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Abstra ct . My colleagues and I dev elop ed an approac h to pro ving correctness

of arc hitectural re�nemen t hierarc hies that dep ended up on treating arc hitec-

tural sp eci�cations as axiomatizations of �rst-order theories. This pap er ex-

plores the consequences of an alternativ e approac h to formalizing the con ten t

of sp eci�cations in logic. A sp eci�cation is treated as a depiction of a par-

ticular relational structure, whic h is in tended to b e a mathematical mo del of

the system b eing sp eci�ed. As a result, sp eci�cations no w corresp ond to m uc h

stronger (in fact, complete) theories. Although the criterion for re�nemen t cor-

rectness | that the theory corresp onding to the higher-lev el sp eci�cation can

b e faithfully in terpreted in the theory corresp onding to the lo w er-lev el sp ec-

i�cation | remains the same, the tec hnique for pro ving correctness is quite

di�eren t: pro ving that a mapping is a theory in terpretation is more complex,

though still largely a matter of calculation, but faithfulness is trivially guar-

an teed. The net result is a substan tial simpli�cation of correctness pro ofs, as

a comparison of pro ofs of a simple re�nemen t pattern illustrates.

1. Tw o Appr o a chs to Est ablishing Correctness

In a previous pap er [5], m y colleagues and I presen ted an approac h to pro ving

correctness of arc hitectural re�nemen t patterns. A corresp ondence b et w een arc hi-

tectural sp eci�cations, suc h as the high-lev el compiler sp eci�cation in Figure 1, and

theories in �rst-order logic w as de�ned in terms of a mapping from sp eci�cation

elemen ts to axioms for the theories.

1

F or example, the presence of the data
o w

connector that carries ob jects of t yp e AST (i.e., abstract syn tax trees) from the

parser comp onen t to the analyzer/optimizer comp onen t in Figure 1 corresp onds to

the axioms

Channel ( ast intermediate )

8 x

0

[ AST ( x

0

) ! Can Ca rry ( ast intermediate ; x

0

)]

The theory that corresp onds to a sp eci�cation is simply the set of all consequences

of the axioms obtained from the elemen ts of the sp eci�cation, together with gen-

eral axioms that constrain the meanings of the comp onen t, p ort, and connector

predicates that app ear in the sp eci�cation.

This theory is rather w eak, in the sense that it do es not determine the truth v alue

of man y sen tences in the language. F or example, it do es not con tain an y explicit

1

Strictly sp eaking, the con ten t of the informal data
o w diagram w as formalized in a textual

sp eci�cation language. F or the purp oses of this pap er, let us eliminate the middleman and pre-

tend that diagrammatic represen tations are su�cien tly precise to serv e as formal arc hitectural

sp eci�cations.

1
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lexical_analyzer

parser

code_generator

analyzer/
optimizer

char: Character cod: Code

tok: Token

bind: Bindings

ast_intermediate: AST

ast_final: AST

Figure 1. Data
o w Arc hitecture for a Compiler

\extremal axioms" to preclude the existence of additional ob jects not men tioned in

the sp eci�cation. Neither the sen tence

: 9 x

0

9 x

1

9 x

2

[ Out P o rt ( x

1

; pa rser )

^ In P o rt ( x

2

; lexical analyzer ) ^ Connects ( x

0

; x

1

; x

2

)]

whic h sa ys that there is no data
o w c hannel from the parser to the lexical analyzer,

nor its negation, is a consequence of the theory that corresp onds to the arc hitecture

in Figure 1. Of course, that no suc h data
o w c hannel is sho wn means that the

sp eci�er in tended that no suc h c hannel b e implemen ted (or, more accurately , that

no suc h c hannel should b e observ able at this lev el of abstraction). Some of these

\truth v alue gaps" can b e eliminated b y adding axioms, but p erhaps not all: the

theory of an inductiv e datat yp e, suc h as AST, ma y w ell b e essen tially incomplete.

Nonetheless, our theories are treated as if they w ere complete, in the sense that

our criterion for correct re�nemen t is that the higher-lev el theory m ust b e faithful ly

in terpretable in the lo w er-lev el theory .

2

In other w ords, the lo w er-lev el theory m ust

not add an y detail that could ha v e b een expressed at the higher lev el, suc h as the

existence of additional unmen tioned ob jects in the higher lev el on tology .

But there is an alternativ e, p erhaps more natural, logical in terpretation of the

data
o w diagram in Figure 1. An y application of mathematics requires construc-

tion of a mathematical mo del of some phenomena of in terest. This mathematical

mo del m ust share relev an t structure with the phenomena, so that conclusions de-

riv ed from reasoning ab out the structure of the mo del are true of the structure

of the phenomena b eing mo deled as w ell. Examples are ubiquitous in computing.

F or example, one migh t attempt to deriv e truths ab out the b eha vior of a partic-

ular parsing program running on a particular mac hine b y reasoning ab out a �nite

2

Recall that an in terpretation I of the langauge of theory � in the theory �

0

is an in terpretation

of � in �

0

i� for ev ery sen tence ' in the language of � ,

' 2 � = ) I ( ' ) 2 �

0

If, in addition, for ev ery sen tence ' in the language of � ,

I ( ' ) 2 �

0

= ) ' 2 �

then I is said to b e faithful . See the App endix of this pap er for greater detail.
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state automaton that mathematically mo dels it. It seems v ery natural to supp ose

that this is exactly the function a system sp eci�cation, whether b eha vioral or ar-

c hitectural, is supp osed to p erform. In short, from this alternativ e p ersp ectiv e,

ar chite ctur al sp e ci�c ations ar e intende d to b e mathematic al mo dels of the systems

they sp e cify .

Just as a �nite state automaton, whic h is formally de�ned as some sort of math-

ematical structure, can b e depicted as a collection of b o xes and arro ws, a system

arc hitecture diagram can b e construed as a depiction of a particular mathematical

structure. Consider once again the data
o w diagram of Figure 1. The similarit y

t yp e of the structure that this diagram depicts is determined b y its arc hitectural

st yle. Since this is a data
o w diagram, the structure m ust pro vide the extensions

for the v arious predicate parameters of the data
o w language | Channel , AST ,

Can Ca rry , and so on | and m ust also iden tify the particular individuals denoted

b y the individual parameters of the sp eci�cation, suc h as pa rser . (Note that this

structure is not �nite. Most often, the n um b er of comp onen ts and connectors in

sp eci�cations will b e �nite,

3

but the datat yp es are often in�nite.)

In the \mo del-based" treatmen t of sp eci�cations, the logical theory that corre-

sp onds to the sp eci�cation is simply the theory of the structure that the sp eci�ca-

tion depicts. This theory is, of course, complete, whic h is imp ortan t b ecause every

standar d interpr etation

4

of a c omplete the ory in a c onsistent the ory is faithful . The

pro of of this fact is easy: for an y standard in terpretation I of complete theory �

in consisten t theory �

0

and an y sen tence ' of the language of � ,

' =2 � = ) : ' 2 � ( � is complete)

= ) I ( : ' ) 2 �

0

( I in terprets � in �

0

)

= ) : I ( ' ) 2 �

0

(St'd in terp'ns preserv e logic)

= ) I ( ' ) =2 �

0

( �

0

is consisten t)

and so, univ ersally generalizing the con trap ositiv e, I is faithful.

In the \prop ert y-orien ted" treatmen t of our previous pap er, pro ving that the

standard in terpretation asso ciated with a candidate re�nemen t is a theory in ter-

pretation w as easy . A standard in terpretation maps deriv ations to deriv ations.

5

Therefore, if �nite axiomatizations of � and �

0

are a v ailable, then it can b e sho wn

that I in terprets � in �

0

b y deriving the image of eac h axiom of � under I from

the axioms of �

0

. But pro ving faithfulness is harder. A substan tial mo del-theoretic

result serv ed as the basis of the metho d w e prop osed. So the fact that faithfulness

is automatic on the new approac h mak es it lo ok quite promising. Unfortunately ,

there is no simple, mec hanical w a y to obtain axioms for the theory of a structure

from a represen tation of that structure. Indeed, the theory of the structure corre-

sp onding to some sp eci�cations ma y v ery w ell ha v e no recursiv e, m uc h less �nite,

axiomatization. Some other w a y of recognizing when a basis mapping from the

parameters of the language of one structure to the language of another structure

3

Ho w ev er, it migh t sometimes b e con v enien t to mo del a conceptually un b ounded n um b er of

comp onen ts or connectors b y an in�nite n um b er of comp onen ts or connectors, just as a T uring

mac hine's in�nite tap e is used to mo del conceptually un b ounded memory

4

See the App endix for the de�nition of standar d interpr etation .

5

Actually , the deriv ations that result can con tain small \gaps" due to the in tro duction of

b ounds on quan ti�ers, but �lling these in is trivial.
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determines a standard in terpretation of the theory of the former struture in the

theory of the latter structure is required.

2. A Model-Theoretic Criterion f or Theor y Interpret a tion

An y standard in terpretation I of the language L in an L

0

-theory �

0

induces

a \dual" mapping I

@

from L

0

-structures to L -structures: roughly sp eaking, the

denotation of a predicate of L is determined b y the extension of the L

0

-form ula

that in terprets the predicate in the L

0

-structure, and similarly for individual pa-

rameters. More formally , giv en a mo del A

0

= hj A

0

j ; P

A

0

; : : : ; a

A

0

; : : : i of �

0

, the

L -structure I

@

( A

0

) = hj I

@

( A

0

) j ; P

I

@

( A

0

)

; : : : ; a

I

@

( A

0

)

; : : : i is determined as fol-

lo ws:

(1) let

j I

@

( A

0

) j = f x

0

2 j A

0

j : A

0

� !

I

[ x

0

] g

where !

I

, the L

0

-form ula that b ounds in terpreted quan ti�ers, de�nes the

subset of j A

0

j used to in terpret j A j ,

(2) for ev ery n -ary predicate parameter P of L , let

P

I

@

( A

0

)

= fh x

0

; x

1

; : : : ; x

n � 1

i 2 j I

@

( A

0

) j

n

:

A

0

� I ( P ( x

0

; x

1

; : : : ; x

n � 1

) ) [ x

0

; x

1

; : : : ; x

n � 1

] g

and,

(3) for ev ery individual parameter a of L , let a

I

@

( A

0

)

b e the x

0

in j A

0

j suc h

that

A

0

� I ( x

0

�= a ) [ x

0

]

It is easy to sho w that if I is a standard in terpretation of the language of the

structure A in the theory of the structure A

0

and I

@

( A

0

) is isomorphic to A , then

I in terprets the theory of A in the theory of A

0

.

6

Let f b e an isomophism from A

6

Recall that the theorem that pro vided the basis for establishing faithfulness of standard �rst-

order theory in terpretations on our original approac h w as

In terpretation I of the theory � in the theory �

0

is faithful i�, for ev ery mo del

A of � , there is a mo del A

0

of �

0

suc h that I

@

( A

0

) can b e expanded to a mo del

of the description of A .

or, equiv alen tly ,

In terpretation I of the theory � in the theory �

0

is faithful i�, for ev ery mo del

A of � , there is a mo del A

0

of �

0

and a function from j A j in to j A

0

j suc h that

( A ; a )

a 2j A j

� ( I

@

( A

0

) ; f ( a ))

a 2j A j

where ` � ' denotes elemen tary equiv alence.

It follo ws that requiring I

@

( A

0

) to b e isomorphic to A is not necessary for faithfulness. But

this is simply an artifact of the limited expressiv e p o w er of �rst-order logic; in ! -order logic, also

kno wn as higher-or der lo gic and the the ory of typ es , isomorphism is b oth necessary and su�cien t

for faithfulness. On the approac h adv o cated in this pap er, formal logical deriv ations ha v e b een

eliminated | deriv ations are no longer used in pro ving correctness, and the question of whether a

form ula can b e deriv ed from the theory corresp onding to a sp eci�cation has b een replaced b y the

question of whether the structure corrsep onding to that sp eci�cation is a mo del of that form ula

| and so there is no comp elling meta-theoretical reason to restrict ourselv es to �rst-order logic.

It w ould ev en b e tempting to replace the notion of in terpreting one the ory in another b y that
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write read
v : T

c : T

b

ba

a

Figure 2. Re�nemen t P attern: Data
o w Channel to V ariable

to I

@

( A

0

). Then, for ev ery L -form ula ' and ev ery assignmen t x of v alues in j A j

to the free v ariables of ' ,

A � ' [ x ] ( ) I

@

( A

0

) � ' [ f � x ]

(De�nition of isomorphism )

( ) A

0

� I ( ' ) [ f � x ]

(Theorem of App endix A)

A fortori, I is a theory in terpretation.

This theorem suggests that I

@

b e view ed as an abstr action mapping that corre-

sp onds to standard in terpretation I . It sa ys that structure A

0

is a correct re�nemen t

of structure A , relativ e to an in terpretation I of the language of A in the language

of A

0

, if I

@

( A

0

) | the result of abstracting a w a y the features of A

0

not expressible

in the language of A | is A (up to isomorphism).

3. An Example

T o enable direct comparison with the correctness pro of sk etc h in our previous

pap er, the same re�nemen t pattern, replacemen t of a single data
o w c hannel b y

writing and reading of a v ariable, will b e pro v en correct. This pattern is presen ted

graphically in Figure 2.

A re�nemen t pattern consists of a pair of schematic diagr ams , diagrams in whic h

some terms ha v e b een replaced b y syn tactic v ariables. The syn tactic v ariables of

this pattern are a , b , c , v , and T . A pair of structures h D ; M i matches this pattern

i�, for some assignmen t of v alues to the syn tactic v ariables, the diagram ab o v e the

double arro w depicts D and the diagram b elo w the arro w depicts M . The pattern

of in terpreting one structur e in another ([4], pp. 212), except w e exploit in tuitions ab out what a

sp eci�cation sa ys to motiv ate the necessit y of faithful in terpretation. By fo cussing on isomorphism

rather than �nite isomorphism , the usual algebraic c haracterization of elementary e quivalenc e [2],

the dep endence of this approac h on a particular c hoice of logic is largely eliminated. Ho w ev er,

the accoun t b elo w will b e restricted to �rst-order theories of structures, to enable more direct

comparison of the new approac h and the original.
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is c orr e ct i�, for ev ery pair of structures h D ; M i that matc hes the pattern, M is

a correct re�nemen t of D . So, if a pair of structures matc hes a correct re�nemen t

pattern, the second is a correct re�nemen t of the �rst.

The class of structures depicted b y the sc hematic diagram ab o v e the arro w can

b e more formally de�ned as follo ws:

j D j = f a; b; c; p

o

; p

i

g [ T

Pro cedure

D

= f a; b g

Channel

D

= f c g

In P o rt

D

= fh p

i

; b ig

Out P o rt

D

= fh p

o

; a ig

Can Ca rry

D

= fh c; t i : t 2 T g

Might Supply

D

= fh p

o

; t i : t 2 T g

Can Accept

D

= fh p

i

; t i : t 2 T g

Connects

D

= fh c; p

o

; p

i

ig

T

D

= T

a

D

= a

b

D

= b

c

D

= c

a op o rt

D

= p

o

b ip o rt

D

= p

i

where a , b , c , p

o

, and p

i

are some �v e distinct ob jects, none of whic h is a mem b er

of the set T .

7

Similarly , the class of structures depicted b y the sc hematic diagram

that giv es the implemen tation of the data
o w in terms of shared memory is de�ned

as follo ws:

j M j = f a; b; v ; k

w

; k

r

g [ T

Pro cedure

M

= f a; b g

V a riable

M

= f v g

Call

M

= fh k

w

; a i ; h k

r

; b ig

Can Hold

M

= fh v ; t i : t 2 T g

Might Put

M

= fh k

w

; t i : t 2 T g

Can Get

M

= fh k

r

; t i : t 2 T g

7

The names and t yp es of the p orts are not explicitly giv en b y the graphical sp eci�cation; the

names are generated and the t yp es are inferred, according to the principle that the t yp e of a p ort

is the t yp e of the c hannel connected to it unless there is some explict indication to the con trary .
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W rites

M

= fh k

w

; v ig

Reads

M

= fh k

r

; v ig

T

M

= T

a

M

= a

b

M

= b

v

M

= v

a call

M

= k

w

b call

M

= k

r

where a , b , v , k

w

, and k

r

are some �v e distinct ob jects, none of whic h is a mem b er

of the set T . Here, the names of the calls ha v e b een generated and the signatures

of the calls inferred from t yp es and sorts of calls.

Consider the basis mapping K from the parameters of the language of D to

form ulas in the language of M de�ned as follo ws:

!

K

= x

0

�= x

0

K ( Pro cedure ) = Pro cedure ( x

0

)

K ( Channel ) = V a riable ( x

0

)

K ( In P o rt ) = Call ( x

0

; x

1

) ^ 9 x

2

Can Get ( x

0

; x

2

)

K ( Out P o rt ) = Call ( x

0

; x

1

) ^ 9 x

2

Might Put ( x

0

; x

2

)

K ( Can Ca rry ) = Can Hold ( x

0

; x

1

)

K ( Might Supply ) = Might Put ( x

0

; x

1

)

K ( Can Accept ) = Can Get ( x

0

; x

1

)

K ( Connects ( ) = W rites ( x

1

; x

0

) ^ Reads ( x

2

; x

0

)

K ( T ) = T ( x

0

)

K ( a ) = x

0

�= a

K ( b ) = x

0

�= b

K ( c ) = x

0

�= v

K ( a op o rt ) = x

0

�= a call

K ( b ip o rt ) = x

0

�= b call

The �rst eigh t clauses in the de�nition are determined b y the general style mapping

for in terpreting data
o w st yle in shared memory st yle. The last six clauses are

determined b y the identi�er mapping asso ciated with this particular re�nemen t

step.

8

If this basis mapping is extended to an in terpretation of form ulas in the

language of D in the standard w a y ,

9

an in terpretation of the language of D in the

theory of M results.

8

See our previous pap er [5 ] for a more detailed accoun t of st yle and iden ti�er mappings.

9

See App endix.
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No w the v alue of the abstraction map K

@

at M can b e calculated, using its

de�nition.

10

j K

@

( M ) j = f x

0

2 j M j : M � !

K

[ x

0

] g

= f x

0

2 j M j : M � x

0

�= x

0

[ x

0

] g

= j M j

Pro cedure

K

@

( M )

= f x

0

2 j M j : M � K ( Pro cedure ) [ x

0

] g

= f x

0

2 j M j : M � Pro cedure ( x

0

) [ x

0

] g

= f a; b g

Channel

K

@

( M )

= f x

0

2 j M j : M � K ( Channel ) [ x

0

] g

= f x

0

2 j M j : M � V a riable ( x

0

) [ x

0

] g

= f v g

In P o rt

K

@

( M )

= fh x

0

; x

1

i 2 j M j

2

: M � K ( In P o rt ) [ x

0

; x

1

] g

= fh x

0

; x

1

i 2 j M j

2

:

M � Call ( x

0

; x

1

) ^ 9 x

2

Can Get ( x

0

; x

2

) [ x

0

; x

1

] g

= fh k

w

; a ig

Out P o rt

K

@

( M )

= fh x

0

; x

1

i 2 j M j

2

: M � K ( Out P o rt ) [ x

0

; x

1

] g

= fh x

0

; x

1

i 2 j M j

2

:

M � Call ( x

0

; x

1

) ^ 9 x

2

Might Put ( x

0

; x

2

) [ x

0

; x

1

] g

= fh k

r

; b ig

Can Ca rry

K

@

( M )

= fh x

0

; x

1

i 2 j M j

2

: M � K ( Can Ca rry ) [ x

0

; x

1

] g

= fh x

0

; x

1

i 2 j M j

2

: M � Can Hold ( x

0

; x

1

) [ x

0

; x

1

] g

= fh c; t i : t 2 T g

Might Supply

K

@

( M )

= fh x

0

; x

1

i 2 j M j

2

: M � K ( Might Supply ) [ x

0

; x

1

] g

= fh x

0

; x

1

i 2 j M j

2

: M � Might Put ( x

0

; x

1

) [ x

0

; x

1

] g

= fh k

w

; t i : t 2 T g

Can Accept

K

@

( M )

= fh x

0

; x

1

i 2 j M j

2

: M � K ( Can Accept ) [ x

0

; x

1

] g

= fh x

0

; x

1

i 2 j M j

2

: M � Can Get ( x

0

; x

1

) [ x

0

; x

1

] g

= fh k

r

; t i : t 2 T g

10

Ev ery parameter of the language of D is treated b elo w, for the sak e of completeness, but all

calculations are similar and there is no need to read them all unless y ou are so inclined.
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Connects

K

@

( M )

= fh x

0

; x

1

; x

2

i 2 j M j

3

: M � K ( Connects ) [ x

0

; x

1

; x

2

] g

= fh x

0

; x

1

; x

2

i 2 j M j

3

:

M � W rites ( x

1

; x

0

) ^ Reads ( x

2

; x

0

) [ x

0

; x

1

; x

2

] g

= fh c; k

w

; k

r

ig

T

K

@

( M )

= f x

0

2 j M j : M � K ( T ) [ x

0

] g

= f x

0

2 j M j : M � T ( x

0

) [ x

0

] g

= T

a

K

@

( M )

= ( � x

0

2 j M j ) M � K ( a ) [ x

0

]

= ( � x

0

2 j M j ) M � x

0

�= a [ x

0

]

= a

b

K

@

( M )

= ( � x

0

2 j M j ) M � K ( b ) [ x

0

]

= ( � x

0

2 j M j ) M � x

0

�= b [ x

0

]

= b

c

K

@

( M )

= ( � x

0

2 j M j ) M � K ( c ) [ x

0

]

= ( � x

0

2 j M j ) M � x

0

�= v [ x

0

]

= v

a op o rt

K

@

( M )

= ( � x

0

2 j M j ) M � K ( a op o rt ) [ x

0

]

= ( � x

0

2 j M j ) M � x

0

�= a call [ x

0

]

= k

w

b ip o rt

K

@

( M )

= ( � x

0

2 j M j ) M � K ( b ip o rt ) [ x

0

]

= ( � x

0

2 j M j ) M � x

0

�= b call [ x

0

]

= k

r

Clearly , if h from j D j to j M j is de�ned b y

h ( a ) = a

h ( b ) = b

h ( c ) = v

h ( p

o

) = k

w

h ( p

i

) = k

r

h ( t ) = t (for ev ery t 2 T )

then h is an isomorphism from D to K

@

( M ), and so K is indeed an in terpretation

of the theory of D in the theory of M .

Compare this pro of and the correctness pro of sk etc h in our previous pap er. In
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the latter, w e had to sho w that, for an y mo del of the data
o w theory , there w as a

mo del of the shared memory theory with a certain desirable prop ert y , viz., that the

image of the shared memory mo del under the abstraction mapping is indistinguish-

able from the data
o w mo del using the resources of the relev an t logic: see Figure 3.

Th us, a mapping from data
o w mo dels to shared memory mo dels | obtained b y

\in v erting" the equations that de�ne the in terpretation to obtain something lik e

an in v erse in terpretation whose dual maps data
o w structures to shared memory

structures | had to b e in tro duced. By reducing the class of structures that cor-

resp ond to a sp eci�cation to a singleton, the necessit y of �nding an appropriate

mapping from data
o w structures to shared memory structures is eliminated: see

Figure 4. As a result, the correctness pro of is reduced to straigh tforw ard calculation,

requiring no creativit y on the part of the pro v er. Correctness pro of construction

is, therefore, m uc h simpler and m uc h more straigh tforw ard when using the new

approac h in place of the old.

4. Conclusions

The essen tial di�erence b et w een the t w o tec hniques stems from regarding arc hi-

tectural sp eci�cations as mathematical mo dels of the systems b eing sp eci�ed, rather

than comparativ ely w eak descriptions of those systems. Since our justi�cation for

demanding that higher-lev el sp eci�cations b e faithful ly in terpretable in lo w er-lev el

sp eci�cations w as that an arc hitectural sp eci�cation should sa y ev erything that can

truly b e said of the system's arc hitecture at a giv en lev el of abstraction, it is natural

to demand that the logical analogues of these sp eci�cation b e c omplete theories.

So, this formalization of the connection b et w een arc hitectural sp eci�cations and

logic is arguably more natural for our purp oses. This is one reason for regarding

the approac h of this pap er to b e sup erior. Another, more practical and imp ortan t,

reason is that correctness pro ofs b ecome m uc h simpler, as the example sho ws.

It should b e noted that this is a relativ ely minor mo di�cation the original ap-

proac h: sp eci�cations are stronger, pro ofs of correctness are simpler, but the basic

idea of pro ving particular re�nemen t steps correct b y using a library of pre-v eri�ed

re�nemen t rules remain the same. Ordinary users of our arc hitecture sp eci�cation

to ols see no di�erence b et w een the t w o approac hes | all the re�nemen t patterns

that they are used to using are still v alid | but the burden for those who wish

to extend the system b y v alidating new re�nemen t patterns has b een considerably

ligh tened.

It should also b e noted that this new approac h cannot b e directly applied to all

conceiv able re�nemen t patterns. Some arc hitectural descriptions cannot naturally

b e though t of as sp ecifying a single arc hitectural structure. F or example, there

are standard arc hitectures, suc h as the X/Op en Distributed T ransaction Pro cessing

(DTP) arc hitecture [9 ] that sp ecify ho w v arious t yp es of comp onen ts are comp osed,

but do not sp ecify the n um b er of comp onen ts of eac h t yp e. In suc h cases, it is m uc h

more natural to think of the standard as sp ecifying a class of structures. Ho w ev er

the new approac h can b e used to v erify a set of simple, primitiv e re�nemen t patterns

that generate the re�nemen ts in a m ulti-lev el formal represen tation of X/Op en DTP

in the Sadl language [6], as w ell as all the re�nemen t patterns of our previous

pap er [5 ].
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L -structures

mo dels of �

L

0

-structures

mo dels of �

0

W

�

(1) \Giv en any A ; : : : "

(2) \ : : : �nd some A

0

suc h that : : : "

(3) \ : : : I

@

( A

0

) � A ."

I

@

� � � �

Figure 3. Original pro of tec hnique for faithfulness
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L -structures

L

0

-structures

�

(1) \Giv en this p articular A : : : "

(2) \ : : : and this p articular A

0

, : : : "

(3) \ : : : sho w that I

@

( A

0

) � A ."

I

@

� � � �

Figure 4. New pro of tec hnique for theory in terpretation
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Appendix A. Brief Intr oduction to Interpret a tions

Tw o di�eren t sorts of de�nition of the term interpr etation app ear in the liter-

ature. Logic textb o oks [3, 4 , 8] pro vide rather concrete de�nitions, explaining in

some detail ho w mappings from the sym b ols of one theory to the expressions of

another can b e extended to mappings from sen tences to sen tences and exploring

the prop erties of those mappings. F or more adv anced purp oses [1, pp. 470{471],

more abstract de�nitions are often preferred. The main adv an tage of a more ab-

stract approac h is 
exibilit y . Man y more mappings can coun t as in terpretations if

an abstract approac h is adop ed. But 
exibilit y has a corresp onding cost. Most im-

p ortan tly , if an in terpretation is not de�ned inductiv ely on form ulas, then inductiv e

pro ofs of prop erties of the in terpretation b ecome m uc h more complicated.

F or our applications, considerable 
exibilit y is o ccasionally required [7 ]. There-

fore, our de�nition is maximally abstract: an interpr etation I of the theory � in

the theory �

0

is a (total) mapping from the sen tences of the language L of � to

the sen tences of the language L

0

of �

0

suc h that, for ev ery L -sen tence ' ,

' 2 � = ) I ( ' ) 2 �

0

While it is desirable that in terpretations preserv e meaning, in some sense, there

is no formal requiremen t that they do so. Ho w ev er, an informal argumen t that,

for ev ery L -sen tence ' , I ( ' ) is seman tically stronger than ' ma y b e o�ered as

evidence that the in terpretation is \natural". An in terpretation I of � in �

0

is

faithful when, for ev ery L -sen tence ' ,

I ( ' ) 2 �

0

= ) ' 2 �

In man y cases, in terpretations will b e de�ned in a w a y that allo ws straigh tforw ard

inductiv e pro ofs to b e p erformed. In terpretations of theory � in theory �

0

will often

b e de�ned b y giving a b asis mapping I from the parameters f � ; P ; : : : ; a ; : : : g

11

of L , the language of � , to form ulas of L

0

, the language of �

0

, that satis�es the

follo wing three conditions:

( i ) x

0

is the only free v ariable of I ( � ) | whic h will generally b e called !

I

rather than I ( � ) | and

�

0

� 9 x

0

!

I

( ii ) for ev ery n -ary predicate P of L , the free v ariables of I ( P ) are x

0

; x

1

; : : : ; x

n � 1

,

and

( iii ) for ev ery name a of L , x

0

is the only free v ariable of I ( a ) and

�

0

� 9 x

1

8 x

0

[ I ( a ) $ x

0

�= x

1

] :

These conditions can b e restated as

( i ) the form ula !

I

de�nes a non-empt y set,

( ii ) for ev ery n -ary predicate P of L , the form ula I ( P ) de�nes an n -ary relation

on the set de�ned b y !

I

, and

11

� is a sp ecial parameter of the language L , the universe p ar ameter , that do es not actually

o ccur in L -form ulas. This allo ws us to treat a structure as a mapping from the parameters of L

to appropriate denotations | so j A j is simply �

A

| and similarly allo ws us to treat the basis of

an in terpretation as a mapping from the parameters of L to appropriate L

0

-form ulas.
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( iii ) for ev ery name a of L , the form ula I ( a ) de�nes a mem b er of the set de�ned

b y !

I

,

whic h emphasizes the fact that they are syn tactic analogues of the three de�ning

conditions for an L -structure A ,

( i

0

) the univ erse j A j of A is non-empt y ,

( ii

0

) for ev ery n -ary predicate P of L , P

A

is an n -ary relation on j A j , and

( iii

0

) for ev ery name a of L , a

A

is a mem b er of j A j .

The mapping I can b e extended to a map from L -form ulas to L

0

-form ulas in

a straigh tforw ard fashion. If ' is an atomic L -form ula | sa y , P ( a ; x ) , where P is

a binary predicate, a is a name, and x is a v ariable | then I ( ' ) is

9 y [

�

I ( a )

�

( x

0

= y ) ^

�

I ( P )

�

( x

0

= y ; x

1

= x ) ]

where y is a fresh v ariable. If I ( a ) is an equation x

0

�= a

0

, I ( P ( a ; x ) ) will b e

simpli�ed to

�

I ( P )

�

( x

0

= a

0

; x

1

= x )

(Note that I ( P ( x

0

; x

1

; : : : ; x

n � 1

) ) is simply I ( P ) and that I ( x

0

�= a ) is simply

I ( a ).) No w that I has b een de�ned on all atomic form ulas, it can b e extended to

all form ulas as follo ws:

(1) for an y L -form ula ' ,

I ( : ' ) = : I ( ' )

(2) for an y L -form ulas ' and  ,

I ( ' ^  ) = I ( ' ) ^ I (  )

(3) for an y L -form ulas ' and  ,

I ( ' _  ) = I ( ' ) _ I (  )

(4) for an y L -form ulas ' and  ,

I ( ' !  ) = I ( ' ) ! I (  )

(5) there is an L

0

-form ula !

I

, called the universe of the in terpretation, suc h

that for an y v ariable x and an y L -form ula ' ,

I ( 8 x ' ) = 8 x [ !

I

( x

0

= x ) ! I ( ' ) ]

and

I ( 9 x ' ) = 9 x [ !

I

( x

0

= x ) ^ I ( ' ) ]

An in terpretation that is de�ned on form ulas as w ell as sen tences and satis�es

these �v e conditions will b e said to pr eserve lo gic . Preserv ation of logic is required

if straigh tforw ard inductiv e pro ofs of prop erties of an in terpretation are to b e p er-

formed. Mappings de�ned b y starting with a basis and extending it as describ ed

ab o v e will b e called standar d interpr etations of L in L

0

.

A standard in terpretation I of language L in language L

0

is an interpr etation

of L in L

0

-theory �

0

i�

�

0

� 9 x

0

!

I

and, for ev ery individual parameter a of L ,

�

0

� 9 x

1

8 x

0

[ I ( x

0

�= a ) $ x

0

�= x

1

]
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Of course, a standard in terpretation I of L in L

0

-theory �

0

is an in terpretation

of scr L -theory � in �

0

if, for ev ery sen tence ' of the language of � ,

' 2 � = ) I ( ' ) 2 �

0

and it is faithful if, in addition, for ev ery L -sen tence ' ,

I ( ' ) 2 �

0

= ) ' 2 �

The main result ab out standard theory in terpretations that is needed for this

pap er is that they alw a ys preserv e meaning, in a sense made precise b y the follo wing

theorem.

Theorem. F or an y standard in terpretation I of language L in L

0

-theory �

0

, an y

mo del A

0

of �

0

, an y form ula ' of L , and an y assignmen t x of v alues in j I

@

( A

0

) j to

the free v ariables of ' ,

A

0

� I ( ' ) [ x ] ( ) I

@

( A

0

) � ' [ x ]

Pr o of. It is immediate from the de�nition of I

@

(see page 4) that the equiv alence

holds for ev ery atomic form ula ' of L . That it also holds for non-atomic L -form ulas

follo ws easily b y induction. F or example, if ' is  ^ � , then

I

@

( A

0

) � (  ^ � ) [ x ] ( ) I

@

( A

0

) �  [ x ] and I

@

( A

0

) � � [ x ]

(De�nition of satisfaction )

( ) A

0

� I (  ) [ x ] and A

0

� I ( � ) [ x ]

(Induction h yp othesis)

( ) A

0

� ( I (  ) ^ I ( � )) [ x ]

(De�nition of satisfaction )

( ) A

0

� I (  ^ � ) [ x ]

(De�nition of interpr etation )
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