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Abstract. The construction of abstractions is essen tial for reducing

large or in�nite state systems to small or �nite state systems. Bo olean

abstractions, where b o olean v ariables replace concrete predicates, are

an imp ortan t class that subsume sev eral abstraction sc hemes. W e sho w

ho w b o olean abstractions can b e constructed simply , e�cien tly , and pre-

cisely for in�nite state systems while preserving prop erties in the full

� -calculus. W e also prop ose an automatic re�nemen t algorithm whic h

re�nes the abstraction un til the prop ert y is v eri�ed or a coun terexample

is found. Our algorithm is implemen ted as a pro of rule in the PVS v eri�-

cation system. With the abstraction pro of rule, pro of strategies com bin-

ing deductiv e pro of construction, mo del c hec king, and abstraction can

b e de�ned en tirely within the PVS framew ork.

1 In tro duction

When v erifying temp oral prop erties of reactiv e systems, algorithmic metho ds

are used when the problem is decidable, and deductiv e metho ds are emplo y ed,

otherwise. Algorithmic metho ds suc h as mo del c hec king are limited b y the state

space explosion problem. State space reduction tec hniques suc h as sym b olic rep-

resen tations, symmetry , and partial order reductions ha v e yielded go o d results

but the state spaces that can b e handled in this manner are still quite mo dest.

Deductiv e metho ds using theorem pro ving con tin ue to require a considerable

amoun t of man ual guidance. While it is clear that an y w a y out of this impasse

m ust rely on a com bination of theorem pro ving and mo del c hec king, sp eci�c

metho dologies are needed to mak e suc h a com bination w ork with a reasonable

degree of automation. It is kno wn that abstraction is a k ey metho dology in com-

bining deductiv e and algorithmic tec hniques. Abstraction can b e used to reduce

problems to mo del-c hec k able form, where deductiv e to ols are used to construct
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v alid abstract descriptions or to justify that a giv en abstraction is v alid. In this

pap er, w e prop ose a practical v eri�cation metho dology that is, based on a sim-

ple, e�cien t, and precise form of b o olean abstraction generation that preserv es

prop erties in the � -calculus. W e extend the b o olean abstraction sc heme de�ned

in [GS97 ] that uses predicates o v er concrete v ariables as abstract v ariables, to

abstract assertions in the ric h assertional language of PVS [OSRSC98 ]. The PVS

language admits the de�nition of a �xed p oin t op erator that is used to de�ne the

� -calculus in PVS [RSS95 ]. With this de�nition of the � -calculus in PVS, mo del

c hec king implemen ted as a PVS pro of rule can b e used as a decision pro cedure.

Our conserv ativ e abstraction sc heme is implemen ted as a pro of rule that

abstracts an y PVS form ula o v er concrete state v ariables and pro duces a PVS

form ula o v er abstract state v ariables. An y assertion expressing a general or tem-

p oral prop ert y of a concrete PVS sp eci�cation is abstracted in to a str onger as-

sertion expressing a prop ert y o v er the corresp onding abstract sp eci�cation. The

resulting abstract assertion is in a decidable logic, and decision pro cedures suc h

as mo del c hec king can b e used to disc harge it.

Unlik e previous w ork for the automatic abstraction of in�nite state systems

using decision pro cedures [GS97 ,CU98 ,BLO98 ], our algorithm do es not alw a ys

o v er-appro ximate the transition relation as is done to preserv e only univ ersally

quan ti�ed path temp oral form ulas in logics suc h as 8 CTL. Extensions of the

preserv ation results [DGG94,CGL94 ] to the more expressiv e logic CTL

�

are de-

�ned using the notion of mixed abstraction whic h in v olv es m ultiple next-state

relations. Our algorithm abstracts a � -calculus form ula whic h is not tied to a

single transition system. Th us, no distinction is made b et w een univ ersal and

existen tial fragmen ts. The in tegration of our abstraction algorithm as a PVS

pro of rule allo ws us to design p o w erful pro of strategies com bining abstract in-

terpretation, mo del c hec king and pro of c hec king. W e also prop ose an automatic

abstraction re�nemen t algorithm that is applied when mo del c hec king fails. This

is done b y automatically enric hing the abstract state with new relev an t predi-

cates un til the prop ert y is pro v ed or a coun terexample is found.

The pap er is organized as follo ws. In Section 2 w e sho w ho w b o olean ab-

stractions can b e de�ned in PVS. In Section 3, w e presen t an e�cien t abstrac-

tion algorithm for the computation of the \most precise" abstraction of a giv en

b o olean abstraction of a predicate o v er concrete state v ariables. In Section 4, w e

generalize this algorithm to abstract an y PVS assertion, including � -calculus for-

m ulas o v er concrete state v ariables in to assertions o v er abstract state v ariables.

In Section 5, w e presen t the re�nemen t algorithm.

2 Bo olean Abstractions in PVS

Prop ositional � -calculus is an extension of prop ositional calculus that includes

predicates de�ned b y means of least and greatest �xed p oin t op erators, � and � ,

resp ectiv ely . It is strictly more expressiv e than CTL

�

whic h includes b oth linear

and branc hing time temp oral logics suc h as L TL and CTL. In [RSS95 ] a detailed
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description of the enco ding of the prop ositional � -calculus in PVS is presen ted.

The least �xed p oin t op erator is de�ned as � ( F ) =

T

f x j F ( x ) � x g , the

predicate that is the greatest lo w er b ound of the pre-�xed p oin ts of a monotone

predicate transformer F . The temp oral op erators of CTL, suc h as A G , AF ,

EG , and EF , can b e easily de�ned using their �xed-p oin t c haracterizations.

When the state space is �nite, the predicates can b e co ded in b o olean form

and mo del c hec king of � -calculus form ulas can b e done using binary decision

diagrams (BDDs).

As a simple example, w e consider a simple proto col where t w o pro cesses are

comp eting to en ter a critical section in m utual exclusion using a semaphore. The

PVS theory describing the proto col is giv en as follo ws.

semaphore : THEORY

BEGIN

IMPORTING MU@ctlops

location : TYPE = {idle, wait, critical}

state : TYPE = [# pc1,pc2:location , sem: int #]

s,s1,s2 : VAR state

init(s) : bool= pc1(s)=idle and pc2(s)=idle and sem(s)=1

N(s1,s2) : bool = ...

safe: THEOREM

init(s) IMPLIES

AG(N, LAMBDA s: NOT (critical?(pc1(s)) AND

critical?(pc2(s))))(s)

END semaphore

The state is giv en as a record consisting of t w o program coun ters and a semaphore

sem . The expression N(s1,s2) is transition relation of the proto col. W e are in-

terested in pro ving that b oth pro cesses ha v e m utually exclusiv e access to the

critical section. The prop ert y safe is expressed as a CTL prop ert y using the

usual op erator A G , whic h is translated in to a � -calculus prop ert y . When the

state t yp e is �nite, the prop ert y can b e v eri�ed using mo del c hec king[RSS95 ].

In this simple example, sem is of t yp e in teger and cannot b e enco ded with a

�nite n um b er of b o olean v ariables and hence the prop ert y cannot b e directly

mo del c hec k ed. W e prop ose to extend the capabilities of PVS with a b o olean

abstraction mec hanism that can conserv ativ ely reduce a � -calculus prop ert y of

an in�nite state system to mo del c hec k able form. In this abstraction, certain

predicates at the concrete lev el (that migh t b e used in guards, expressions, or

prop erties) can b e replaced b y abstract b o olean v ariables. This giv es us a gen-

eral metho d for constructing abstractions b y ev aluating an y predicate o v er the

v ariables of the program. Since the set of b o olean v ariables is �nite, so is the

set of abstract states. Bo olean abstraction is de�ned using a set of predicates

of the form � ( s : state ) : ' ( s ) o v er the concrete state t yp e state . An ab-

straction of the m utual exclusion proto col can b e de�ned using t w o predicates
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� ( s ) : sem ( s ) � 0 and � ( s ) : sem ( s ) > 0. These predicates de�ne an abstract

state t yp e

abs state : type = [# p c1 ; p c2 : lo cation ; B1 ; B2 : b o olean #]

where the state comp onen ts pc1 and pc2 are of �nite t yp e and therefore are

not abstracted, and the state comp onen t sem referenced b y the t w o predicates

de�ning the abstraction is enco ded with t w o b o olean comp onen ts B1 and B2

corresp onding to the t w o predicates. In this particular example, these t w o pred-

icates happ en to b e exclusiv e, but b o olean abstractions can b e de�ned more

generally with an arbitrary set of predicates o v er the concrete state t yp e.

3 E�cien t Computation of Bo olean Abstractions

Abstract in terpretation [CC77 ] is the general framew ork for de�ning abstractions

using Galois connections

1

. The domain of the abstraction function � consists of

sets of concrete states, represen ted b y predicates, and ordered b y implication.

The range of the abstraction consists of b o olean form ulas constructed using the

b o olean v ariables B

1

; � � � ; B

k

, ordered b y implication. If X ranges o v er sets of

concrete states and Y ranges o v er b o olean form ulas in B

1

; � � � ; B

k

, then the

abstraction and concretization function � and 
 ha v e the follo wing prop erties:

{ � ( X ) =

^

f Y j X ) 
 ( Y ) g ,

{ 
 ( Y ) =

_

f X j � ( X ) ) Y g .

Ho w ev er, w e use a simpler and precise concretization function 
 whic h consists

simply in substituting eac h abstract v ariable B

i

b y its corresp onding predicate

'

i

, and eac h abstract state v ariable abs s b y the corresp onding concrete state

v ariable s . That is


 ( Y ) = Y [ '

i

( s ) =B

i

( abs s )] :

W e prop ose to apply b o olean abstractions to an y predicate (assertion or

transition relation) written in a ric h assertional language.

A bstr action of assertions. F or an y predicate P o v er the concrete v ariables,

the abstraction � ( P ) of P can b e computed as the conjunction of all b o olean

expressions b satisfying the condition:

P ) 
 ( b ) (1)

1

A Galois connection is a pair ( �; 
 ) de�ning a mapping b et w een a concrete domain

lattice } ( Q ) and an abstract domain lattice } ( Q

A

) , where � and 
 are t w o monotonic

functions suc h that 8 ( P

1

; P

2

) 2 } ( Q ) � } ( Q

A

) : � ( P

1

) � P

2

, P

1

� 
 ( P

2

).
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Note that there are 2

2

k

distinct b o olean truth functions in k v ariables, and

testing all of these could b ecome v ery exp ensiv e. This set is designated as the

set of test p oints . An abstraction is pr e cise with resp ect to the considered abstract

lattice, if the set of test p oin ts is the en tire set of the b o olean expressions forming

the abstract lattice. An y o v er-appro ximation of the � ( P ) can b e computed with

a smaller set of test p oin ts for whic h the implication (1) m ust b e v alid. F or

example, in [GS97 ], the abstract lattice considered is the lattice of monomials

2

o v er the set of b o olean v ariables. In this case, it is not necessary to pro v e (1) for

all the monomials o v er the set f B

1

; � � � ; B

k

g , but only for the atoms B

1

; � � � ; B

k

and their negations. W e can e�cien tly compute � ( P ) for an y predicate P b y

c ho osing the abstract space as the whole b o olean algebra o v er B or b y c ho osing

a sub-lattice of B and the corresp onding test p oin ts, using the follo wing fact:

Theorem 1. L et B = f B

1

; � � � ; B

k

g b e a set of b o ole an variables, and let B

A

b e the b o ole an algebr a de�ne d by the structur e < B ; ^ ; _ ; : ; tr ue; f al se > . L et

D

B

b e the subset of B

A

c ontaining only liter als

3

and disjunctions of liter als. T o

c ompute the most pr e cise image by � of any set of c oncr ete states P (given as a

pr e dic ate), it is su�cient to c onsider as a set of test p oints, the set D

B

inste ad

of the whole set B

A

of b o ole an expr essions. That is, testing

P ) 
 ( b )

for al l b o ole an expr essions in B

A

is e quivalent to test this implic ation only for b

in D

B

. That is, 2

2

k

tests c an b e r e duc e d to at most only 3

k

� 1 tests.

Pro of. W e consider the fact that eac h b o olean expression b can b e written

in a conjunctiv e normal form d

1

^ � � � ^ d

j

, where eac h d

i

is a disjunction of

literals. Th us, the pro of of the implication (1) for eac h elemen t b can b e �rst

decomp osed to simpler pro ofs P ) 
 ( d

i

). This implication can b e pro v ed for

eac h d

i

b y �rst testing one disjunct, that is a literal, or more than one disjunct

if necessary . That is, only for disjunctions in D

B

.

This theorem giv es us an e�cien t w a y of computing precise abstractions b y

reducing the set of pro of obligations from 2

2

K

, the n um b er of elemen ts of B

A

,

to only 3

k

� 1, the n um b er of elemen ts of the smaller set D

B

, and also giv es us

an order in whic h the pro of obligations should b e generated and pro v ed. In fact,

when the set of predicates f '

1

; � � � ; '

k

g is prop erly c hosen, the actual n um b er

of tests is far few er than 3

k

� 1. When a pro of for an y elemen t b

i

of the set D

B

succeeds or fails, then the n um b er of tests will decrease due to the fact that for

man y elemen ts b

j

of D

B

, the test is redundan t due to subsumption. Figure 1(a)

sho ws ho w the image b y � of a set P ( s ) of concrete states is computed. The

v ariable � is initialized to true . The v ariable fail consists of the set of elemen ts

of D

B

that ha v e not b een pro v ed to b e in the abstraction of P . The set fail is

2

Monomial are the expressions

^

i 2f 1 ��� k g

b

i

where eac h b

i

is either B

i

or : B

i

.

3

A literal is either a b o olean v ariable B

i

or its negation : B

i
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�

+

( P ( s ) ; C )

Initialization

� := T R U E ;

fail := ; ;

i := 1;

Iteration

while i < k do

D := disj uncts ( i; � );

while D 6= ; do

let b = choose in D in

r emov e b f r om D

If : ( � ^ b 2 fail )

Then

If ` P ( s ) ^ C ) 
 ( b )

Then � := � ^ b

Else fail := fail [ b

Else sk ip

od

i := i + 1

od

return �

�

+

( P ( s

1

; s

2

) ; C )

Initialization

� := T R U E ;

fail := f F ALS E g ;

i := 1; j := 1;

Iteration

while j < k do

C := conj uncts ( j; � );

while i < k do

D := disj uncts ( i; � );

while D 6= ; ^ C 6= ; do

let ( b

1

; b

2

) = choose in C � D in

If : ( � ^ ( b

1

) b

2

) 2 fail )

Then

If ` P ( s

1

; s

2

) ^ C ^ 
 ( b

1

) ) 
 ( b

2

)

Then � := � ^ ( b

1

) b

2

)

Else fail := fail [ ( b

1

) b

2

)

Else sk ip

:::

return �

(a) (b)

Fig. 1. E�cien t computation of � ( P )

initially just the singleton f F ALS E g . It is assumed that there has already b een a

prior c hec k to ensure that P ( s ) ^ C is not equiv alen t to F ALS E . The construction

starts b y using disjunctions of length 1, i.e., the literals B

i

and : B

i

for b . The

literals b for whic h the pro of obligation P ( s ) ) 
 ( b ) succeeds, are added to � . A t

eac h iteration, when suc h a pro of succeeds, it is p ossible to eliminate from the

curren t set of test p oin ts the elemen ts for whic h the test is no longer necessary .

This is done b y the test � ^ b 2 fail . F or instance, in the �rst iteration when

w e consider only literals, if the pro of succeeds for B

i

, it is not necessary to

test : B

i

. The test for : B

i

can only fail, otherwise, b oth : B

i

and B

i

w ould b e

added to � , and � ( P ) w ould b e equiv alen t to F ALS E . In the next iteration, the

test p oin ts that are disjunctions of t w o literals and not already subsumed b y the

disjunctions in � , are considered. Once again, the successful test p oin ts are added

to � , i is incremen ted and the iteration is rep eated for disjunctions of length i .

The image � of a set of concrete states is computed incremen tally and can

b e in terrupted at an y momen t, pro viding an o v er-appro ximation of the precise

image. F urthermore, w e use additional heuristics to a v oid unnecessary tests. F or

instance, if the in tersection of the set of free v ariables of P and those of 
 ( B

i

) is

empt y , it is not necessary to consider the b o olean expressions constructed using

B

i

.
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A bstr action of a T r ansition R elation. T ransitions are expressed as general

assertions o v er a pair of concrete states ( s

1

; s

2

). The abstraction of a pred-

icate P ( s

1

; s

2

) describing suc h a transition relation is de�ned as a predicate

B ( abs s

1

; abs s

2

) o v er the abstract pair ( abs s

1

; abs s

2

). Figure 1(b) sho ws ho w

a concrete predicate P ( s

1

; s

2

) represen ting a transition relation is abstracted.

The algorithm constructs a transition relation o v er the v ariables f B

1

; � � � ; B

2 k

g

b y constraining the curren t and the next abstract states. This is done b y consid-

ering as set of test p oin ts the set of implications b

1

) b

2

, where b

1

and b

2

repre-

sen t form ulas in the curren t and the next abstract state v ariables, resp ectiv ely .

Again, the abstraction of P is computed incremen tally b y �rst constraining the

next state, that is b y en umerating the disjunctions b

2

. When all the pro ofs fail

for a giv en c hoice of b

1

, the curren t state is constrained b y considering a longer

conjunction for b

1

. Consider for instance the expression

s

2

= s

1

with [sem := sem( s

1

) + 1] :

This assertion o v er a pair of concrete state v ariables ( s

2

; s

2

) of t yp e state is

abstracted with resp ect to the predicates � ( s ) : sem ( s ) � 0 and � ( s ) : sem ( s ) >

0 to the follo wing assertion o v er a pair of abstract state v ariables ( abs s

1

; abs s

2

)

of t yp e abs state :

( B

1

( abs s

1

) ) ( B

1

( abs s

2

) _ B

2

( abs s

2

)))

^ ( B

2

( abs s

1

) ) B

2

( abs s

2

))

^ ( : B

2

( abs s

1

) ) ( : B

2

( abs s

2

) _ : B

1

( abs s

2

)) ^ ( B

1

( abs s

2

) _ B

2

( abs s

2

)))

^ ( : B

1

( abs s

1

) ) B

2

( abs s

2

) ^ : B

1

( abs s

2

)) :

4 Abstract In terpretation as a Pro of Rule

Our abstraction algorithm computes the most precise o v er-appro ximation of an

assertion o v er concrete states, using a v alidit y c hec k er for the generated asser-

tions. W e implemen ted this algorithm in the PVS v eri�cation system as a prim-

itiv e pro of rule. Our goal is to appro ximate a PVS form ula o v er concrete state

v ariables, that is a PVS b o olean expression, b y a form ula o v er abstract state

v ariables. This generated theorem is stronger than the original one. Ho w ev er,

it is expressed in a decidable theory that can b e handled b y mo del-c hec king,

BDD simpli�cation, or the ground decision pro cedures a v ailable in PVS. T o do

so, w e generalize the abstraction algorithm de�ned in [PH97 ] for the � -calculus

to the PVS assertion language and w e use our abstraction algorithm to ap-

pro ximate assertions. This algorithm abstracts prop ositional � -calculus form u-

las using o v er-appro ximation of predicates and under-appro ximation of negated

predicates. Under-appro ximation of an assertion is de�ned as follo ws:

�

�

( P ( s )) =

_

f b j 
 ( b ) ) P ( s ) g

W e use only the o v er-appro ximation algorithm relying on the follo wing lemma.
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Lemma 1. L et ' a pr e dic ate de�ning a set of states. F or al l pr e dic ate '

�

+

( : ' ( s )) , : �

�

( ' ( s )) :

W e no w formally de�ne the abstraction function [ [ ] ]

�

whic h appro ximates a PVS

b o olean expression f suc h that, [ [ f ] ]

+

denotes an over appro ximation of f , and

[ [ f ] ]

�

an under appro ximation of f . W e also use a con text c consisting of a

PVS form ula that is v alid at the PVS subform ula that is b eing appro ximated.

The in tuition b ehind using suc h a con text expression is that when an expression

e

1

^ e

2

is b eing abstracted, one can assume that e

1

is v alid when abstracting e

2

and vice-v ersa. The con text when omitted is just the b o olean constan t TR UE .

[ [ f ] ]

�

c

denotes the appro ximation of f under the con text c .

Appr oximation of PVS assertions. The abstraction function [ [ ] ] is de�ned re-

cursiv ely on the structure of the PVS assertion language as follo ws.

pr op ositions : [ [ e

1

^ e

2

] ]

�

c

� ! [ [ e

1

] ]

�

c ^ e

2

^ [ [ e

2

] ]

�

c ^ e

1

[ [ : e ] ]

�

c

� ! : [ [ e ] ]

� �

c

quanti�ers : [ [ 9 ( s ) : e ] ]

�

c

� ! 9 ( abs s ) : [ [ e ] ]

�

c

[ [ 8 ( s ) : e ] ]

�

c

� ! 8 ( abs s ) : [ [ e ] ]

�

c

[ [ � ( s ) : e ] ]

�

c

� ! � ( abs s ) : [ [ e ] ]

�

c

�xp oints : [ [ �=� ( � ( Q ) : F ( Q ))] ]

�

c

� ! �=� ( � ( abs Q ) : [ [ F ( Q )] ]

�

c

)

atoms : [ [ e ( s )] ]

+

c

� ! �

+

( e ( s ) ; c )

[ [ e ( s

1

; s

2

)] ]

+

c

� ! �

+

( e ( s

1

; s

2

) ; c )

[ [ e ( s )] ]

�

c

� ! �

�

( e ( s ) ; c )

[ [ e ( s

1

; s

2

)] ]

�

c

� ! �

�

( e ( s

1

; s

2

) ; c )

[ [ '

i

( s )] ]

�

c

� ! B

i

( abs s )

c onstants : [ [ e ] ]

�

c

� ! e if fr e e variables ( e ) = ;

The follo wing theorem establishes the fact that the abstraction pro vides, resp ec-

tiv ely , an o v er and under appro ximation of an y PVS b o olean expression.

Theorem 2. L et f b e a PVS assertion, [ [ ] ] an abstr action function. We have:

` f ) 
 ([ [ f ] ]

+

) and ` 
 ([ [ f ] ]

�

) ) f

Pro of. The pro of is established b y induction on the structure of the assertion

f . It is easy to sho w that b y the de�nitions of �

+

and �

�

, b oth implications

hold when f is an atom. The other cases can b e deduced b y monotonicit y of the

logical connectiv es, and the �xed p oin t op erators.

The soundness of the abstraction function is established b y the follo wing

theorem.
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Theorem 3 (preserv ation). L et [ [ ] ] b e the abstr action function de�ne d ab ove

as a b o ole an abstr action, and let f b e any PVS b o ole an formula. Then

` [ [ f ] ]

�

implies ` f

Theorem 2 ensures that for an assertion f , the abstraction algorithm pro duces

a stronger assertion 
 ([ [ f ] ]

�

). Note that ` [ [ f ] ]

�

trivially implies ` 
 ([ [ f ] ]

�

),

whic h then justi�es the preserv ation result of Theorem 3.

The abstraction algorithm where a form ula f is under-appro ximated is im-

plemen ted as a PVS pro of rule abstract . This atomic pro of rule tak es a goal

giv en b y a PVS form ula (a � -calculus form ula) and a set of state predicates, and

translates this to a prop ositional form ula (a prop ositional � -calculus form ula)

whic h is returned as a new goal. This goal can b e disc harged using an y other

PVS pro of command including BDD simpli�cation and mo del c hec king.

W e ha v e de�ned a PVS pro of strategy that carries out a sequence of inference

steps that simplify goal form ulas b y rewriting all de�nitions, including constan t

de�nitions suc h as the temp oral op erators of the logic CTL in terms of the �

and � op erators, and applies the abstraction function on the resulting goal.

8 ( s : state ) :

init ( s ) �

: �:� ( Q : pred [state ]) :

( � ( u : state) :

( : � s :

: (critical? (p c1( s )) ^

critical? (p c2 ( s )) ))

( u ) _

9 ( v : state ) :

( Q ( v ) ^ N ( u; v )))( s )

8 ( abs s : abs state ) :

: [ [ init( s )] ]

+

_

: �:� ( abs Q : pred[abs state ]) :

( � ( abs u : abs state) :

( : � abs s :

: (critical? (p c1( abs s )) ^

critical? (p c2 ( abs s ))))

( abs u ) _

9 ( abs v : abs state ) :

( abs Q ( abs v ) ^ [ [ N ( u; v )] ]

+

))( abs s )

Fig. 2. An example of abstraction for a PVS assertion

Figure 2 sho ws ho w the � -calculus form ula corresp onding to the theorem

safe presen ted in the PVS theory semaphore in Section 2 is appro ximated. The

prop ert y of m utual exclusion � ( s ) : : (critical?(p c1( s )) ^ critical?(p c2( s ))) is

expressed as an in v ariance prop ert y . As exp ected for suc h prop erties, the initial

state and the transition relation are o v er-appro ximated. F or instance, w e ha v e

[ [init ( s )] ]

+

� ! idle? (p c1( abs s )) ^ idle?(p c2( abs s )) ^ : B

1

( abs s ) ^ B

2

( abs s )

W e ha v e tried other examples including a simple sno op y cac he-coherence

proto col with an arbitrary n um b er of pro cesses [Rus97 ] and a v arian t of the

alternating-bit comm unication proto col called the b ounded retransmission pro-

to col [HS96 ]. The main in v arian t of the cac he coherence proto col is pro v ed b y an

9



abstraction de�ned in terms of �v e predicates. The preserv ation of the in v arian t

is then pro v ed b y abstraction and BDD-based prop ositional simpli�cation.

The b ounded retransmission proto col is v eri�ed using an abstraction also

de�ned in terms of �v e predicates. The construction of the abstract description

tak es ab out 100 seconds in PVS. The resulting abstract assertion is disc harged

using mo del c hec king. In con trast, Ha v elund and Shank ar's v eri�cation [HS96] of

this example required 57 in v arian ts to justify the v alidit y of a man ually deriv ed

abstraction.

5 Re�ning an Abstraction

The abstraction pro of rule is used in PVS to generate new goals that dep end only

on �nite state v ariables. Suc h goals can b e disc harged using a PVS pro of rule

suc h as the BDD simpli�er or the � -calculus simpli�er. Ho w ev er mo del c hec k-

ing on the new goal can fail b ecause the abstraction is to o coarse. It is then

necessary to re�ne the abstraction using a ric her abstract domain. Since our

abstraction algorithm presen ted in Section 4 allo ws us to compute the most pre-

cise abstraction with resp ect the predicates '

1

; � � � ; '

k

, re�ning the abstraction

requires additional predicates. The re�nemen t algorithm tak es as argumen ts the

original PVS assertion f , a new list of predicates '

k +1

; � � � ; '

l

, and a con text �

�

computed previously . The con text �

�

is a hash-table whic h asso ciates to eac h

atom the BDD represen ting its abstraction, that is the BDD � , and the set fail

of BDDs. The re�nemen t algorithm descends through the structure of f and

re�nes eac h sub-form ula with the new predicates. The re�nemen t algorithm is

similar to the algorithm computing �

+

( P ) of Figure 1. Ho w ev er the v ariables �

and f ail are initialized with their already computed v alues. This allo ws us to

tak e adv an tage of the success or failure of already executed pro ofs. The new set

of test p oin ts is de�ned as the disjunctions formed using the literals B

k +1

; � � � ; B

l

and their negation. This set is augmen ted with the b o olean expressions o v er the

old v ariables B

1

; � � � ; B

k

for whic h the pro of previously failed. The algorithm

returns a more precise appro ximation of P .

W e implemen ted our abstraction and re�nemen t algorithms as a pro of strat-

egy de�ning a semi-decision pro cedure that abstracts an original PVS form ula

and then applies mo del c hec king. If mo del c hec king fails, the abstraction is re-

�ned un til mo del c hec king succeeds. This strategy is expressed as follo ws in the

PVS strategies language

(TRY (THEN (abstract ( phi

1

... phi

k

)) (model-check))

(skip)

(REPEAT

(LET (( � (new-list-of-pred ic ate s) ))

(THEN (refine � ) (model-check)))) )

Our re�nemen t algorithm tries to eliminate as m uc h of the nondeterminism

created b y the o v er-appro ximation of the transition relation as p ossible. Absence

10



of nondeterminism can b e easily detected b y c hec king that when the abstraction

of a transition �

+

( P ( s

1

; s

2

) ; C ) is computed, the index i will nev er reac h a v alue

greater than 1. F or instance, the abstraction of the assertion

e ( s

1

; s

2

) � s

2

= s

1

with [sem := sem( s

1

) + 1]

presen ted in Section 3 is nondeterministic since it con tains the conjunct

( B

1

( abs s

1

) ) ( B

1

( abs s

2

) _ B

2

( abs s

2

)) :

Re�ning suc h an abstraction in v olv es translating the predicate c haracterizing

the next state, that is ( B

1

( abs s

2

) _ B

2

( abs s

2

)) in to a disjunctiv e normal form.

Then, for eac h disjunct, the pre-image is computed with resp ect the concrete

assertion e ( s

1

; s

2

). In this particular case, the pre-images for B

1

( abs s

2

) and

B

2

( abs s

2

) are, resp ectiv ely , 9 ( s

2

) : e ( s; s

2

) ^ '

1

( s

2

) and 9 ( s

2

) : e ( s; s

2

) ^ '

2

( s

2

).

Their simpli�ed forms are resp ectiv ely sem ( s ) < 0 and sem ( s ) = 0.

6 Conclusion

W e ha v e presen ted a general abstraction/re�nemen t algorithm that preserv es the

full � -calculus as the basis for an in tegration of abstract in terpretation, mo del

c hec king, and pro of c hec king. W e ha v e implemen ted this b o olean abstraction

algorithm as an extension to the PVS theorem pro v er. This allo ws us to de�ne

p o w erful pro of strategies com bining deductiv e pro of, induction, abstraction, and

mo del c hec king within a single framew ork. It also allo ws our abstraction algo-

rithm to b e used in the framew ork of a ric hly expressiv e sp eci�cation language

encompassing �nite, in�nite-state, and parametric systems. The computation of

the abstraction is completely automatic, and uses the PVS decision pro cedures

to test the generated implications.

W e are curren tly in v estigating cases where it is p ossible to detect whether a

constructed abstraction str ongly preserv es fragmen ts of the � -calculus so that

abstract coun terexamples yield concrete ones. This is done b y �nding su�-

cien t conditions allo wing us to use the v arious preserv ation results presen ted

in [LGS

+

95 ,DGG94].

The new PVS v ersion includes co de generation capabilities, and as future

w ork, w e plan to de�ne abstraction construction in the PVS sp eci�cation lan-

guage, and to automatically extract the co de implemen ting the abstraction op-

eration. Suc h exp erimen ts are similar to the ones presen ted in [vHPPR98 ] where,

for instance, the co de implemen ting a BDD simpli�er is extracted automatically

from its formal sp eci�cation.
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