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Abstract

W e dev elop a formal basis of correct sc hema transformations. Sc hemas are formalized as ab-

stract data t yp es, and correct sc hema transformations are formalized as information-preserving

signature in terpretations. Our formalism captures transformations of all sc hema comp onen ts,

making it p ossible to transform uniformly constrain ts and queries along with structures. In

addition, our formalism captures sc hema transformations b et w een di�eren t data mo dels as eas-

ily as those within the same data mo del. Compared with Hull's notion of relativ e information

capacit y , our notion of information preserv ation captures more sc hema transformations that are

natural, and few er sc hema transformations that are unnatural. Our w ork la ys the foundation of

a transformational framew ork of sc hema manipulations.

1 In tro duction

Sc hema transformations, suc h as remo ving anomalies and redundancies, sc hema restructuring, and

translating one sc hema to another (p ossibly in a di�eren t data mo del), constitute the ma jor ac-

tivities in sc hema in tegration [3 ]. Cen tral to sc hema transformations is the need to compare the

information con ten t of sc hemas: in transforming one sc hema to another, the information con ten t

of the source sc hema should b e preserv ed. A sc hema usually consists of three comp onen ts [19 ]:

(1) a set of structures, (2) a set of constrain ts on the structures, and (3) a set of op erators on the

structures. The constrain ts capture the in v arian t prop erties common to all instances of the sc hema,

and the op erators pro vide the v o cabulary for form ulating queries in the sc hema.

Most w ork on sc hema transformations has fo cused on the structure comp onen t of a sc hema (see

[19 , Chapter 14] for a summary of existing approac hes). A classic example of sc hema transforma-

tions is the decomp osition of a relation with a lossless join that preserv es functional dep endencies

[20 , Section 7.8]. When constrain ts are limited to functional dep endencies in the relational mo del

and sc hema transformations are expressed as conjunctiv e queries, Klug ga v e an algorithm for de-

riving constrain ts in the target sc hema from those in the source sc hema [13 ]. When constrain ts
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are limited to functional and inclusion dep endencies in the relational mo del, optimization rules are

giv en in [7, 8 ] to remo v e redundan t relations, attributes, and constrain ts in a sc hema. Ho w ev er, the

general problem of constrain t and op erator transformations remains op en. Since constrain ts cap-

ture imp ortan t information in a sc hema, sc hema transformations without the constrain t comp onen t

are incomplete at b est. Without the op erator comp onen t, it is imp ossible to transform queries in

the source sc hema to those in the target sc hema, ev en if the structure comp onen t is transformed

correctly .

Another ma jor problem with existing w ork is that sc hema transformations are almost alw a ys

limited to sc hemas within the same data mo del|in most cases the relational mo del or some dialect

of the en tit y-relationship mo del. F or example, most approac hes to sc hema in tegration mak e the

assumption that the sc hemas to b e in tegrated are already form ulated in some canonical data mo del

(see [3] for a surv ey). As p oin ted out in [19 ], sc hema transformations b et w een sc hemas in di�er-

en t data mo dels are usually sp eci�ed b y ad ho c mapping rules, with no formalisms to guaran tee

correctness in terms of either information preserv ation or equiv alence. In [14 ], correct translation

is studied from en tit y-relationship sc hemas to relational sc hemas, using a notion of sc hema equiv a-

lence from [11 ]. Ho w ev er, only primitiv e forms of cardinalit y constrain ts are translated, and query

translation is not considered.

It is customary to treat a sc hema as a logical theory and instances of the sc hema as mo dels of

the theory [16 ]. What constitutes the information con ten t of a sc hema? According to Bar-Hillel and

Carnap [2], the (seman tic) information carried b y a logical theory (sc hema) can b e c haracterized

b y the set of sen tences (i.e., constrain ts) logically implied b y the axioms of the theory relativ e to

some language system (i.e., structures and op erators). Th us, all three comp onen ts of a sc hema

con tribute to its information con ten t. In turn, the information con ten t of the structure comp onen t

of a sc hema can b e c haracterized b y the set of instances of the sc hema. In other w ords, a sc hema is

capable of storing information not only in its instances but also in its structures, constrain ts, and

op erators.

Most w ork on sc hema transformations uses ad ho c and v ery limited measures in comparing the

information con ten t of sc hemas. In [6 ] for example, a sc hema con tains less information than another

if ev ery instance of the �rst is an instance of the second. The �rst systematic study w as done b y Hull

[11 ], where he in tro duced the notion of relativ e information capacit y for comparing the information

con ten t of relational sc hemas. It has b een used as the formal basis of sc hema con tainmen t and

sc hema equiv alence for ob ject mo dels [1 , 12 ], and for en tit y-relationship mo dels [15 , 17 ]. In [21 ],

Hull's notion is extended to tak e in to accoun t up date seman tics. Ho w ev er, the constrain t and

op erator comp onen ts of sc hemas are largely ignored in these studies, ev en though Hull observ ed

that the structure comp onen t alone of a relational sc hema do es not con tain m uc h information at

all [11 ]. In fact, it is v ery di�cult to generalize the notion of relativ e information capacit y to deal

with constrain ts and op erators. F or example, it is sho wn in [15 ] that the information capacit y of a

sc hema can b e increased b y reducing its capacit y of storing constrain ts; and it is claimed in [17 ] that

the information capacit y of a sc hema remains the same ev en if w e add new op erators (surrogate

k ey attributes).

T raditionally , sc hemas ha v e b een formalized using a structural approac h, whic h describ es the

structure comp onen t of a sc hema using a (�xed) set of t yp e constructors. Ho w ev er, the t yp e
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constructors ha v e b een limited to simple ones that can b e stored and manipulated directly , suc h

as tuples and sets. Recen tly , Beeri [4, 5] has adv o cated a b eha vioral approac h based on the theory

of abstract data t yp e (ADT) and algebraic sp eci�cation (see [22 ] for a surv ey), whic h describ es

uniformly all comp onen ts of a sc hema using a set of ADT sp eci�cations. The b eha vioral approac h

has the additional adv an tage of supp orting more complex and extensible data mo dels.

W e adopt the b eha vioral approac h to sc hema sp eci�cation, and dev elop a formal basis of correct

sc hema transformations that solv es the problems discussed ab o v e. In particular, sc hemas are for-

malized as ADTs (Section 2), sc hema transformations are formalized as signature in terpretations

(Section 3), and correct sc hema transformations are formalized as information-preserving signature

in terpretations (Section 4). In Section 5, correct sc hema transformations are further generalized

to supp ort hidden sym b ols. W e then compare our notion of information preserv ation with Hull's

notion of relativ e information capacit y (Section 6), and solv e an op en problem p osted in [11 ]. Our

formalism is used in Section 7 to sho w the correctness of common sc hema transformations that ha v e

b een prop osed in the literature, suc h as lossless join decomp osition, redundancy remo v al, sc hema

in tegration, and sc hema translation. A sp ecial kind of sc hema transformations, namely sc hema

re�nemen ts, can also b e used to describ e e�cien t sc hema implemen tations. Finally , Section 8

pro vides some concluding remarks.

2 Sc hemas

2.1 De�nitions

W e b orro w the de�nitions of order-sorted signatures and algebras from the standard abstract data

t yp e literature [10 ]. A p artial ly or der e d set , or p oset , is a pair h S; �i , where S is a set and � is a

partial ordering on S . Let S

�

b e the set of �nite sequences of mem b ers in S . The partial ordering

� can b e extended to S

�

suc h that h s

1

: : : s

n

i � h s

0

1

: : : s

0

n

i i� s

i

� s

0

i

for 1 � i � n .

An or der-sorte d signatur e � is a triple h S; � ; 
 i , where S is a set of sort symb ols , h S; �i is a

p oset, and 
 is a family of �nite sets f 


v ;s

g

v 2 S

�

;s 2 S

of function symb ols that satisfy the monotonicit y

condition




v ;s

\ 


v

0

;s

0

6= ; and v � v

0

imply s � s

0

:

W e write f : v ! s to denote v 2 S

�

; s 2 S , and f 2 


v ;s

. 


hi ;s

is a set of c onstant symb ols (i.e.,

0-ary function sym b ols) of sort s . F or example, w e could ha v e a signature bool con taining one sort

b o ol and t w o constan t sym b ols true and false . The logical connectiv es _ ; ^ ; : ; ! ; $ are considered

as function sym b ols in bool . 


v ;bool

is a set of pr e dic ate symb ols for v 2 S

�

. F or ev ery sort s 2 S

w e assume that there is an (in�x) predicate sym b ol =

s

2 


h s;s i ;bool

. F or bool , =

bool

is simply $ .

Giv en t w o signatures � = h S; � ; 
 i and �

0

= h S

0

; �

0

; 


0

i , w e sa y that � � �

0

if

1. S � S

0

,

2. s

1

� s

2

implies s

1

�

0

s

2

for s

1

; s

2

2 S , and

3. 


v ;s

� 


0

v ;s

for v 2 S

�

; s 2 S .

W e sa y that � and �

0

are union-c omp atible if
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1. � is iden tical to �

0

on S \ S

0

, and

2. 


v ;s

\ 


0

v

0

;s

0

6= ; implies v = v

0

and s = s

0

.

F or signature � = h S; � ; 
 i , the � -terms are de�ned inductiv ely as the w ell-sorted comp osition

of sorted v ariables, function sym b ols, and sorted quan ti�ers 8 and 9 in 
. A � -formula is a �-term

of sort b o ol . A � -sentenc e is a closed �-form ula.

Let � = h S; � ; 
 i b e a signature. An or der-sorte d � -algebr a A consists of an S -indexed family

of c arrier sets f A

s

g

s 2 S

, and a function f

A

: A

v

! A

s

for ev ery 


v ;s

in 
 and f 2 


v ;s

, where

v = h v

1

; : : : ; v

n

i and A

v

= A

v

1

� � � � � A

v

n

, suc h that

1. s � s

0

implies A

s

� A

s

0

, and

2. f 2 


v ;s

\ 


v

0

;s

0

and v � v

0

imply f

A

: A

v

! A

s

equals to f

A

: A

v

0

! A

s

0

on A

v

.

A schema � is a pair h � ; � i , where � = h S; � ; 
 i is a signature and � is a set of �-sen tences

called axioms . F or ev ery sort s 2 S w e assume that the equalit y axioms of re
exivit y , symmetry ,

transitivit y , and substitutivit y are in �. A � -instanc e is a �-algebra that satis�es �. The seman tics

of � is giv en b y the set of �-instances. A �-sen tence p is a � -c onstr aint , denoted as � j = p , if p

is a logical consequence of the �-axioms. The set of �-constrain ts forms � -the ory . A � -query is a

�-form ula.

2.2 Examples

F or a sc hema � = h � ; � i , its signature � sp eci�es the structure and op erator comp onen ts of �,

while its axioms � sp ecify the constrain t comp onen t of �. A t ypical example is the sp eci�cation of

sc hema set , whic h tak es a tom as a parameter sc hema with sort atom .

set(a tom)

def

= ( sort set ( atom )

subsort atom � set ( atom )

function fg : ! set

� : atom ; set ! set

: : :

axiom : ( x � S = fg )

x � ( y � S ) = y � ( x � S )

x � ( x � S ) = x � S

: : : ).

The subsort declaration states that ev ery atom is a set (of size one). There is a constan t fg

denoting the empt y set, and an insertion function � for inserting an atom in to a set. As a second

example, librar y1 is a sc hema sp eci�cation in the ob ject mo del.

book

def

= ( extend string

sort b o ok

function title ( ): b o ok ! string
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isbn ( ): b o ok ! string

axiom isbn ( x ) = isbn ( y ) ! x = y )

a uthor

def

= ( extend string, integer

sort author

function name ( ): author ! string

ye ar-of-birth ( ): author ! inte ger )

librar y1

def

= ( extend book, a uthor ).

The k eyw ord extend in tro duces a list of imp orted sc hemas. There are t w o classes of ob jects:

b o oks and authors. Bo oks ha v e attributes title and isbn, and authors ha v e attributes name and

y ear-of-birth. In addition, b o oks ha v e unique isbn v alues. As a third example, librar y2 is a more

elab orate sc hema sp eci�cation in the complex-ob ject mo del.

librar y2

def

= ( extend librar y1, set(book)

function author-of ( ): author ! set ( b o ok )

axiom : ( author-of ( x ) = fg )

( 9 x )( y 2 author-of ( x ))).

Compared with librar y1 , authors in librar y2 ha v e an additional set-v alued attribute denot-

ing the set of b o oks that they are an author of. The t w o additional axioms state that ev ery author

has at least one b o ok, and ev ery b o ok has at least one author. As a fourth example, librar y3 is

an alternativ e sc hema sp eci�cation in the en tit y-relationship mo del.

librar y3

def

= ( extend bool, librar y1

function authorship ( ; ): b o ok ; author ! b o ol

axiom ( 9 x ) authorship ( x; y )

( 9 y ) authorship ( x; y )).

Compared with librar y1 , librar y3 has a man y-to-man y relationship relating b o oks to their

authors. The t w o additional axioms state cardinalit y constrain ts on the relationship: ev ery author

has at least one b o ok and ev ery b o ok has at least one author.

3 Sc hema T ransformation

Let � = h S; � ; 
 i b e a signature. W e denote b y �

v ;s

( x ) the set of �-terms of sort s whose list of

free v ariables is x of sorts v , where v 2 S

�

and s 2 S .

The follo wing de�nition is based on the notion of theory in terpretation in [9 , Section 2.7]. Let

�

0

= h S

0

; �

0

; 


0

i b e another signature. A signatur e interpr etation � : � ! �

0

is a pair h � ; � i , where

1. � : S ! S

0

is a map suc h that s

1

� s

2

implies � ( s

1

) �

0

� ( s

2

), and

2. � is a family of maps f �

v ;s

: 


v ;s

! �

0

�

�

( v ) ;� ( s )

( x ) g

v 2 S

�

;s 2 S

5



where �

�

( h v

1

; : : : ; v

n

i ) denotes h � ( v

1

) ; : : : ; � ( v

n

) i . W e write � ( s ) for � ( s ), � ( v ) for �

�

( v ), and � ( f )

for �

v ;s

( f ). W e can extend � to �-form ulas as follo ws. Giv en a �-form ula p , � ( p ) denotes the

�

0

-form ula resulted from replacing ev ery term f ( t ) in p b y �

v ;s

( f )[ � ( t ) =x ], where f 2 


v ;s

and

�

v ;s

: 


v ;s

! �

0

�

�

( v ) ;� ( s )

( x ).

It should b e noticed that the notion of signature in terpretation is more general than the notion of

signature morphism commonly seen in the algebraic sp eci�cation literature [22 ], in that a function

sym b ol in the source signature can b e mapp ed to an arbitrary term, not just a function sym b ol, in

the target signature.

1

Let � = h S; � ; 
 i and �

0

= h S

0

; �

0

; 


0

i b e t w o signatures, and � : � ! �

0

b e a signature

in terpretation. A map M

�

from �

0

-algebras to �-algebras can b e induced from � as follo ws. Giv en

a �

0

-algebra A

0

, w e construct a �-algebra A b y assigning the v alue of � ( s ) in A

0

to s for ev ery sort

sym b ol s 2 S and assigning the v alue of � ( f ) in A

0

to f for ev ery function sym b ol f 2 
.

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas. A schema tr ansformation � : � ! �

0

is a

signature in terpretation � : � ! �

0

. Since �-constrain ts and �-queries are �-form ulas, � transforms

not only the structures and op erators of �, but also the constrain ts and queries of �. By using the

more general notion of signature in terpretation, constructs in the source sc hema can b e transformed

to com binations of constructs in the target sc hema.

F or example, a sc hema transformation from book to a uthor could b e

f b o ok 7! author ; title 7! name ( x ) ; isbn 7! int-to-str ( ye ar-of-birth ( x )) g (1)

where int-to-str is a unary function sym b ol in sc hema string that con v erts an in teger to a string.

The book -axiom is transformed to an a uthor -sen tence

int-to-str ( ye ar-of-birth ( x )) = int-to-str ( ye ar-of-birth ( y )) ! x = y :

As w e argued in Section 1, all comp onen ts and instances of a sc hema con tribute to its in-

formation con ten t. A sc hema transformation preserv es the structures and op erators of the source

sc hema. Ho w ev er, it is not su�cien t to preserv e either the constrain ts or the instances of the source

sc hema. F or example, the ab o v e sc hema transformation do es not preserv e the constrain ts of book ,

since the book -axiom is not mapp ed to an a uthor -constrain t. The in v erse of the ab o v e sc hema

transformation

f author 7! b o ok ; name 7! title ( x ) ; ye ar-of-birth 7! str-to-int ( isbn ( x )) g (2)

where str-to-int is a unary function sym b ol in sc hema string that con v erts a string to an in teger,

do es not preserv e the instances of a uthor , since an a uthor -instance con taining t w o authors with

the same name but di�eren t y ears of birth do es not corresp ond to an y book -instance.

1

F or ease of presen tation, our notion of signature in terpretation is less general than the notion of theory in ter-

pretation in [9 ], in that a sort sym b ol in the source signature can only b e mapp ed to a sort sym b ol in the target

signature. It is not hard to generalize the notion of signature in terpretation to allo w a sort sym b ol to b e mapp ed to

an arbitrary sort expression.
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4 Correct Sc hema T ransformation

4.1 Constrain t-Preserving T ransformation

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas, � : � ! �

0

b e a sc hema transformation, and M

�

b e the induced map from �

0

-algebras to �-algebras. W e sa y that � is c onstr aint-pr eserving if, for

ev ery �-axiom p , � ( p ) is a �

0

-constrain t.

Theorem 1 Schema tr ansformation � is c onstr aint-pr eserving i� M

�

maps every �

0

-instanc e to a

� -instanc e.

Pr o of Supp ose that M

�

maps ev ery �

0

-instance to a �-instance, but � is not constrain t-preserving.

There is a �-axiom p 2 � where �

0

6j = � ( p ). There is a �

0

-instance I

0

in whic h � ( p ) is not satis�ed,

or equiv alen tly , : � ( p ) is satis�ed. Hence � ( : p ) is satis�ed in I

0

. Let I = M

�

( I

0

), whic h is a

�-instance. By the w a y in whic h I is constructed from I

0

through M

�

, : p is satis�ed in I , a

con tradiction.

Supp ose that � is constrain t-preserving, but there is a �

0

-instance I

0

suc h that I = M

�

( I

0

) is

not a �-instance. Let p b e the �-axiom that is not satis�ed in I . Apparen tly � ( p ) is satis�ed in I

0

.

By the w a y in whic h I is constructed from I

0

through M

�

, p is satis�ed in I , a con tradiction. 2

Constrain t-preserv ation is relativ ely straigh tforw ard to pro v e: all w e need to sho w is that a

sc hema transformation preserv es the axioms of the source sc hema.

Constrain t-preserv ation is not su�cien t to preserv e the instances of the source sc hema, since

there migh t b e a �-instance I where I 6= M

�

( I

0

) for an y �

0

-instance I

0

. An example is sc hema

transformation (2) in Section 3.

The simpliest form of constrain t-preserving sc hema transformation is sc hema extension, where

the sc hema transformation consists of iden tit y maps, and ev ery �-axiom is a �

0

-constrain t.

Corollary 2 Schema extension is c onstr aint-pr eserving.

F or the examples in Section 2.2, librar y1 can in fact b e transformed to librar y2 and li-

brar y3 b y sc hema extension. As a more complicated example of constrain t-preserving sc hema

transformation, supp ose that w e extend librar y3 to librar y4 :

librar y4

def

= ( extend librar y3, set(book)

function author-of

0

( ): author ! set ( b o ok )

axiom author-of

0

( x ) = f y j authorship ( y ; x ) g ).

The sc hema transformation from librar y2 to librar y4 , whic h maps author-of to author-of

0

and ev erything else to itself, is constrain t-preserving, b ecause the t w o librar y2 -axioms are mapp ed

to t w o librar y4 -constrain ts

: ( author-of

0

( x ) = fg )

( 9 x )( y 2 author-of

0

( x ))

whic h follo w from the axioms of librar y3 and librar y4 .
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4.2 Instance-Preserving T ransformation

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas, � : � ! �

0

b e a sc hema transformation, and M

�

b e the induced map from �

0

-algebras to �-algebras. W e sa y that � is instanc e-pr eserving if, for

ev ery �-instance I , there is a �

0

-instance I

0

suc h that M

�

( I

0

) = I .

Theorem 3 Schema tr ansformation � is instanc e-pr eserving, i� p is a � -c onstr aint for every � -

sentenc e p wher e � ( p ) is a �

0

-c onstr aint.

Pr o of Supp ose that � j = p for ev ery �-sen tence p where �

0

j = � ( p ), but � is not instance-

preserving. Let U b e the set of �-algebras that are images of �

0

-instances under M

�

, and I 62 U b e

a �-instance. Supp ose that there is a �-sen tence p in the theory of U suc h that p is not satis�ed in

I and hence � 6j = p . Since p is in the theory of U , p is satis�ed in ev ery �-algebra in U , and hence

� ( p ) is satis�ed in ev ery �

0

-instance. This means that �

0

j = � ( p ), a con tradiction. Therefore ev ery

�-instance is in U , meaning that � is instance-preserving, again a con tradiction.

Supp ose that there is a �-sen tence p where �

0

j = � ( p ) and � 6j = p , but � is instance-preserving.

There is a �-instance I in whic h p is not satis�ed, or equiv alen tly : p is satis�ed. Since � is instance-

preserving, there is a �

0

-instance I

0

suc h that M

�

( I

0

) = I . By the w a y in whic h I is constructed

from I

0

through M

�

, � ( : p ) is satis�ed in I

0

, or equiv alen tly : � ( p ) is satis�ed in I

0

. Hence � ( p ) is

not satis�ed in I

0

, a con tradiction. 2

Theorem 3 tells us that, for a sc hema transformation to b e instance-preserving, it is equiv alen t

that its in v erse preserv es the constrain ts of the target sc hema. Ho w ev er, since the in v erse of a

sc hema transformation migh t not exist or migh t not b e computable, Theorem 3 do es not pro vide

a straigh tforw ard w a y of pro ving instance preserv ation.

Theorem 4 Schema tr ansformation � is instanc e-pr eserving i� � maps every non- � -c onstr aint to

a non- �

0

-c onstr aint.

Pr o of Supp ose that � maps ev ery non-�-constrain t to a non-�

0

-constrain t. F or ev ery �-sen tence p

where �

0

j = � ( p ), p has to b e a �-constrain t. Hence � is instance-preserving according to Theorem 3.

Supp ose that � is instance-preserving. According to Theorem 3, p is a �-constrain t for ev ery

�-sen tence p where �

0

j = � ( p ). F or ev ery �-sen tence p where � 6j = p , � ( p ) cannot b e a �

0

-constrain t.

2

Theorem 4 tells us that, for a sc hema transformation to b e instance-preserving, it is equiv alen t

that it preserv es the non-constrain ts of the source sc hema. Ho w ev er, since the set of non-constrain ts

of a sc hema could b e in�nite, Theorem 4 do es not pro vide a w a y of pro ving instance preserv ation

either. In fact, there are no kno wn w a ys of pro ving instance preserv ation.

Instance preserv ation is not su�cien t to preserv e the constrain ts of the source sc hema, since

there migh t b e a �

0

-instance I

0

where M

�

( I

0

) 6= I for an y �-instance I , meaning that � migh t

not b e constrain t-preserving according to Theorem 1. An example is sc hema transformation (1) in

Section 3.

The simpliest form of instance-preserving sc hema transformation is sc hema reduction, where

the sc hema transformation consists of iden tit y maps, and ev ery �

0

-axiom is a �-constrain t.
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Corollary 5 Schema r e duction is instanc e-pr eserving.

F or example, supp ose that w e de�ne librar y5 as follo ws:

librar y5

def

= ( extend librar y3, set(book)

function author-of

0

( ): author ! set ( b o ok )

axiom authorship ( y ; x ) ! y 2 author-of

0

( x )).

The sc hema transformation from librar y4 of Section 4.1 to librar y5 , whic h consists of iden-

tit y maps, is instance-preserving b ecause librar y5 -theory is w eak er than librar y4 -theory .

4.3 Information-Preserving T ransformation

As w e ha v e argued in Section 1, a correct sc hema transformation should preserv e all comp onen ts

and instances of the source sc hema. Since sc hema transformations preserv e structures and op er-

ators, constrain t-preserving sc hema transformations preserv e constrain ts, and instance-preserving

sc hema transformations preserv e instances, w e ha v e the follo wing de�nition for correct sc hema

transformations.

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas, and � : � ! �

0

b e a sc hema transformation.

W e sa y that � is information-pr eserving if it is b oth constrain t-preserving and instance-preserving.

If � is information-preserving, then w e sa y that � is c ontaine d in �

0

, denoted b y � v �

0

. If � v �

0

and �

0

v �, then w e sa y that � and �

0

are e quivalent , denoted b y � � �

0

.

F or example, supp ose that w e de�ne librar y6 as follo ws:

librar y6

def

= ( extend bool, librar y1, set(book)

function authorship ( ; ): b o ok ; author ! b o ol

author-of

0

( ): author ! set ( b o ok )

axiom authorship ( y ; x ) $ y 2 author-of

0

( x )

: ( author-of

0

( x ) = fg )

( 9 x )( y 2 author-of

0

( x ))).

The sc hema transformations from librar y4 of Section 4.1 to librar y6 and bac k, whic h consist

of iden tit y maps, are b oth information-preserving, and hence librar y4 � librar y6 .

The simpliest forms of information-preserving sc hema transformation are instance-preserving

sc hema extension and constrain t-preserving sc hema reduction.

Giv en a signature � = h S; � ; 
 i and a function sym b ol f : v ! s where v 2 S

�

; s 2 S , but

f 62 


v ;s

, a de�nition of f in � is an atomic form ula

f ( x ) = F

where F 2 �

v ;s

( x ) is a �-term and x are free v ariables in F of sorts v . Giv en a sc hema � = h � ; � i ,

w e can form a sc hema �

0

= h �

0

; �

0

i where �

0

= � [ f f g and �

0

= � [ f f ( x ) = F g . The sc hema

extension from � to �

0

is a schema extension by de�nition .

Theorem 6 Schema extension by de�nition pr o duc es e quivalent schemas.
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Pr o of Let � b e the sc hema extension from � to �

0

. Since ev ery non-�-constrain t is a non-�

0

-

constrain t, � is instance-preserving according to Theorem 4. Hence � is information-preserving

and � v �

0

.

Let � b e the sc hema transformation from �

0

to � whic h maps f to F and all other sym b ols

to themselv es. Since � maps the �

0

-axiom f ( x ) = F to a tautology and all other �

0

-axioms

to themselv es, � is constrain t-preserving according to Theorem 1. Since � maps ev ery non-�

0

-

constrain t to a non-�-constrain t, � is instance-preserving according to Theorem 4. Hence � is

information-preserving and �

0

v �. 2

F or example, the extension of librar y3 of Section 2.2 to librar y4 in Section 4.1 is b y de�nition.

Hence librar y3 � librar y4 .

5 Sc hemas with Hidden Sym b ols

A schema with hidden symb ols � is a triple h � ; � ; � i , where h � ; � i is a sc hema and � � � is a

signature. Sym b ols in � are hidden and sym b ols in � � � are visible . The seman tics of a sc hema

with hidden sym b ols is giv en b y the set of restrictions of h � ; � i -instances to � � �. A �- query is

a (� � �)-form ula.

F or example, recall that author names do not ha v e to b e unique in the sp eci�cation of librar y1

of Section 2.2. W e could create a surrogate k ey for a uthor ob jects using hidden sym b ols, whic h

is not visible to users in querying.

a uthor

0

def

= ( extend symbol, string, integer

sort author

function id ( ): author ! symb ol

name ( ): author ! string

ye ar-of-birth ( ): author ! inte ger )

hidden-sort symb ol

hidden-function id

axiom id ( x ) = id ( y ) ! x = y ).

Let � = h � ; � ; � i and �

0

= h �

0

; �

0

; �

0

i b e t w o sc hemas with hidden sym b ols. A sc hema

transformation � : � ! �

0

is a signature in terpretation � : (� � �) ! (�

0

� �

0

). The induced map

M

�

is a map from (�

0

� �

0

)-algebras to (� � �)-algebras.

F or example, the sc hema transformations from a uthor to a uthor

0

and bac k, whic h consist of

iden tit y maps, are b oth information-preserving. Hence a uthor � a uthor

0

. Notice that, con trary

to the claim in [17 ], the t w o sc hemas w ould not b e equiv alen t if the function sym b ol id w ere visible

in a uthor

0

, b ecause no sc hema transformations from a uthor

0

to a uthor could map id in suc h

a w a y that preserv es the axiom of a uthor

0

.

Theorem 7 Instanc e-pr eserving schema extension with hidden symb ols pr o duc es e quivalent schemas.
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Pr o of Supp ose that � is extended to �

0

with hidden sym b ols b y a instance-preserving sc hema

transformation. Ob viously � v �

0

. Since ev ery �

0

-instance restricted to �

0

� �

0

is a �-instance,

and ev ery �-instance is a �

0

-instance restricted to �

0

� �

0

due to instance preserv ation, �

0

v �. 2

6 Relationship to Hull's Notion

In [11 ], Hull in tro duced four progressiv ely more restrictiv e measures of the information con ten t of

sc hemas. W e �rst brie
y de�ne these measures of relativ e information capacit y , and then c harac-

terize their relationships to our notion of information preserv ation. Through this, w e solv e an op en

problem p osted in [11 ].

A sc hema � = h � ; � i is r elational if ev ery function sym b ol in � is either a constan t or a

predicate.

2

Without further notice, w e assume that all sc hemas in this section are relational.

6.1 Relativ e Information Capacit y

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas. The domain of a �-instance I , denoted as

dom( I ), is the union of its carrier sets. Let DOM b e a set of v alues con taining the domains of all

�-instances and �

0

-instances, and Z � DOM .

1. A Z -p erm utation of DOM is a bijectiv e map on DOM that is iden tical on Z .

2. A map M from �-instances to �

0

-instances is Z -generic if it comm utes with ev ery Z -p erm utation

of ev ery �-instance.

3. A map M from �-instances to �

0

-instances is Z -in ternal if dom( M ( I )) � dom( I ) [ Z for ev ery

�-instance I .

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas. Also let M b e a map from �-instances to

�

0

-instances, and M

0

b e a map from �

0

-instances to �-instances. �

0

dominates � via ( M ; M

0

) if

M

0

� M is the iden tit y map on �-instances.

1. �

0

dominates � absolutely ,

3

denoted as � � �

0

(abs), if �

0

dominates � via ( M ; M

0

) for some

M ; M

0

.

2. �

0

dominates � internal ly , denoted as � � �

0

(in t), if there is a �nite Z � DOM suc h that �

0

dominates � via ( M ; M

0

) for some Z -in ternal M ; M

0

.

3. �

0

dominates � generic al ly , denoted as � � �

0

(gen), if there is a �nite Z � DOM suc h that

�

0

dominates � via ( M ; M

0

) for some Z -generic M ; M

0

.

2

This is consisten t with Hull's de�nition, in whic h calculus expressions could con tain constan ts, and constrain ts

could b e more general than k ey dep endencies (e.g., constan ts are constrained b y unique name axioms).

3

This de�nition is from [12 ], whic h is simpler and is not limited to relational sc hemas. The t w o de�nitions are

equiv alen t for relational sc hemas [11 ].
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4. �

0

dominates � c alculously , denoted as � � �

0

(calc), if there are t w o sc hema transformations

� : � ! �

0

and � : �

0

! � with induced maps M

�

and M

�

resp ectiv ely ,

4

suc h that �

0

dominates

� via ( M

�

; M

�

).

Hull has sho wn that calculus dominance implies generic dominance, whic h in turn implies

in ternal dominance, whic h in turn implies absolute dominance. Moreo v er, the implication from

generic to in ternal dominance is strict if sc hemas con tain certain kinds of constrain ts, namely

k ey dep endencies. Ho w ev er, it remains op en whether the implications from calculus to generic

dominance, and from in ternal to absolute dominance are strict.

6.2 Relationship to Relativ e Information Capacit y

Let � = h � ; � i and �

0

= h �

0

; �

0

i b e t w o sc hemas.

Theorem 8 If � � �

0

( c alc ) , then � v �

0

.

Pr o of Let � : � ! �

0

and � : �

0

! � b e t w o sc hema transformations with induced maps M

�

and

M

�

resp ectiv ely , suc h that �

0

dominates � via ( M

�

; M

�

). By de�nition of calculus dominance, M

�

maps ev ery �

0

-instance to a �-instance, and hence � is constrain t-preserving. F or ev ery �-instance

I , M

�

( I ) is a �

0

-instance suc h that M

�

( M

�

( I )) = I . Hence � is instance-preserving. Therefore �

is information-preserving. 2

Theorem 9 If � v �

0

, then � � �

0

( abs ) .

Pr o of Let � : � ! �

0

b e an information-preserving sc hema transformation with induced map M

�

.

Since � is constrain t-preserving, M

�

maps ev ery �

0

-instance to a �-instance. Since � is instance-

preserving, for ev ery �-instance I there is a �

0

-instance I

0

suc h that M

�

( I

0

) = I . Hence there is

a map M from �-instances to �

0

-instances suc h that M

�

� M is the iden tit y map on �-instances.

Therefore �

0

dominates � via ( M ; M

�

). 2

There exist sc hemas � and �

0

suc h that � � �

0

(gen,in t,abs) but � 6v �

0

(and hence � 6� �

0

(calc)).

F or example, consider the follo wing sc hemas.

schema1

def

= ( sort city

axiom ( 9 x; y ) : ( x = y ))

schema2

def

= ( sort town ).

A schema1 -instance is a set con taining at least t w o cities, while a schema2 -instance could b e

a singleton set. Hence schema1 is logically stronger than schema2 . A map M from schema1 -

instances to schema2 -instances could map ev ery schema1 -instance to the iden tical schema2 -

instance. On the other hand, a map M

0

from schema2 -instances to schema1 -instances could

4

This de�nition is equiv alen t to Hull's de�nition, b ecause relational calculus is equiv alen t to �rst-order predicate

calculus, whic h is the language of relational sc hemas.
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map ev ery schema2 -instance con taining at least t w o to wns to the iden tical schema1 -instance;

and map ev ery singleton schema2 -instance to the schema1 -instance where city is assigned the set

f SF ; LA g . Since these t w o maps are b oth f SF ; LA g -generic, and M

0

� M is the iden tit y map on

schema1 -instances, w e conclude that schema1 � schema2 (gen,in t,abs). Ho w ev er, an y sc hema

transformation from schema1 to schema2 will ha v e to map city to town . The only function

sym b ol in schema1 is =

city

. If it is mapp ed to =

tow n

, then the image of the schema1 -axiom is

not a schema2 -constrain t. If it is mapp ed to an equiv alence relation ' other than =

tow n

, then the

image of the schema1 -axiom cannot b e true in an y singleton schema2 -instances. In either case,

the sc hema transformation cannot b e constrain t-preserving, and hence schema1 6v schema2 .

This example tells us that Hull's notion could �nd dominance relationships b et w een sc hemas

that are not naturally related through dominance relationships: a sc hema should not b e capable

of storing more information if w e reduce its capabilit y of storing constrain ts. Our notion rules out

suc h unnatural dominance relationships.

There also exist sc hemas � and �

0

suc h that � v �

0

(and hence � � �

0

(abs)) but � 6�

�

0

(in t,gen,calc). F or example, consider the follo wing sc hema.

schema3

def

= ( extend symbol, string, bool

function R

1

( ; ): symb ol ; string ! b o ol

axiom R

1

( x; y ) ^ R

1

( x; z ) ! y = z )

schema4

def

= ( extend string, bool

function R

2

( ): string ! b o ol )

and a sc hema transformation from schema4 to schema3 that maps R

2

to the schema3 -term

( 9 x ) R

1

( x; y ). In other w ords, R

2

is the pro jection of R

1

on the non-k ey column. It is easy to

sho w that the sc hema transformation is information-preserving, and hence schema4 v schema3 .

Ho w ev er, an y map from a schema4 -instance to a schema3 -instance will ha v e to in v en t as man y

distinct v alues as the size of R

2

for the k ey column of R

1

. Since there are arbitrarily large schema4 -

instances, the map cannot b e Z -in ternal for a �xed �nite Z . So schema4 6� schema3 (in t,gen,calc).

This example tells us that there are natural dominance relationships b et w een sc hemas that are

not captured b y Hull's notion: the capabilit y of storing information in a non-k ey ed sc hema should

b e increased b y adding a k ey column. Our notion captures suc h natural dominance relationships.

The ab o v e examples also sho w that calculus dominance is strictly more restrictiv e than our

notion, whic h is in turn strictly more restrictiv e than absolute dominance. Moreo v er, our notion

is not comparable to generic or in ternal dominance. As a consequence, w e ha v e solv ed an op en

problem p osted b y Hull:

Corollary 10 Calculus dominanc e is strictly mor e r estrictive than generic dominanc e. Internal

dominanc e is strictly mor e r estrictive than absolute dominanc e.

7 Applications

7.1 Lossless Join Decomp osition

Consider Example 7.8 from [20 , page 395], with the follo wing t w o sc hemas:

13



schema5

def

= ( extend string, bool

function R ( ; ; ; ): string ; string ; string ; string ! b o ol

axiom R ( x; y ; z ; w ) ^ R ( x; y

0

; z

0

; w

0

) ! y = y

0

R ( x; y ; z ; w ) ^ R ( x; y

0

; z ; w

0

) ! w = w

0

)

schema6

def

= ( extend string, bool

function R

1

( ; ): string ; string ! b o ol

R

2

( ; ; ): string ; string ; string ! b o ol

axiom R

1

( x; y ) ^ R

1

( x; y

0

) ! y = y

0

R

2

( x; y ; z ) ^ R

2

( x; y ; z

0

) ! z = z

0

).

A sc hema transformation from schema5 to schema6 could map R to the schema6 -term

R

1

( x; y ) ^ R

2

( x; z ; w ). A sc hema transformation from schema6 to schema5 could map R

1

to the

schema5 -term ( 9 z ; w ) R ( x; y ; z ; w ) and map R

2

to the schema5 -term ( 9 y ) R ( x; y ; z ; w ). It is not

hard to v erify that schema5 � schema6 . Since schema5 is not in BCNF while schema6 is, the

latter is considered a b etter sc hema design.

7.2 Redundancy Remo v al

Giv en t w o sc hemas � = h � ; � i and �

0

= h �

0

; �

0

i where � � �

0

, W e sa y that �

0

is less redundan t

than � if �

0

con tains few er or simpler signature sym b ols than �, or �

0

con tains w eak er axioms

than �. In this case, w e could replace � b y �

0

to ac hiev e a more concise represen tation of the same

information. Consider the follo wing sc hemas in the relational mo del:

schema7

def

= ( extend string, bool

function R

1

( ; ; ) ; R

2

( ; ; ): string ; string ; string ! b o ol

axiom R

1

( x; y ; z ) ^ R

1

( x; y

0

; z

0

) ! y = y

0

^ z = z

0

R

2

( x; y ; z ) ^ R

2

( x; y

0

; z

0

) ! y = y

0

^ z = z

0

R

1

( x; y ; z ) ! ( 9 y

0

) R

2

( x; y

0

; z ))

schema8

def

= ( extend string, bool

function R

0

1

( ; ): string ; string ! b o ol

R

0

2

( ; ; ): string ; string ; string ! b o ol

axiom R

0

1

( x; y ) ^ R

0

1

( x; y

0

) ! y = y

0

R

0

2

( x; y ; z ) ^ R

0

2

( x; y

0

; z

0

) ! y = y

0

^ z = z

0

R

0

1

( x; y ) ! ( 9 y

0

; z

0

) R

0

2

( x; y

0

; z

0

)).

A sc hema transformation from schema7 to schema8 could map R

1

to the schema7 -term

R

0

1

( x; y ) ^ ( 9 y

0

) R

0

2

( x; y

0

; z ). A sc hema transformation from schema8 to schema7 could map R

0

1

to

the schema8 -term ( 9 z ) R

1

( x; y ; z ). It is not hard to v erify that schema7 � schema8 . Compared

to schema8 , schema7 has more redundancy b ecause the third column of R

2

is redundan tly stored

as the third column of R

1

. Hence replacing schema7 b y schema8 remo v es this redundancy . This

sc hema transformation has b een prop osed in the literature [8 , 17 ].
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7.3 Sc hema In tegration

Let �

i

= h �

i

; �

i

i for 1 � i � n b e n sc hemas suc h that �

i

and �

j

are union-compatible for

1 � i; j � n . When w e in tegrate these sc hemas in to one, the �rst step is to iden tify the seman tic

relationships b et w een them. Supp ose that the seman tic relationships are expressed o v er �

i

for

1 � i � n , and p ossibly an additional signature �

0

; and consist of a set of (

S

n

i =1

�

i

[ �

0

)-sen tences

�

0

. An in tegration of �

i

, where 1 � i � n , is a sc hema � = h � ; � i suc h that

h

n

[

i =1

�

i

[ �

0

;

n

[

i =1

�

i

[ �

0

i � � :

Th us, sc hema in tegration can b e view ed as applying information-preserving sc hema transforma-

tions to the union of comp onen t sc hemas and their seman tic relationships to impro v e the qualit y

of the in tegrated sc hema (e.g., to remo v e redundancy). Consider a sc hema sp eci�cation similar to

librar y2 of Section 2.2:

librar y2

0

def

= ( extend librar y1, set(a uthor)

function author e d-by ( ): b o ok ! set ( author )

axiom : ( author e d-by ( x ) = fg )

( 9 x )( y 2 author e d-by ( x ))).

Supp ose that w e in tegrate librar y2 and librar y2

0

. The seman tic relationship b et w een them

can b e expressed as

x 2 author-of ( y ) $ y 2 author e d-by ( x ) :

In tuitiv ely , the t w o sc hemas con tain the same information represen ted di�eren tly . Hence their

union is redundan t: the man y-to-man y relationship b et w een authors and b o oks is represen ted b y

t w o m ulti-v alued maps that are in v erses of eac h other. It is not hard to v erify that the union of

librar y2 and librar y2

0

together with the ab o v e seman tic relationship is equiv alen t to librar y3

of Section 2.2. Hence librar y3 can b e tak en as their in tegration. This sc hema transformation has

b een prop osed in the literature [18 ].

7.4 Sc hema T ranslation

Giv en t w o sc hemas � and �

0

, a sc hema transformation � : � ! �

0

is a translation from � to �

0

if

� � �

0

.

Sc hema translation b et w een di�eren t data mo dels is not an y more di�cult than that within the

same data mo del, b ecause our sc hema formalism really blurs the di�erence b et w een data mo dels:

data mo dels di�er in the data t yp es they supp ort. So w e could ha v e a sc hema sp eci�ed in a

mixture of data mo dels, e.g., librar y4 of Section 4.1 is in a com bination of complex-ob ject and

en tit y-relationship mo dels.

As an example of sc hema translation, supp ose that w e extend librar y3 of Section 2.2 with

an additional axiom name ( x ) = name ( y ) ! x = y , whic h can then b e translated to the follo wing

sc hema in the relational mo del:
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librar y3

0

def

= ( extend string, integer, bool

sort s

1

; s

2

function R

1

( ; ): s

1

; string ! b o ol

R

2

( ; ): s

2

; inte ger ! b o ol

R ( ; ): s

1

; s

2

! b o ol

axiom R

1

( x; y ) ^ R

1

( x; z ) ! y = z

R

2

( x; y ) ^ R

2

( x; z ) ! y = z

( 9 y ) R

1

( x; y )

( 9 y ) R

2

( x; y ))

through the sc hema transformation

8

>

<

>

:

b o ok 7! s

1

; isbn 7! x; title 7! f y j R

1

( x; y ) g ;

author 7! s

2

; name 7! x; ye ar-of-birth 7! f y j R

2

( x; y ) g ;

authorship 7! R ( x; y )

9

>

=

>

;

:

Notice that, b ecause of the librar y3

0

-axioms, the images of title and ye ar-of-birth are alw a ys total

and ev aluate to singleton sets. Also notice that the inclusion dep endencies from the t w o columns of

R to the �rst columns of R

1

and R

2

resp ectiv ely are satis�ed automatically through sort constrain ts

and the last t w o librar y3

0

-axioms. Similar sc hema translations from the en tit y-relationship mo del

to the relational mo del ha v e b een prop osed in [14 ].

7.5 Sc hema Re�nemen t

Giv en t w o sc hemas � and �

0

, a sc hema transformation � : � ! �

0

is a re�nemen t of � to �

0

if � v �

0

.

Th us sc hema re�nemen ts can increase the information con ten t of the sc hemas b eing re�ned.

Adv anced data mo dels pro vide man y p o w erful abstractions that mak e sc hema sp eci�cations

concise and seman tically clear. Ho w ev er, the added expressiv e p o w er comes with a price: there

is no kno wn metho d to infer simple and e�cien t storage implemen tations for these abstractions

[5 ], b ecause man y abstractions no longer ha v e a single implemen tation that is tolerably e�cien t

o v er the en tire query space. F or example, a set-v alued attribute can b e implemen ted b y a relation,

a list, a bit-v ector, etc.. Suc h implemen tation decisions can b e enco ded as sc hema re�nemen ts.

When guided b y the c haracteristics of t ypical queries, sc hema re�nemen ts can b e applied to deriv e

e�cien t implemen tations of sc hemas.

As an example, consider the follo wing sp eci�cation of sc hema seq :

seq(a tom)

def

= ( sort se q ( atom )

subsort atom � se q ( atom )

function [ ]: ! se q

� : atom ; se q ! se q

: : :

axiom : ( x � S = [ ])

x � S = x

0

� S

0

! x = x

0

^ S = S

0

: : : ).
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W e could imagine that seq has a range equalit y predicate =

r

: se q ; se q ! b o ol , suc h that t w o

sequences are range-equal i� they con tain the same set of elemen ts. It is not hard to sho w that the

sc hema transformation from set of Section 2.1 to seq

f set 7! se q ; fg 7! [ ] ; � 7! x � y ; = 7! x =

r

y g

is information-preserving. No w consider librar y2

0

of Section 7.3. If the set-v alued attribute

author e d-by is most often accessed b y tra v ersing its v alue, then w e could apply the ab o v e sc hema

transformation to re�ne it in to a sequence-v alued attribute. The implemen tation also con tains more

information, b ecause w e could no w query the �rst author of a b o ok, for example.

8 Conclusion

W e ha v e dev elop ed a formal basis of correct sc hema transformations. In particular, sc hemas are for-

malized as ADTs, sc hema transformations are formalized as signature in terpretations, and correct

sc hema transformations are formalized as information-preserving signature in terpretations.

Compared with existing approac hes, our formalism captures transformations of all sc hema com-

p onen ts, making it p ossible to transform uniformly constrain ts and queries along with structures.

In addition, our formalism captures sc hema transformations b et w een di�eren t data mo dels as easily

as those within the same data mo del.

W e ha v e compared in detail our notion of information preserv ation with the most widely used

correctness criteria|Hull's notion of relativ e information capacit y . Our notion is strictly less restric-

tiv e than calculus dominance, strictly more restrictiv e than absolute dominance, and incomparable

to generic or in ternal dominance. Moreo v er, our notion captures more sc hema transformations that

are natural, and few er sc hema transformations that are unnatural, than Hull's notion. W e ha v e

also solv ed an op en problem with Hull's notion|calculus and in ternal dominance are, resp ectiv ely ,

strictly more restrictiv e than generic and absolute dominance.

Our w ork la ys the foundation of a transformational framew ork of sc hema manipulations. P op-

ular transformations of common ADTs can b e enco ded as transformation rules and pro v en correct

once. Sc hemas sp eci�ed with common ADTs can b e simpli�ed, restructured, and translated b y

applying these rules rep eatedly . W e can also apply these rules to re�ne sc hema sp eci�cations in to

e�cien t storage represen tations. As examples, w e ha v e sho wn the correctness of common sc hema

transformations that ha v e b een prop osed in the literature.
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