

tion of the instruction that en ters the pip eline at t , pro vided the instruction is not ab orted,

i.e., stall(t) is not true. The equation in the conclusion of the implication compares the

actual v alue (left hand side) in the destination register three cycles later, when the result

of the instruction w ould b e in place, with the exp ected v alue. The exp ected v alue is the

result of applying the aluop corresp onding to the op co de of the instruction to the v alues

at the source �eld registers in the register �le at t+2 . W e use the state of the register �le

at t+2 rather than t to allo w for the results of the t w o previous instructions in the pip eline

to b e completed.

Pro of of Correctness

Once the sp eci�cation is complete, the next step is to t yp ec hec k the �le, whic h parses and

c hec ks for seman tic errors, suc h as undeclared names and am biguous t yp es. As w e ha v e

already seen, t yp ec hec king ma y build new �les or in ternal structures suc h as typ e c orr e ctness

c onditions ( TCC s ) that represen t pr o of obligations that m ust b e disc harged b efore the pipe

theory can b e considered t yp ec hec k ed. The t yp ec hec k er do es not generate an y TCC s in the

presen t example. If, for example, one of the assumptions, sa y for addr , in the ASSUMING

part of the theory w as missing, the t yp ec hec k er w ould generate the follo wing TCC to sho w

that the addr t yp e is nonempt y . The declaration of the signal src1 forces generation of

this TCC b ecause a function is nonexisten t if its range is empt y .

% Existence TCC generated (line 17) for src1: signal[add r]

% May need to add an assuming clause to prove this.

% unproved

src1_TCC1: OBLIGATIO N (EXISTS (x1: signal[ad dr ]): TRUE);

By w a y of review, the basic ob jectiv e of dev eloping a pro of in PVS as in other subgoal-

directed pro of c hec k ers (e.g., HOL), is to generate a pr o of tr e e in whic h all of the lea v es are

trivially true. The no des of the pro of tree are sequen ts, and in the pro v er y ou are alw a ys

lo oking at an unpro v ed leaf of the tree. The curr ent branc h of a pro of is the branc h leading

bac k to the ro ot from the curren t sequen t. When a giv en branc h is complete (i.e., ends in a

true leaf ), the pro v er automatically mo v es on to the next unpro v ed branc h, or, if there are

no more unpro v en branc hes, noti�es y ou that the pro of is complete.

The primitiv e inference steps in PVS are a lot more p o w erful than in HOL; it is not

necessary to build complex tactics to handle tedious lo w er lev el pro ofs in PVS. A kno wl-

edgeable PVS user can t ypically get pro ofs to go through mostly automatically b y making

a few critical decisions at the start of the pro of. Ho w ev er, as noted previously , PVS do es

pro vide the user with the equiv alen t of HOL's tacticals, called str ate gies , and other features

to con trol the desired lev el of automation in a pro of.

The pro of of the micropro cessor prop ert y sho wn b elo w follo ws a certain general pattern

that w orks successfully for most hardw are pro ofs. This general pro of pattern, v arian ts

of whic h ha v e b een used in other v eri�cation exercises [KSK93, AL W93], consists of the

follo wing sequence of general pro of tasks.
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Quan ti�er elimination: Since the decision pro cedures w ork on ground form ulas, the user

m ust eliminate the relev an t univ ersal quan ti�ers b y sk olemization or selecting v ariables

on whic h to induct and existen tial quan ti�ers b y suitable instan tiation.

Unfolding de�nitions: The user ma y ha v e to simplify selected expressions and de�ned

function sym b ols in the goal b y rewriting using de�nitions, axioms or lemmas. The

user ma y also ha v e to decide the lev el to whic h the function sym b ols ha v e to rewritten.

Case analysis: The user ma y ha v e to split the pro of based on selected b o olean expressions

in the curren t goal and simplify the resulting goals further.

Eac h of the ab o v e tasks can b e accomplished automatically using a short sequence

of primitiv e PVS pro of commands. The complete pro of of the theorem is sho wn b elo w.

Selected parts of the pro of session are repro duced b elo w as w e describ e the pro of.

1: ( then* (skosimp)

2: (auto-rew rit e- the ory ``pipe'' :always? t)

3: (repeat (do-rewri te) )

4: (apply (then* (repeat (lift-if))

5: (bddsimp)

6: (assert))))

In the pro of, the names of strategies are sho wn in italics and the primitiv e inference

steps in type-writer font . (W e ha v e n um b ered the lines in the pro of for reference.)

Then* applies the �rst command in the list that follo ws to the curren t goal; the rest of

the commands in the list are then applied to eac h of the subgoals generated b y the �rst

command application. The apply command used in line 5 mak es the application of a

comp ound pro of step implemen ted b y a strategy b eha v e as an atomic step.

The �rst goal in the pro of session is sho wn b elo w. It consists of a single form ula (lab eled

f 1 g ) under a dashed line. This is a se quent ; form ulas ab o v e the dashed lines are called

ante c e dents and those b elo w are called suc c e dents . The in terpretation of a sequen t is that

the conjunction of the an teceden ts implies the disjunction of the succeden ts.

correctnes s :

|-------

f 1 g (FORALL t: NOT (stall(t))

IMPLIES regfile(t + 3)(dstn(t)) =

aluop(opco de (t) , regfile(t + 2)(src1(t )),

regfile(t + 2)(src2(t) )) )

The quan ti�er elimination task of the pro of is accomplished b y the command skosimp ,

whic h sk olemizes all the univ ersally quan ti�ed v ariables in a form ula and 
attens the sequen t

resulting in the follo wing goal. Note that stall(t!1) has b een mo v ed to the succeden t in

the sequen t b ecause PVS displa ys ev ery atomic form ula in its p ositiv e form.
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Rule? (skosimp)

Skolemizin g and flattenin g, this simplifies to:

correctnes s :

|-------

f 1 g (stall(t! 1))

f 2 g regfile(t !1 + 3)(dstn( t!1 ))

=

aluop(opco de (t! 1) , regfile(t !1 + 2)(src1(t! 1)) ,

regfile(t !1 + 2)(src2(t! 1)) )

The next task|unfolding de�nitions|is p erformed b y the commands in lines 2 through

3. PVS pro vides a n um b er of w a ys of unfolding de�nitions ranging from unfolding one

step at a time to automatic rewriting that p erforms unfolding in a brute-force fashion.

Brute-force rewriting usually results in larger expressions than con trolled unfolding and,

hence, p oten tially larger n um b er of cases to consider. If a system pro vides automatic and

e�cien t rewriting and case analysis facilities, then the automatic approac h is viable, as

illustrated here. In PVS automatic rewriting is p erformed b y �rst en tering the de�nitions

and AXIOMs to b e used for unfolding as rewrite rules. Once en tered, the commands that

p erform rewriting as part of their rep ertoire, suc h as do-rewrite and assert , rep eatedly

apply the rewrite rules un til none of the rules is applicable. T o con trol the size of the

expression resulting from rewriting and the p oten tial for lo oping, the rewriter uses the

follo wing restriction for stopping a rewrite: If the righ t-hand-side of a rewrite is a conditional

expression, then the rule is applied only if the condition simpli�es to true or false.

Here our aim is to unfold ev ery signal in the sequen t so that ev ery signal expression

con tains only the start time t!1 . So, w e mak e a rewrite rule out of ev ery AXIOM in the

theory pipe b y means of the command auto-rewrite-theory on line 2. W e also force

an o v er-ride of the default restriction for stopping rewriting b y setting the tag

42

always?

to true in the auto-rewrite-theory command and em b ed do-rewrite inside a repeat

lo op to force maxim um rewriting. In the presen t example, the rewriting is guaran teed to

terminate b ecause ev ery feedbac k lo op is cut b y a sequen tial comp onen t.

A t the end of automatic rewriting, the succeden t w e are trying to pro v e is in the form of

an equation on t w o deeply nested conditional expressions as sho wn b elo w in an abbreviated

fashion. The v arious cases in conditional expression sho wn ab o v e arise as a result of the

di�eren t p ossible con
icts b et w een instructions in the pip eline. The equation w e are trying

to pro v e con tains t w o distinct, but equiv alen t conditional expressions, as in IF a THEN

b ELSE c ENDIF = IF NOT a THEN c ELSE b ENDIF , that can only b e pro v ed equal b y

p erforming a case-split on one or more of the conditions. While assert simpli�es the lea v es

of a conditional expression assuming ev ery condition along the path to the lea v es holds,

it do es not split prop ositions. One w a y to p erform the case-splitting task automatically

is to \lift" all the IF-THEN-ELSE s to the top so that the equation is transformed in to a

prop ositional form ula with unconditional equalities as atomic predicates. After p erforming

suc h a lifting, w e can try to reduce the resulting prop osition to true using the prop ositional

42

T ags are one of the w a ys in whic h PVS p ermits the user to mo dify the functionalit y of pro of commands.
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simpli�cation command bddsimp . If bddsimp do es not simplify the prop osition to true,

then it is most lik ely the case that equations at one or more of the lea v es of the prop osition

need to b e further simpli�ed, e.g., b y assert , using the conditions along the path. If the

prop ositional form ula do es not reduce to true or false, bddsimp pro duces a set of subgoals

to b e pro v ed. In the presen t case, eac h of these goals can b e disc harged b y assert . The

comp ound pro of step app earing on lines 4 through 6 of the pro of accomplishes the case-

splitting task.

correctnes s :

|-------

[1] (stall(t! 1))

f 2 g aluop(opc ode (t! 1) ,

IF src1(t!1) = dstnd(t!1 ) & NOT stalld(t!1 )

THEN aluop(opc ode d( t!1 ), opreg1(t!1 ), opreg2(t!1 ))

ELSIF src1(t!1) = dstndd(t !1) & NOT stalldd( t!1 )

THEN wbreg(t! 1)

ELSE regfile( t!1 )(s rc 1(t !1 )) ENDIF,

....

ENDIF)

= aluop(opco de( t! 1),

IF stalld(t !1) THEN IF stalldd(t !1) THEN regfile(t !1)

ELSE regfile(t! 1) WITH [(dstndd(t !1 )) := wbreg(t!1) ]

ENDIF

ELSE ...

ENDIF(src 1( t!1 )),

IF stalld(t !1) THEN IF stalldd(t !1) THEN regfile(t !1)

ELSE ... ENDIF

ELSE ...

ENDIF(src 2( t!1 )))

W e ha v e found that the sequence of steps sho wn ab o v e w orks successfully for pro ving

safet y prop erties of �nite state mac hines that relate states of the mac hine that are �nite

distance apart. If the strategy do es not succeed, the most lik ely cause is that either the

prop ert y is not true or that a certain prop ert y ab out some of the functions in the sp eci�-

cation unkno wn to the pro v er needs to b e pro v ed as a lemma. In either case, the unpro v en

goals remaining at the end of the pro of pro vide information ab out the probable cause.

5.2 An N-bit Ripple-Carry Adder

The second example w e consider is the v eri�cation of a parametrized N-bit ripple-carry

adder circuit. The theory adder , sho wn in Figure 14, sp eci�es a ripple-carry adder circuit

and a statemen t of correctness for the circuit.

The theory is parameterized with resp ect to the length of the bit-v ectors. It imp orts

the theories (not sho wn here) full adder , whic h con tains a sp eci�cation of a full adder

circuit ( fa cout and fa sum ), and bv , whic h sp eci�es the bit-v ector t yp e ( bvec[N] ) and

functions. An N-bit bit-v ector is represen ted as an arra y , i.e., a function, from the the t yp e
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adder[N: posnat] : THEORY

BEGIN

IMPORTING bv[N], full_adder

n: VAR below[N]

bv, bv1, bv2: VAR bvec

cin: VAR bool

nth_cin(n, cin, bv1, bv2): RECURSIVE bool =

IF n = 0 THEN cin

ELSE fa_cout(nth _ci n( n - 1, cin, bv1, bv2), bv1(n - 1), bv2(n - 1))

ENDIF

MEASURE n

bv_sum(cin, bv1, bv2): bvec =

(LAMBDA n: fa_sum(bv1 (n ), bv2(n), nth_cin(n , cin, bv1, bv2)))

bv_cout(n, cin, bv1, bv2): bool =

fa_cout(n th_ cin (n, cin, bv1, bv2), bv1(n), bv2(n))

adder_corre ct_ n: LEMMA

bvec2nat_r ec( n, bv1) + bvec2nat_r ec (n, bv2) + bool2bit( cin )

= exp2(n + 1) * bool2bit( bv_ cou t( n, cin, bv1, bv2))

+ bvec2nat_r ec( n, bv_sum(cin, bv1, bv2))

adder_corre ct: THEOREM

bvec2nat(b v1) + bvec2nat(bv 2) + bool2bit( cin )

= exp2(N) * bool2bit(b v_c out (N - 1, cin, bv1, bv2))

+ bvec2nat(b v_s um (ci n, bv1, bv2))

END adder

Figure 14: Adder Sp eci�cation

below[N] , a subt yp e of nat ranging from 0 through N-1 , to bool ; the index 0 denotes the

least signi�can t bit. Note that the parameter N is constrained to b e a posnat since w e do

not p ermit bit v ectors of length 0 . The adder theory con tains sev eral declarations including

a set of initial v ariable declarations.

The carry bit that ripples through the full adder is sp eci�ed recursiv ely b y means of

the function nth cin . The function bv cout and bv sum de�ne the carry output and the

bit-v ector sum of the adder, resp ectiv ely . The theorem adder correct expresses the con-

v en tional correctness statemen t of an adder circuit using bvec2nat , whic h returns the nat-

ural n um b er equiv alen t of an N-bit bit-v ector. Note that v ariables that are left free in

a form ula are assumed to b e univ ersally quan ti�ed. W e state and pro v e a more general

lemma adder correct rec of whic h adder correct is an instance. F or a giv en n < N ,

bvec2nat rec returns the natural n um b er equiv alen t of the least signi�can t n-bits of a

giv en bit-v ector and bool2bit con v erts the b o olean constan ts TRUE and FALSE in to the

natural n um b ers 1 and 0 , resp ectiv ely .

T yp ec hec king

The t yp ec hec k er generates sev eral TCC s (sho wn in Figure 15 b elo w) for adder .
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% Subtype TCC generated (line 13) for n - 1

% unproved

nth_cin_TCC 1: OBLIGATION (FORALL n: NOT n = 0 IMPLIES n - 1 >= 0 AND n - 1 < N)

% Subtype TCC generated (line 31) for N - 1

% unproved

adder_corre ct _TC C1: OBLIGATION N - 1 >= 0

Figure 15: TCC s for Theory adder

The �rst TCC is due to the fact that the �rst argumen t to nth cin is of t yp e below[N] ,

but the t yp e of the argumen t ( n-1 ) in the recursiv e call to nth cin is in teger, since below[N]

is not closed under subtraction. Note that the TCC includes the condition NOT n = 0 , whic h

holds in the branc h of the IF-THEN-ELSE in whic h the expression n - 1 o ccurs. A TCC

iden tical to this one is generated for eac h of the t w o other o ccurrences of the expression n-1

b ecause bv1 and bv2 also exp ect argumen ts of t yp e below[N] . These TCC s are not retained

b ecause they are subsumed b y the �rst one.

The second TCC is generated b y the expression N-1 in the de�nition of the theo-

rem adder correct b ecause the �rst argumen t to bv cout is exp ected to b e the subt yp e

below[N] .

There is y et another TCC that is in ternally generated b y PVS but is not ev en included in

the TCC s �le b ecause it can b e disc harged trivially b y the t yp ec hec k er, whic h calls the pro v er

to p erform simple normalizations of expressions. This TCC is generated to ensure that the

recursiv e de�nition of nth cin terminates. PVS do es not directly supp ort partial functions,

although its p o w erful subt yping mec hanism allo ws PVS to express man y op erations that are

traditionally regarded as partial. As discussed earlier, the measure function is used to sho w

that recursiv e de�nitions are total b y requiring the measure to decrease with eac h recursiv e

call. F or the de�nition of nth cin , this en tails sho wing n-1 < n , whic h the t yp ec hec k er

trivially deduces.

In the presen t case, all the remaining TCC s are simple, and in fact can b e disc harged

automatically b y using the typecheck-prove command, whic h attempts to pro v e all TCC s

that ha v e b een generated using a prede�ned pro of strategy called tcc .

Pro of of Adder correct n

The pro of of the lemma uses the same core strategy as in the micropro cessor pro of except for

the quan ti�er elimination step. Since the sp eci�cation is recursiv e in the length of the bit-

v ector, w e need to p erform induction on the v ariable n . As w e'v e seen in earlier pro ofs, the

user in v ok es an inductiv e pro of in PVS b y means of the command induct with the v ariable

to induct on ( n ) and the induction sc heme to b e used ( below induction[N] ) as argumen ts.

The induction used in this case is de�ned in the PVS prelude and is parameterized, as is

the t yp e below[N] , with resp ect to the upp er limit of the subrange.

This command generates t w o subgoals: the subgoal corresp onding to the base case,

whic h is the �rst goal presen ted to pro v e, is sho wn in Figure 16.

The goal corresp onding to the inductiv e case is sho wn b elo w.
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adder_corre ct .1 :

|-------

1 (N > 0

IMPLIES

(FORALL

(bv1: bvec[N], bv2: bvec[N], cin: bool):

bvec2nat_r ec( 0, bv1) + bvec2nat_ rec (0, bv2)

+ bool2bit(ci n)

= exp2(0 + 1) * bool2bit(bv _co ut( 0, cin, bv1, bv2))

+ bvec2nat_r ec( 0, bv_sum(cin, bv1, bv2))))

Figure 16: Base Step

The remaining siblings are:

adder_corre ct _n. 2 :

|-------

f 1 g (FORALL (r: below[N]) :

r < N - 1

AND (FORALL (bv1, bv2: bvec[N]), (cin: bool):

bvec2nat_ rec (r, bv1) + bvec2nat_rec (r , bv2)

+ bool2bit(ci n)

= exp2(r + 1) * bool2bit(bv _co ut( r, cin, bv1, bv2))

+ bvec2nat_r ec( r, bv_sum(cin, bv1, bv2)))

IMPLIES (FORALL (bv1, bv2: bvec[N]), (cin: bool):

bvec2nat_re c(r + 1, bv1)

+ bvec2nat_r ec( r + 1, bv2)

+ bool2bit(c in)

= exp2(r + 1 + 1)

* bool2bit(bv _co ut( r + 1, cin, bv1, bv2))

+

bvec2nat_re c( r + 1,

bv_sum(cin, bv1, bv2))))

Figure 17: Inductiv e Step

The base and the inductiv e steps can b e pro v ed automatically using essen tially the same

strategy used in the micropro cessor pro of. A complete pro of of adder correct n is sho wn

in Figure 17.

1: ( spread (induct ``n'' 1 ``below_i ndu ct ion [N ]'' )

2: ( ( then* (skosimp*)

3: (auto-rewri te -de fs :always? t)

4: (do-rewrite )

5: ( repeat (lift-if) )

6: ( apply ( then* (bddsimp)( ass er t)) ))

7: ( then* (skosimp* )

8: (inst?)

9: (auto-rew rit e- def s :always? t)

10: (do-rewri te)

11: ( repeat (lift-if))

12: ( apply ( then* (bddsimp) (a sse rt ))) )))

The strategy spr e ad used on line 1 applies the �rst pro of step ( induct ) and then applies

the i

th

elemen t of the list of commands that follo w to the i

th

subgoal resulting from the
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application of the �rst prof step. Th us, the pro of steps listed on lines 2 through 6 pro v e

the base case of induction, the steps on lines 7 through 12 pro v e the inductiv e case, and the

pro of step on line 13 tak es care of the third TCC subgoal.

W e consider the base case �rst. The induct command has already instan tiated the

v ariable n to 0 . The remaining v ariables are sk olemized a w a y b y skosimp* . T o unfold the

de�nitions in the resulting goal, w e use the command auto-rewrite-defs , whic h mak es

rewrite rules out of the de�nition of ev ery function either directly or indirectly used in the

giv en form ula. The rest of the pro of pro ceeds exactly as for the micropro cessor.

The pro of of the inductiv e step follo ws exactly the same pattern except that w e need

to instan tiate the induction h yp othesis and use it in the pro cess of unfolding and case-

analysis. PVS pro vides a command inst? that tries to �nd instan tiations for existen tial-

strength v ariables in a form ula b y searc hing for p ossible matc hes b et w een terms in v olving

these v ariables with ground terms inside form ulas in the rest of the sequen t. This command

�nds the desired instan tiations in the presen t case. The rest of the pro of pro ceeds as in the

basis case.

Since the inductiv e pro of pattern sho wn ab o v e is applicable to an y iterativ ely gen-

erated hardw are designs, w e ha v e pac k aged it in to a general pro of strategy called

name-induct-and-bddrewrite . The strategy is parameterized with resp ect to an induction

sc heme and the set of rewrite rules to b e used for unfolding. W e ha v e used the strategy to

pro v e an N-bit ALU [Can94] that executes 12 micro op erations b y cascading N 1-bit ALU

slices.

6 Exercises

Problem 1 Base d on the discussion of the sp e ci�c ation of stacks, try to sp e cify a PVS

the ory formalizing queues. Can the PVS abstr act datatyp e facility b e use d for sp e cifying

queues?

Problem 2 Sp e cify binary tr e es with value typ e T as a p ar ametric abstr act datatyp e in PVS.

Problem 3 Sp e cify a PVS the ory formalizing ordered binary tr e es with r esp e ct to a typ e

p ar ameter T and a given total-or dering r elation, i.e. , de�ne a pr e dic ate ordered? that che cks

if a given binary tr e e is or der e d with r esp e ct to the given total or dering.

Problem 4 Pr ove the stack axioms for the de�nitions state d in newstacks .

Problem 5 Pr ove the the or ems in the the ory half (Page 73).

Problem 6 De�ne the op er ation for c arrying out the or der e d insertion of a value into an

or der e d binary tr e e. Pr ove that the insertion op er ator applie d to an or der e d binary tr e e

r eturns an or der e d binary tr e e.
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Reference to PVS V ersion 2.0 �

PVS Files

PVS Files

fo o .p vs Sp eci�cation �le (con tains theories)

fo o .bin Binary form of the t yp ed sp eci�cation �le

fo o .prf Sa v ed pro ofs for fo o .p vs

.p vscon text Con text information

fo o -alltt.tex Alltt-prin ted v ersion of fo o

fo o .tex L

A

T

E

X-prin ted v ersion of fo o

p vs-�les.tex L

A

T

E

X �le generated for testing Alltt

and L

A

T

E

X-prin ted �les

L

A

T

E

X Substitution Files

L

A

T

E

X Substitutions for �le foo.pvs ma y come from an y of the follo wing �les.

File name Lo cation

foo.sub the directory of the curren t con text

pvs-tex.sub the directory of the curren t con text

pvs-tex.sub user's home directory

pvs-tex.sub the main PVS directory

Examples of substitution en tries|n um b ers refer to the n um b er of argumen ts; th us the

third en try translates f2[3,G] (to G

f

3

) but not f2[int] , and the last en try translates,

e.g., f4(G)(1,n) (to

P

n

i =1

G ( i; 1)). Length is an estimation of the size of the translation,

ignoring the size of the argumen ts.

Iden ti�er T yp e Length Substitution

THEORY key 9 {\large\bf Theory}

f1 id 3 {\rm bar}

f2 id[2] 2 {#2_{#1}^{f}}

f3 2 2 {#1^#2}

f4 (1 2) 3 {\sum_{i=#2}^{#3}#1(i,# 2)}
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PVS Language Summary

Theories

function_properties [D, R: TYPE]: THEORY

BEGIN

f, g: VAR [D -> R]

x, x1, x2: VAR D

y: VAR R

injective?(f): bool = (FORALL x1, x2: (f(x1) = f(x2) => (x1 = x2)))

surjective?(f): bool = (FORALL y: (EXISTS x: f(x) = y))

END function_properties

finite[t: TYPE]: THEORY

BEGIN

IMPORTING function_properties

is_finite_type: bool = (EXISTS (n:nat), (f:[upto[n] -> t]): surjective?(f))

is_finite_type_alt: LEMMA

is_finite_type IFF (EXISTS (n:nat), (g:[t -> upto[n]]): injective?(g))

END finite

best_choice[t: TYPE, meas: TYPE FROM real]: THEORY

BEGIN

ASSUMING

IMPORTING finite[t]

finite: ASSUMPTION is_finite_type[t]

ENDASSUMING

best: [[t -> meas], setof[t] -> t]

f: VAR [t -> meas]

s: VAR setof[t]

best_ax: AXIOM

nonempty?(s) => member(best(f, s), s)

AND (FORALL (x: t): member(x, s) => f(x) <= f(best(f, s)))

END best_choice

Lexical Rules

Commen ts start with % and go to the end of the line

Iden ti�ers are comp osed of letters, digits, question mark,and underscores; they m ust b egin

with a letter and are case-sensitiv e.

Num b ers are comp osed of digits|no 
oating p oin t n um b ers.
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Strings are enclosed in double quotes "

Reserv ed W ords

Reserv ed w ords are not case sensitiv e.

AND CONT AINING F ALSE LEMMA SUBTYPE OF

ANDTHEN CONVERSION F ORALL LET T ABLE

ARRA Y COR OLLAR Y F ORMULA LIBRAR Y THEN

ASSUMING D A T A TYPE FR OM MEASURE THEOREM

ASSUMPTION ELSE FUNCTION NONEMPTY TYPE THEOR Y

AXIOM ELSIF HAS TYPE NOT TR UE

BEGIN END IF O TYPE

BUT END ASSUMING IFF OBLIGA TION TYPE+

BY ENDCASES IMPLIES OF V AR

CASES ENDCOND IMPOR TING OR WHEN

CHALLENGE ENDIF IN ORELSE WHERE

CLAIM ENDT ABLE INDUCTIVE POSTULA TE WITH

CLOSURE EXISTS JUDGEMENT PR OPOSITION X OR

COND EXPOR TING LAMBD A RECURSIVE

CONJECTURE F A CT LA W SUBLEMMA

Sp ecial Sym b ols

!! $ ( * - /= := <= == >> [] ]| |) |[

# $$ (# ** -> /\ ; <=> ==> @ [| ^ |- |]

## % (: + . : < <> => @@ [||] ^^ |-> ||

#) & (| ++ / :) <- <| > [ \/ { |= }

#] && ) , // :: << = >= [# ] | |>

T yp e Declarations

� Unin terpreted t yp es

� foo: TYPE

� bar: NONEMPTY_TYPE % same as TYPE+

� some_nums: NONEMPTY_TYPE FROM number

� Subt yp es

� nat_to_10: TYPE = {x:nat | x <= 10}

� posint: TYPE = {x:integer | x > 0} CONTAINING 1

� ptype: TYPE = (pred?) % same as {x | pred?(x)}

� rtype: TYPE = {x, y: nat | x < y} % subtype of [nat, nat]

� F unction t yp es

� intf: TYPE = FUNCTION[int, int -> int]

� altf: TYPE = [int, int -> int] % same as above

� inta: TYPE = ARRAY[int,int -> int] % same as above
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� T uple T yp es

� tuptype: TYPE = [int, bool, [int -> int]]

� Record t yp es

� stack: TYPE = [# pointer: nat,

astack: [nat -> t] #]

� Dep enden t T yp es

� pfun: TYPE = [# dom: predicate[t1], pfn:[(dom)->t2] #]

� date: TYPE = [y,m:nat, {d:nat | d <= days(m,y)}]

� tmod: TYPE = [n,m:int -> {x:nat | x < m}]

� En umeration t yp es

� color: TYPE = {red, green, blue}

� Datat yp es

� list[t:TYPE] : DATATYPE

BEGIN

null: null?

cons (car: t, cdr :list) :cons?

END list

Libraries, Imp ortings, Exp ortings, and Theory Abbreviations

� fsets: LIBRARY = "/homes/pvs/lib/finite_set s"

� IMPORTING orderings[int], set[foo[nat]], fsets@finite_sets[nat]

� EXPORTING foo, bar WITH set[foo]

� pset: THEORY = sets[list[nat]]

Constan ts and Recursiv e De�nitions

� some_int: int

� max: int = 10

� abs: [int -> nat] =

(LAMBDA x: IF x < 0 THEN -x ELSE x ENDIF)

� abs(x:int): nat = IF x < 0 THEN -x ELSE x ENDIF

� sum(f,x,y): int % f,x,y prev declared VAR

� sum(f,(x,y:int)): int % f prev declared VAR
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� fac(n): RECURSIVE nat =

(IF n = 0 THEN 1 ELSE n*fac(n-1) ENDIF)

MEASURE (LAMBDA n: n)

� length(l:list): RECURSIVE nat =

CASES l OF

null: 0,

cons(x, y): length(y) + 1

ENDCASES

MEASURE l BY << % Subterm measure

V ariable Declarations

� x, y, z: VAR int

� f: VAR [int -> [int -> int]]

F orm ula Declarations

� transitive: AXIOM x < y AND y < z IMPLIES x < z

� nonzero_fac: THEOREM fac(n) /= 0

� poset: ASSUMPTION poset?(T,<=) % Only in ASSUMINGs

Judgemen ts

� JUDGEMENT {x :int | x > 10} SUBTYPE_OF posint

� JUDGEMENT c HAS_TYPE (even?)

� JUDGEMENT +, -, * HAS_TYPE [(even?), (even?) -> (even?)]

Con v ersions

� C: [int -> bool] = (LAMBDA (i:int): i=0)

CONVERSION C

foo: FORMULA d + 1 % � foo: FORMULA C(d + 1)

� state: TYPE

K: [int -> [state -> int]] = (LAMBDA i: (LAMBDA s: i))

f: [[state -> int] -> [state -> int]]

x: [state -> int]

B: [[state -> int] -> bool] = (LAMBDA si: FORALL i: si(i))

CONVERSION K, B

bar: LEMMA f(x+1) % � bar: LEMMA B(f(LAMBDA s: x(s)+1))
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Expressions

� Equalit y | ( = , /= )

De�ned for an y t yp e; b oth sides m ust b e the same t yp e. With b o olean, = is treated

as IFF .

� x * y = 4

� true /= 1 % Illegal

� Arithmetic | ( + , - , * , / , < , <= , > , >= , 0 , 1 , : : : )

� ((x + 1) * x) / 2 < x * x

� Lists and Strings

� (: 1, 2 :) % � cons(1, cons(2, null))

� "A string" % A finite sequence of characters

� Logical | ( true , false , AND , & , OR , IMPLIES , => , WHEN , NOT , IFF , <=> , FORALL , ALL ,

EXISTS , SOME )

� (FORALL e: (EXISTS d:

abs(f(x) - f(y)) < d) IMPLIES abs(x - y) < e)

� IF-THEN-ELSE | The THEN and ELSE parts m ust ha v e compatible t yp es.

� IF x=0 THEN 1 ELSIF y=0 THEN 2 ELSE y/x ENDIF

� CASES | P attern matc hing on datat yp es.

� CASES x OF

cons(x,y): append(reverse(y), cons(x, null))

ELSE null

ENDCASES

� COND | generates co v erage and disjoin tness TCCs

� COND m = n -> m,

m > n -> gcd(m-n, n),

m < n -> gcd(m, n-m)

ENDCOND

� Same as above, but no coverage TCC

COND m = n -> m,

m > n -> gcd(m-n, n),

ELSE -> gcd(m, n-m)

ENDCOND
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� F unction application, lam b da-abstraction & function up date

� f(1,2)(0)

� (lambda x: x + 1)

� f WITH [(0) := 1, (1) := 0]

� foo ! (x:int): e % � foo(LAMBDA (x: int): e)

� Set expressions

� {x: int | x < 10} % same as (LAMBDA (x: int): x < 10)

� Record construction, �eld selection & record up date

� (# pointer := 1, astack := (LAMBDA x: 0) #)

� astack(r) % r.astack NOT allowed

� r WITH [pointer := 2, (astack)(1) := 1]

� T uple construction, pro jection, and up date

� (1, true, (LAMBDA (x:int) x + 37))

� proj_3(tup)

� tup WITH [2 := false]

� LET & WHERE

� LET x = 2, y:nat = x*x IN f(x,y) % � f(2,4)

� f(x,y) WHERE x = 2, y:nat = x*x % same

� LET (x, y, z) = t IN x + y * z % same as next line

� LET x=PROJ_1(t), y=PROJ_2(t), z=PROJ_3(t) IN x + y * z

� Co ercion | Co ercion indicates the exp ected t yp e to the t yp ec hec k er to resolv e am bi-

guit y .

� a + b:natural

� (LAMBDA n -> nat: n - m) % LAMBDA coercion

� Names | If foo is declared in theory bar , then the follo wing are allo w able references

(the �rst t w o ma y b e am biguous).

� foo

� foo[int]

� bar[int].foo
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PVS Emacs Commands

The commands whic h app ear b elo w are giv en with their abbreviations and k eybindings, if

an y . F or example, the command Pro v e with aliases pr and C-c p indicates that the parse

command can b e in v ok ed b y the Emacs extended commands M-x prove or M-x pr , or the

k ey binding C-c p .

En tering and Exiting PVS

T o en ter PVS just cd to a w orking directory ( PVS c ontext ) and t yp e pvs .

susp end-p vs C-x C-z

exit-p vs C-x C-c

Getting Help

help-p vs C-c h

help-p vs-language C-c C-h l

help-p vs-pro v er C-c C-h p

help-p vs-pro v er-command C-c C-h c

help-p vs-pro v er-strategy C-c C-h s

help-p vs-pro v er-emacs C-c C-h e

Editing PVS Files

forw ard-theory M-}

bac kw ard-theory M-{

�nd-un balanced-p vs C-c ]

commen t-region C-c ;

P arsing and T yp ec hec king

parse M-x pa

t yp ec hec k M-x tc, C-c t

t yp ec hec k-imp ortc hain M-x tci

t yp ec hec k-pro v e M-x tcp

t yp ec hec k-pro v e-imp ortc hain M-x tcpi
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Pro v er In v o cation Commands

pro v e M-x pr, C-c p

x-pro v e M-x xpr, C-c C-p x

step-pro of M-x prs, C-c C-p s

x-step-pro of M-x xsp, C-c C-p X

redo-pro of M-x prr, C-c C-p r

pro v e-theory M-x prt, C-c C-p t

pro v e-p vs-�le M-x prf, C-c C-p f

pro v e-imp ortc hain M-x pri, C-c C-p i

pro v e-pro ofc hain M-x prp, C-c C-p p

Pro of Editing Commands

edit-pro of, sho w-pro of

install-pro of C-c C-i

rev ert-pro of

remo v e-pro of

sho w-pro of-�le

sho w-orphaned-pro ofs

sho w-pro ofs-theory

sho w-pro ofs-p vs-�le

sho w-pro ofs-imp ortc hain

install-p vs-pro of-�le

load-p vs-strategies

set-prin t-depth

set-prin t-length

set-rewrite-depth

set-rewrite-length

Pro of Information Commands

sho w-curren t-pro of

explain-tcc

sho w-last-pro of

ancestry

siblings

sho w-hidden-form ulas

sho w-auto-rewrites

sho w-expanded-sequen t

sho w-sk olem-constan ts
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Adding and Mo difying Declarations

add-declaration

mo dify-declaration

Prett yprin ting Commands

prett yprin t-theory M-x ppt, C-c C-q t

prett yprin t-p vs-�le M-x ppf, C-c C-q f

prett yprin t-declaration M-x ppd, C-c C-q d

prett yprin t-region M-x ppr, C-c C-q r

Viewing TCCs

prett yprin t-expanded M-x ppe, C-c C-q e

sho w-tccs M-x tccs, C-c C-q s

PVS File and Theory Commands

�nd-p vs-�le M-x ff, C-c C-f

�nd-theory M-x ft

view-prelude-�le M-x vpf

view-prelude-theory M-x vpt

new-p vs-�le M-x nf

new-theory M-x nt

imp ort-p vs-�le M-x imf

imp ort-theory M-x imt

delete-p vs-�le M-x df

delete-theory M-x dt

sa v e-p vs-�le C-x C-s

sa v e-some-p vs-�les M-x ssf

smail-p vs-�les

rmail-p vs-�les

dump-p vs-�les

undump-p vs-�les
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Prin ting Commands

p vs-prin t-bu�er

p vs-prin t-region

prin t-theory M-x ptt

prin t-p vs-�le M-x ptf

prin t-imp ortc hain M-x pti

alltt-theory M-x alt, C-c C-a t

alltt-p vs-�le M-x alf, C-c C-a f

alltt-imp ortc hain M-x ali, C-c C-a i

alltt-pro of M-x alp, C-c C-a p

latex-theory M-x ltt, C-c C-l t

latex-p vs-�le M-x ltf, C-c C-l f

latex-imp ortc hain M-x lti, C-c C-l i

latex-pro of M-x ltp, C-c C-l p

latex-theory-view M-x ltv, C-c C-l v

latex-set-linelength

Displa y Commands

x-theory-hierarc h y

x-sho w-pro of

x-sho w-curren t-pro of

x-pro v er-commands

Con text Commands

list-p vs-�les M-x lf

list-theories M-x lt

c hange-con text M-x cc

sa v e-con text M-x sc

p vs-remo v e-bin-�les

p vs-don t-write-bin-�les

p vs-do-write-bin-�les

con text-path M-x cp

Library Commands

load-prelude-lib rary

remo v e-prelude-library

Bro wsing Commands

sho w-declaration M-.

�nd-declaration M-,

whereis-declaration-used M-;

list-declarations M-:
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Status Commands

status-theory M-x stt, C-c C-s t

status-p vs-�le M-x stf, C-c C-s f

status-imp ortc hain M-x sti, C-c C-s i

status-imp ortb yc hain M-x stb, C-c C-s b

status-pro of M-x sp

status-pro of-theory M-x spt

status-pro of-p vs-�le M-x spf

status-pro of-imp ortc hain M-x spi

status-pro ofc hain M-x spc

status-pro ofc hain-theory M-x spct

status-pro ofc hain-p vs-�le M-x spcf

status-pro ofc hain-imp ortc hain M-x spci

En vironmen t Commands

whereis-p vs

p vs-v ersion

p vs-mo de

p vs-log

status-displa y

p vs-status

remo v e-p opup-bu�er C-z 1

p vs

p vs-load-patc hes

p vs-in terrupt-sub job C-c C-c

reset-p vs C-z z
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PVS Pro v er Commands

Pro v er commands are en tered in the *pvs* bu�er at the Rule? prompt. Commands are

in terpreted b y Lisp, so m ust b e surrounded b y paren theses, and argumen ts are separated

b y whitespace (Space , Tab , or Return ). Some commands require PVS names or expres-

sions; these m ust b e surrounded b y double quotes ( " ). Return en ters the command, unless

paren theses or strings are un balanced.

The argumen ts are sho wn in emphasize d fon t. Optional argumen ts follo w the k eyw ord & opt

and ma y b e omitted. They ma y b e pro vided in the order listed, or follo w ed b y a k eyw ord

whose name is deriv ed form the argumen t name preceded b y a colon, e.g., (expand "foo"

:beta-reduce t) . An & rest k eyw ord indicates that one or more of the follo wing argumen t

ma y b e pro vided, and ma y also b e giv en in k eyw ord form.

Help

(help & opt name[*] )

Con trol

(fail)

(postpone & opt print? )

(quit)

(rewrite-msg-off)

(rewrite-msg-on)

(skip)

(skip-msg msg )

(undo & opt to[1] )

(time strat )

Structural Rules

(copy fnum )

(delete & rest fnums )

(hide & rest fnums )

(reveal & rest fnums )

Prop ositional Rules

(bddsimp & opt fnums[*] dynamic-ordering? )

(case & rest formulas )

(flatten & rest fnums[*] )

(iff & rest fnums )

(lift-if & rest fnums[*] updates?[t] )

(prop)

(propax)

(split & opt fnum[*] )
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Quan ti�er Rules

(inst & opt fnum[*] & rest terms )

(instantiate fnum[*] terms & opt copy? )

(inst-cp & opt fnum[*] & rest terms )

(inst? & opt fnums[*] subst where[*] copy? if-match )

(skolem fnum constants )

(skolem! & opt fnums[*] )

(skolem-typepred & opt fnum[*] )

(skosimp & opt fnum[*] )

(skosimp*)

Equalit y Rules

(beta & opt fnums rewrite-flag )

(case-replace formula )

(name name expr )

(name-replace name expr & opt hide?[T] )

(name-replace* name-and-exprs & opt hide?[T] )

(replace fnum & opt fnums[*] dir hide? )

(replace* & rest fnums )

(same-name name1 name2 & opt type )

De�nition and Lemma Rules

(expand name & opt fnum[*] occurrence if-simplifies assert? )

(forward-chain name )

(lemma name & opt subst )

(rewrite lname & opt fnums[*] subst target-fnums[*] dir[LR] order[IN] )

(rewrite-lemma lemma subst & opt fnums[*] dir[LR] )

(simplify-with-rewrites & opt defs theories rewrites )

(use lname & opt subst if-match[best] )

Extensionalit y Rules

(apply-eta term & opt type )

(apply-extensionality & opt fnum[+] keep? hide? )

(eta type )

(extensionality type )

(replace-eta term & opt type keep? )

(replace-extensionality expr expr & opt expected keep? )
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Induction Rules

(induct var & opt fnum[1] name )

(induct-and-rewrite var & opt fnum & rest rewrites )

(induct-and-rewrite! var & opt fnum & rest rewrites )

(induct-and-simplify var & opt fnum[1] name defs[T] if-match[best] theories

rewrites exclude )

(measure-induct measure vars & opt fnum[1] )

(name-induct-and-rewrite var & opt fnum[1] name & rest rewrites )

Decision Pro cedure and Rewriting Rules

(assert & opt fnums[*] rewrite-flag flush? linear? cases-rewrite? )

(bash & opt if-match[T] updates?[T] )

(do-rewrite & opt fnums[*] rewrite-flag flush? linear? cases-rewrite? )

(grind & opt defs[!] theories rewrites exclude if-match[T] updates?[T] )

(ground)

(record & opt fnums[*] rewrite-flag flush? linear? )

(reduce & opt if-match[T] updates?[T] )

(simplify & opt fnums[*] record? rewrite? rewrite-flag flush? linear?

cases-rewrite? )

(smash & opt updates?[T] )

Installation of Rewrite Rules

(auto-rewrite & rest names )

(auto-rewrite! & rest names )

(auto-rewrite-defs & opt explicit? always? exclude-theories )

(auto-rewrite-explicit & opt always? )

(auto-rewrite-theories & rest names )

(auto-rewrite-theory name & opt exclude defs always? tccs? )

(install-rewrites & opt defs theories rewrites exclude-theories exclude )

Remo ving Installed Rewrite Rules

(stop-rewrite & rest names )

(stop-rewrite-theory & rest names )

T rac king Rewrite Rules

(trace & rest names )

(track-rewrite & rest names )

(untrace & rest names )

(untrack-rewrite & rest names )
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T yp e Constrain t Rules

(skolem-typepred & opt fnum[*] )

(typepred & rest exprs )

Mu Calculus Rules

(musimp & opt fnums[*] dynamic-ordering? )

(model-check & opt dynamic-ordering?[T] cases-rewrite?[T] )

Con v ert Strategy to a Rule

(apply strategy & opt comment)

Pro of Strategies

(branch strat strats )

(else strat strat )

(if condition strat strat )

(let (( var

1

expr

1

) � � � ( var

n

expr

n

)) strat )

(query*)

(quote strat )

(repeat strat )

(repeat* strat )

(rerun & opt proof recheck? break? )

(spread strat strats )

(spread! strat strats )

(spread@ strat strats )

(tcc & opt defs[!] )

(then & rest steps )

(then@ & rest strats )

(try strat strat strat )

(try-branch strat strats strat )
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Pro v er Emacs Commands

These commands are only a v ailable when a pro of is in progress, and the *pvs* bu�er is

curren t.

Pro v er Emacs Help TAB h

Pro v er Command Help TAB H

An y Command TAB TAB

apply-extensionalit y TAB E

assert TAB a

auto-rewrite TAB A

auto-rewrite-theory TAB C-a

b ddsimp TAB B

b eta TAB b

case TAB c

case-replace TAB C

cop y TAB 2

delete TAB d

do-rewrite TAB D

expand TAB e

extensionalit y TAB x


atten TAB f

grind TAB G

ground TAB g

hide TAB C-h

i� TAB F

induct TAB I

induct-and-simpli fy TAB C-s

inst TAB i

inst? TAB ?

lemma TAB L

lift-if TAB l

mo del-c hec k TAB M

m usimp TAB m

name TAB n

p ostp one TAB P

prop TAB p

quit TAB C-q

replace TAB r

replace-eta TAB 8

rewrite TAB R

sk olem! TAB !

sk osimp TAB S

sk osimp* TAB *

split TAB s

tcc TAB T
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then TAB C-t

t yp epred TAB t

undo TAB u

Run Pro of Step TAB 1

Undo Pro of Step TAB U

Skip Pro of Step TAB #

Insert Quotes TAB '

W rap with P arens TAB C-j
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