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Chapter 1

Introduction

Maude is a high-performance language and system supporting both equational
and rewriting logic computation for a wide range of applications. Maude has
been influenced in important ways by OBJ3 [27]. In particular, Maude’s equa-
tional logic sublanguage essentially contains OBJ3 as a sublanguage. The main
differences from OBJ3 at the equational level are a much greater performance,
and a richer equational logic, namely, membership equational logic [41], that
extends OBJ3’s order-sorted equational logic [26].

The key novelty of Maude is that besides efficiently supporting equational
computation and algebraic specification in the OBJ style—it also supports
rewriting logic computation. Rewriting logic [37] is a logic of concurrent change
that can naturally deal with state and with highly nondeterministic concur-
rent computations. It has good properties as a flexible and general semantic
framework for giving semantics to a wide range of languages and models of
concurrency [40]. In particular, it supports very well concurrent object-oriented
computation. This is reflected in Maude’s design by providing special syntax for
object-oriented modules. Since the computational and logical interpretations of
rewriting logic are like two sides of the same coin, the same reasons making it a
good semantic framework at the computational level make it also a good logical
framework at the logical level, that is, a metalogic in which many other logics
can be naturally represented and implemented [33, 32]. Consequently, some
of the most interesting applications of Maude are metalanguage applications,
in which Maude is used to create executable environments for different logics,
theorem provers, languages, and models of computation.

The rewriting logic research program, although still very young, has shown
good signs of vitality, including two international workshops [20, 28], over a
hundred research papers (see the references in [42, 28]), and three language
implementation efforts, namely ELAN [29, 3] in France, CafeOBJ [24, 23] in
Japan, and Maude. Therefore, Maude should be seen as our contribution to the
broader collective effort of building good language implementations for rewriting
logic. In this regard, a key distinguishing feature of Maude is its systematic and
efficient use of reflection—exploiting the fact that rewriting logic is reflective
[15, 10]—a feature that makes Maude remarkably extensible and powerful, and
that allows many advanced metaprogramming and metalanguage applications.

The present paper documents Maude 1.0, and explains Maude’s basic con-
cepts in a leisurely and mostly informal style, illustrating those concepts with
examples. Early language design for Maude appeared in [35, 46, 38]. A first im-
plementation of Maude, supporting reflection, was presented and demonstrated
at the First International Workshop on Rewriting Logic in September 1996 [13].
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A beta version has been available since March 1998 [9].

1.1 The Logical Basis of Maude

Maude’s functional modules are theories in membership equational logic [41,
4], a Horn logic whose atomic sentences are equalities ¢ = ¢’ and membership
assertions of the form t : s, stating that a term ¢ has sort s. Such a logic
extends order-sorted equational logic [26], and supports sorts, subsort relations,
subsort polymorphic overloading of operators, and definition of partial functions
with equationally defined domains. Maude’s functional modules are assumed
to be Church-Rosser; they are executed by the Maude engine according to the
rewriting techniques and operational semantics developed in [4].

Membership equational logic is a sublogic of rewriting logic [37]. A rewrite
theory is a pair (T, R) with T' a membership equational theory, and R a col-
lection of labeled and possibly conditional rewrite rules involving terms in the
signature of T. Maude’s system modules are rewrite theories in exactly this
sense. The rewrite rules r : ¢ — t' in R are not equations. Computationally,
they are interpreted as local transition rules in a possibly concurrent system.
Logically, they are interpreted as inference rules in a logical system. As already
mentioned, this makes rewriting logic both a general semantic framework to
specify concurrent systems and languages [40], and a general logical framework
to represent and execute different logics [33].

Rewriting in (T, R) happens modulo the equational axioms in 7. Maude
supports rewriting modulo most of the different combinations of associativity,
commutativity, identity, and idempotency axioms. The rules in R need not be
Church-Rosser and need not be terminating. Many different rewriting paths
are then possible; therefore, the choice of appropriate strategies is crucial for
executing rewrite theories.

In Maude, such strategies are not an extra-logical part of the language.
They are instead internal strategies defined by rewrite theories at the metalevel.
This is because rewriting logic is reflective [10] in the precise sense of having a
universal theory U that can represent any finitely presented rewrite theory T
(including U itself) and any terms ¢,#' in T as terms T and ,t' in U, so that
we have the following equivalence:

THt—t & UF(T, 1) — (T,7).

Since U is representable in itself, we can then achieve a “reflective tower” with
an arbitrary number of levels of reflection. Maude efficiently supports this re-
flective tower through its META-LEVEL module, which makes possible not only
the declarative definition and execution of user-definable rewriting strategies,
but also many other applications, including an extensible module algebra of
parameterized module operations that is defined and executed within the logic.

This extensibility by reflection is exploited in Maude’s design and imple-
mentation, so that the basic functionalities of the language, Core Maude, are
extended by reflection to Full Maude. Core Maude supports module hierarchies
consisting of (unparameterized) functional and system modules and provides
the META-LEVEL module. Full Maude is an extension of Core Maude written in
Core Maude itself that supports a module algebra of parameterized modules,
views, and module expressions in the OBJ style [27] as well as object-oriented
modules with convenient syntax for object-oriented applications.
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1.2 Core Maude

The Maude system is built around the Core Maude interpreter, which accepts
module hierarchies of (unparameterized) functional and system modules with
user-definable mixfix syntax. It is implemented in C++ and consists of two
parts: the rewrite engine and the mixfix front end.

The rewrite engine is highly modular and does not contain any Maude-
specific code. Two key components are the “core” module and the “interface”
module. The core module contains classes for objects which are not specific
to an equational theory, such as equations, rules, sorts, and connected sort
components. The “interface” module contains abstract base classes for objects
that may have a different representation in different equational theories, such
as symbols, term nodes, dag nodes, and matching automata. New equational
theories can be “plugged in” by deriving from the classes in the “interface”
module. To date, all combinations of associativity, commutativity, left and
right identity, and idempotence have been implemented apart from those that
contain both associativity and idempotence. New built-in symbols with special
rewriting (equation or rule) semantics may be easily added.

The engine is designed to provide the look and feel of an interpreter with
hooks for source level tracing/debugging and user interrupt handling. These
goals prevent a number of optimizations that one would normally implement in
a compiler, such as transforming the user’s term rewriting system, or keeping
pending evaluations on a stack and only building reduced terms. The actual
implementation is a semi-compiler where the term rewriting system is compiled
to a system of tables and automata, which is then interpreted. Typical perfor-
mance with the current version is 800K-840K free-theory! rewrites per second
and 27K-111K associative-commutative (AC) rewrites per second on standard
hardware (300 MHz Pentium II). The figure for AC rewriting is highly dependent
on the complexity of the AC patterns (AC matching is NP-complete) and the
size of the AC subjects. These results were obtained using fairly simple linear
and nonlinear patterns and large (hundreds of nested AC operators) subjects.

The mixfix front end consists of a bison/flex based parser for Maude’s surface
syntax, a grammar generator (which generates the context-free grammar (CFG)
for the mixfix parts of Maude over the user’s signature), a context-free parser,
a mixfix pretty printer, a fully reentrant debugger, the built-in functions for
quoted identifiers, and the META-LEVEL module, together with a considerable
amount of “glue” code holding everything together. Many of the C++ classes
are derived from those in the rewrite engine. The Maude parser (MSCP) is
implemented using SCP as the formal kernel [54]. The techniques used include
B-extended CFGs (that is, CFGs extended with “bubbles” (strings of identifiers)
and precedence/gathering patterns). MSCP provides a basis for flexible syntax
definition, and an efficient treatment of what might be called syntactic reflection,
which is very useful for parsing inputs in extensions of Core Maude such as Full
Maude, and in other languages with user-definable syntax that can likewise be
implemented in Maude. The point is that we often need to parse the top level
syntax, for example of a module, and then extract from it the grammar in which
to parse the user-definable expressions in that module.

The functional module META-LEVEL efficiently implements key functionality
of the universal theory U. In META-LEVEL Maude terms are reified as elements
of a data type Term, and Maude modules are reified as terms in a data type

IWe say that the rewriting is done in the free-theory when rewriting with terms whose
operators have no equational attributes.
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Module. The processes of reducing a term to normal form in a functional module
and of rewriting a term in a system module using Maude’s default interpreter
are respectively reified by functions meta-reduce and meta-rewrite. Similarly,
the process of applying a rule of a system module to a subject term is reified
by a function meta-apply. Furthermore, parsing and pretty printing of a term
in a signature, as well as key sort operations, are also reified by corresponding
metalevel functions.

1.3 Full Maude

Using reflection, Core Maude can be extended to a much richer language with
an extensible module algebra of module operations that can make Maude mod-
ules highly reusable. The basic idea is that META-LEVEL can be extended with
new data types extending its Module sort to richer sorts for structured and
parameterized modules—and with new module operations—such as instantia-
tion of parameterized modules by views, flattening of module hierarchies into
single modules, desugaring of object-oriented modules into system modules, and
so on. In particular, this supports an OBJ style of parameterized programming
[27], with highly generic and reusable modules. All such new types and oper-
ations can be defined in Core Maude. This, together with the explicit access
to modules as terms provided by reflection, makes the corresponding module
algebra completely open, and easily extensible by new module operations and
transformations.

Using the meta-parsing and meta-pretty printing functions in META-LEVEL
and a simple LOOP-MODE module providing input/output, we can in addition
develop in Core Maude a suitable user interface for Full Maude. At present,
Full Maude supports all of Core Maude plus object-oriented modules, parame-
terized modules, theories with loose semantics to state formal requirements in
parameters, views to bind parameter theories to their instances, and module
expressions instantiating and composing parameterized modules.

1.4 Applications

All applications typical of equational programming and algebraic specification
can be conveniently and efficiently supported through Maude’s sublanguage of
functional modules. In fact, the paper [41] argues that Maude’s equational
logic, namely, membership equational logic, is so expressive—yet efficiently
implementable—as to offer very good advantages as a logical framework for
a very wide range of algebraic specification languages based on both total and
partial equational logic formalisms.

However, many other Maude applications go beyond equational logic. Sys-
tem modules support general rewriting logic applications. The important area
of concurrent and distributed object-based system specification and prototyping
is supported by object-oriented modules. And reflection makes possible many
novel metaprogramming and metalanguage applications. In particular, reflec-
tion is extremely valuable in many applications using rewriting logic as a logical
and semantic framework. Thanks to the sustained efforts of many researchers,
particularly in the ELAN, Pisa, Stanford, and Maude teams, there is by now
very extensive evidence supporting the claim that rewriting logic is indeed a very
flexible and simple semantic framework [37, 40, 42, 6], and logical framework

3

[32, 29, 62, 30, 2, 55, 8, 16, 10, 12]. Moreover, object-oriented design languages,
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architectural description languages, and languages for distributed components
also have a natural semantics in rewriting logic [63, 34, 57, 47, 48] (see Sec-
tion 2.8.2 for more discussion on the use of reflection in logical and semantic
framework applications, and Appendix E for an application of Maude to the
interoperation of software architectures).

The largest Maude application developed so far is Full Maude itself [19]
(about 7,000 lines of Maude code). Two other substantial applications are an
inductive theorem prover and a Church-Rosser checker for equational theories,
that are part of a formal environment for Maude and for the CafeOBJ lan-
guage [12]. In addition, several language interpreters and strategy languages, a
supercompiler, several object-oriented specifications—including cryptographic
protocols and network applications—and a variety of executable translations
mapping logics, architectural description languages and models of computation
into the rewriting logic reflective framework have been developed by different
authors (see references in [20, 42, 28]). We hope that the present release will
encourage and support many other applications.
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Chapter 2

Core Maude

After introducing functional and system modules we discuss module hierarchies.
Several predefined modules such as Booleans, machine integers, quoted identi-
fiers, and so on are also described. The reflective aspects of Maude, and the
related topic of internal rewriting strategies—that is, strategies that can be de-
fined with rewrite rules at the metalevel—are explained in detail. Parsing issues,
as well as the input/output facilities provided by the LOOP-MODE module are also
treated in detail. We finish the section with a discussion of system issues and
debugging.

2.1 Functional Modules

Functional modules define data types and functions on them by means of equa-
tional theories whose equations are Church-Rosser and terminating. A mathe-
matical model of the data and the functions is provided by the initial algebra
defined by the theory, whose elements consist of equivalence classes of ground
terms modulo the equations. Evaluation of any expression to its reduced form
using the equations as rewrite rules assigns to each equivalence class a unique
canonical representative. Therefore, in a more concrete way we can equivalently
think of the initial algebra as consisting of those canonical representatives, that
is, of the values to which the functional expressions evaluate by algebraic sim-
plification using the equations.

As in the OBJ language [27] that Maude extends, functional modules can
be unparameterized, or they can be parameterized with functional theories as
their parameters. Core Maude only allows unparameterized modules, although,
as further explained in Section 2.3 and also illustrated in some of the following
examples, such unparameterized modules can import other modules to form
module hierarchies. Parameterized modules are supported in Full Maude, as
discussed in Section 3.5.

The equational logic on which Maude functional modules are based is an ex-
tension of order-sorted equational logic called membership equational logic [41,
5]; we discuss this and give more details about the semantics of functional mod-
ules in Section 4.1. For the moment, it suffices to say that, in addition to
supporting sorts, subsort relations, and overloading of function symbols, func-
tional modules also support membership azioms, a generalization of sort con-
straints [43] in which a term is asserted to have a certain sort if a condition
consisting of a conjunction of equations and of unconditional membership tests
is satisfied. Such membership axioms can be used to define partial functions,
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that become defined when their arguments satisfy certain equational and mem-
bership conditions.

N ———- N3

Ny

Figure 2.1: An Automaton.

We can illustrate these ideas, as well as Maude’s support for mixfix user-
definable syntax, with a module PATH that forms paths over a graph. Consider
the graph in Figure 2.1. This graph describes an automaton whose states are
the nodes of the graph, and whose transitions are the labeled edges. A behavior
of the automaton is a path in the graph, that is, a concatenation of transitions
such that the target state of one transition becomes the source state of the
next transition. Of course, not all random concatenations of edges are legal
paths, that is, not all strings of edges are behaviors of the automaton. The PATH
module below axiomatizes the automaton and characterizes in a computable way
its paths by means of a path concatenation operation, a length function, and
source and target functions, together with appropriate axioms in membership
equational logic.

fmod PATH is
protecting MACHINE-INT .

sorts Edge Path Path? Node .
subsorts Edge < Path < Path? .

ops nl n2 n3 n4 nb : -> Node .

ops abcdef : ->Edge .

op _;_ : Path? Path? -> Path? [assoc]
ops source target : Path -> Node .

op length : Path -> MachinelInt .

var E : Edge .
var P : Path .

cmb (E ; P) : Path if target(E) == source(P)

source(E) if E ; P : Path .
target(E) if P ; E : Path .

ceq source(E ; P)
ceq target(P ; E)
eq length(E) = 1
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ceq length(E ; P) = 1 + length(P) if E ; P : Path .
q g g

eq source(a) = nl

eq target(a) = n2 .
eq source(b) = nl .
eq target(b) = n3 .
eq source(c) = n3 .
eq target(c) = n4 .
eq source(d) = n4 .
eq target(d) = n2 .
eq source(e) = n2 .
eq target(e) = nb .
eq source(f) = n2 .
eq target(f) = nl

endfm

The module is introduced with the functional module syntax fmod . .. endfm
and has a name, PATH. It imports a predefined module of machine integers with
the declaration protecting MACHINE-INT (for more on predefined modules see
Section 2.4, and for more on module importation and module hierarchies see
Section 2.3). The sorts and subsort relations of this module are introduced
by a sort declaration and a subsort declaration. Sorts we could have called
them types instead are used to classify data. A subsort relation between two
sorts is interpreted as a set-theoretic inclusion, that is, it means that the data
of the subsort is included in that of the supersort. For example, the subsort
declaration

subsorts Edge < Path < Path? .

declares that edges are a subsort of paths that is, the set of edges is contained
in the set of paths and paths are a subsort of a supersort Path? of what we
might call “confused paths.” This supersort is needed because in general the
path concatenation operator _; _ may build nonsensical concatenations that are
not paths. This operator is declared with the “infix” syntax

op _;_ : Path? Path? -> Path? [assoc]

where the declaration indicates that it is a binary operator with Path? as the
sort of its two arguments and also of its result. Before the colon, the user-
definable “mixfix” syntactic form of the operator is given. In this case it is an
infix operator with the two underbars indicating the places where the first and
second arguments should be placed, namely, on both sides of the semicolon. The
“attribute declaration” assoc states that _;_ is associative. The Maude engine
then uses this information when matching the equations and membership axioms
in the module, that are then matched “modulo associativity,” that is, regardless
of how parentheses are left- or right-associated in a concatenation expression.
In general, when an operator is associative the user does not have to write such
parentheses around expressions involving several instances of such an operator.
For example, b ; ¢ ; d is a perfectly acceptable and unambiguous expression
because of associativity.

Except for the conditional membership axiom for path concatenation, and
the use of sort tests in the conditions of some equations, that we explain below,
the rest of the module should be straightforward. Some nodes and edges are
declared, plus source, target, and length functions, all of them with standard
prefiz notation, that is also allowed as a simpler choice of user-definable syntactic
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form. Then equations are given, defining the semantics of the operations. Each
equation is introduced by the keyword eq, or ceq for conditional equations, and
having variables of appropriate sorts previously declared with var declarations.
The equations are then used from left to right by the Maude engine to simplify
each expression to its canonical form, that is, to evaluate each expression to its
corresponding value.

In general, an operator can be declared with the keyword op! followed by its
syntactic form, followed by a colon, followed by the list? of sorts for its arguments
(called the operator’s arity), followed by ->, followed by the sort of its result
(called the operator’s coarity). The operator can have some attributes, such
as the assoc attribute for path concatenation, which indicate some equational
axioms satisfied by the operator and used for term matching, or some syntactic
information for parsing purposes, or some other information. All such attributes
are declared within a single pair of enclosing square brackets after the sort of
the result and before the ending period.

The syntactic form of the operator is a string of characters®. If no underbar
character occurs in the string—as in the case of the source, target, and length
functions then the operator is declared in prefiz form. If underbar characters
occur in the string, then their number must coincide with the number of sorts
declared as arguments of the operator. The operator is then in mizfiz form, with
the n-th underbar indicating the place where arguments of the n-th sort must
be placed in expressions formed with that operator. There may or may not be
any other characters before or after any of the underbars. If no other characters
appear, we say that the operator has been declared with empty syntaz. For
example, we could have instead declared the path concatenation operator with
empty syntax as

op __ : Path? Path? -> Path?

and then b ¢ d would be a Path expression (see Section 2.1.1 for more discus-
sion on the mixfix syntax of operators, and Section 2.7 for a general discussion
of mixfix parsing issues).

The ruling out of nonsensical concatenations is achieved by the conditional
membership aziom?

cmb (E ; P) : Path if target(E) == source(P)

Tt is possible to simultaneously declare several operators having the same arity and coarity
by using instead the keyword ops and giving the nonempty list of their corresponding syntactic
forms after the ops keyword, as done for the nodes and edges declared in our example.

21f this list is empty, as for the edges and nodes declared in our example, the operator is
called a constant.

3Such a string may have blank spaces and may consist of several identifiers in the Maude
sense; see Section 2.1.1 for more details on the syntactic conventions.

4Unconditional membership axioms are introduced with the keyword mb. For example, in
a module NAT of natural numbers with Peano notation we can define subsorts Zero (for the
zero element) and 3#Nat for numbers that are multiples of three by declaring

fmod NAT is
sorts Zero 3*Nat Nat .
subsorts Zero < 3%Nat < Nat .
op 0 : -> Zero .
op s_ : Nat -> Nat .
var M : 3*xNat .
mb s s s M : 3xNat .

endfm
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stating that an edge concatenated with a path is also a path if the target node
of the edge coincides with the source node of the path. This has the effect of
defining path concatenation as a partial function on paths, although it is total
on the supersort Path? of confused paths. In fact, the domain of definition of
path concatenation as a partial function on path pairs is the set of path pairs
(P,Q) satisfying the equational condition

target (P) == source(Q)
Note, however, that the corresponding conditional membership axiom
cmb (P ; Q) : Path if target(P) == source(Q)

is not explicitly asserted in the module. It is instead an inductive consequence
of all the axioms given in the module, including the simpler membership axiom
that is indeed asserted. That is, it holds in the initial algebra specified by the
functional module, that provides the mathematical semantics for the module
as explained in Section 4.1. Such inductive properties can be proved using an
inductive theorem prover in the style of the one proposed in [12]. Of course,
the above membership axiom could instead have been declared as an axiom in
the module, but we have chosen to use the more restricted membership axiom
because it has a more efficient execution, and because it allows us to illustrate the
distinction between the axioms given explicitly in a module and their inductive
consequences.

All variables in righthand sides of equations should also appear in the cor-
responding lefthand sides. The conditions in conditional membership axioms—
respectively, in conditional equations—should only involve variables appearing
in the corresponding membership predicate—respectively, in the corresponding
lefhand side. As the above example shows, the user can use the Boolean-valued,
built-in equality predicate _==_ and sort predicates such as _: Path, and in gen-
eral Boolean combinations of such predicates or of other user-defined Boolean-
valued expressions, in conditions of equations and membership axioms®. See
Sections 2.4.1 and 4.1 for more details on the built-in equality and inequality
predicates, and for a discussion of why negations and Boolean combinations of
built-in equality and membership predicates in conditions which would seem
to go beyond Horn logic are unproblematic under appropriate Church-Rosser
and terminating assumptions about the specification.

Note that the functions source, target, and length are only defined on legal
paths, so that on nonsensical paths they will return an unevaluated expression in
an error supersort. For the first two functions the error supersort is Error (Node)
above the sort of nodes, and for the third it is Error (MachineInt) above the
sort of machine integers. Such expressions are very informative error messages.

5Tt is possible to give instead a single equation of the form exp = exp’ as the condition. Tn
fact, giving just a Boolean expression exp as the condition is equivalent to giving the equation
exp = true. Note that there is no real loss of generality in restricting conditions to be either a
single equation or a Boolean expression, since we can for example express a condition involving
a conjunction of equations and membership axioms of the form

t1 :t'l/\.../\tn :t;l/\ulzsl/\.../\um:sm
by the single equation
(¢1 ==t} and ... and t, == t, and uj : s, and ... and Uy, : Sm) = true,
or just by the Boolean expression

t1 == t'l and ... and {, == t'n and w1 : 81 and ... and U : Sm-



CHAPTER 2. CORE MAUDE 13

The Maude system automatically adds these error supersorts above each of the
connected components of the poset of sorts declared by the user, using the set of
maximal sorts in each connected component to qualify the corresponding error
sort; such error sorts are called kinds in the theory of membership algebras
(see Section 4). In this example there is a third connected component in the
subsort ordering poset, namely, the connected component involving the sorts
Edge, Path, and Path?, and therefore a third error supersort, Error (Path?), is
also added. Note that, even though Path? was introduced by the user with the
purpose of catching errors, Maude always adds a new error supersort above each
connected component. This is because, conceptually, an error supersort is really
not a sort, but a kind. The point is that sorts are user-defined, while kinds are
implicitly associated with connected components of sorts and are automatically
added by Maude in the form of “error supersorts”. The Maude system also
lifts automatically to the error supersorts all the operators involving sorts of
the corresponding connected components to form error expressions. Such error
expressions allow us to give expressions to be evaluated the benefit of the doubt:
if when they are simplified they have a legal sort, then they are ok; otherwise,
the fully simplified error expression is returned as an error message.

As illustrated by a few sample evaluations and their results, expressions
formed with the operators declared in the module can be evaluated with the
reduce command—red in abbreviated form. In the reduction process the equa-
tions are used from left to right as rules of simplification, and the membership
axioms are also used to lower the sort of each expression as much as possible.
When the expression has the lowest possible sort and cannot be simplified any-
more using the equations, it is returned together with its lowest sort as the
result.

Maude> red (b ; c ; 4)
result Path: (b ; ¢ ; d)

Maude> red length(b ; c ; d)
result NzMachinelnt: 3

Maude> red (a ; b ; c)
result Path?: (a ; b ; c)

Maude> red source(a ; b ; c)
result Error(Node): source(a ; b ; c)

Maude> red target(a ; b ; c)
result Error(Node): target(a ; b ; c)

Maude> red length(a ; b ; c)
result Error (MachineInt): length(a ; b ; ¢)

2.1.1 Identifiers, Order-Sorted Signatures, and Overload-
ing

We first explain the syntactic conventions about Maude identifiers, which must
be followed when declaring module, sort, and operator names. Then we explain
the notions of order-sorted signature and overloading that are key for under-
standing the syntax of expressions in functional and system modules.
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In Core Maude, the name of a module or a sort must be an identifier. For
example, PATH, Edge, and Path are identifiers. In general, an identifier in Maude
is any finite string of ASCII characters such that:

e It does not contain any white space. For example, the sequence ‘abc def’
is not one identifier, but two.

e The characters ‘{’, ‘}, ‘C, ), ‘[’, ‘1’ and *,’ are special, in that they
break a sequence of characters into several identifiers. For example, the
sequence ‘ab{c,d}ef’ counts as seven identifiers, namely, ‘ab’, ‘{’, ‘c’, ¢,’,
‘@, ‘), and ‘ef’.

e The backquote character ‘‘’ is only used as an escape character to in-
dicate that a blank space or the special characters do not break the se-
quence. Consequently, backquotes can only appear immediately before any
of the special characters, or between two nonempty strings of characters—
with neither the ending of the first string nor the beginning of the second
string being another backquote—for exactly these purposes. For example,
1¢ab‘{c*,d}ef is a single identifier. Maude’s pretty printer will display
such an identifier in the form ‘1 ab{c,d}ef’.

The conventions for the syntactic form of operators allow great flexibility in
their user-definable syntax. An operator declared using a single identifier has
automatically a prefix form, in which it can be displayed before its arguments
enclosed in parentheses; but if such an operator contains underscore characters
‘_7 then it must contain exactly as many underscores as the number of sorts
in its arity, and in that case it has also a mizfiz form. For example, _+_(2,3)
and 2 + 3 are the prefix and mixfix ways of displaying the same arithmetic
expression®.

An operator can also be declared using several identifiers. This can be due
to the presence of special characters, or to blank spaces, or both. Consider for
example the operator declaration

op [_] and then [_] : Command Command -> Command .

that may allow a natural language style in the syntax of a programming lan-
guage. It uses eight identifiers in the Maude sense, but declares a single binary
operator, with the underscores indicating the place of the arguments in the mix-
fix notation. Internally, Maude also associates to this operator a corresponding
single identifier variant by using backquotes. This is the form in which we could
have equivalently defined the operator using a single identifier, namely,

op ‘[_‘]Jand‘then‘[_°‘] : Command Command -> Command .

Of course, both variants are equivalent and have the same mixfix display, but
the version without backquotes is obviously more convenient.

The declaraton of an operator requires an extra pair of parentheses if we
already use parentheses as part of the syntax of the operator. Suppose we had
in a programming language another binary operator (_ only after _). We
have to declare it as follows.

op ((_ only after _)) : Command Command -> Command .

6By default, Maude’s pretty printer will display operators in mixfix form whenever possible,
but it can be turned to prefix mode by the set print mixfix off command (see Appendix A).
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Since an operator may be declared using several identifiers, in an ops decla-
ration involving several operators each operator declaration can be enclosed in
parentheses if necessary, to indicate where the syntax of each operator begins
and ends. Then, we could have declared both operators together as follows.

op ([_] and then [_]) ((_ only after _))
Command Command -> Command .

We now turn to order-sorted signatures. As the GRAPH example shows, the
sorts declared in a functional module (and the same will hold for system mod-
ules) can be related by a subsort inclusion ordering. At the level of the corre-
sponding algebras this subsort ordering is interpreted as set-theoretic inclusion
of the data in a subsort into the data in a supersort. For example, every Edge
is a Path, and every Path is a Path?. In general, we can declare arbitrary long
chains of subsort inclusions, not only between individual sorts, but between sets
of sorts. For example, if sorts A, B, and C are each of them subsorts of sorts D
and E, and these in turn are subsorts of sorts F, G, and H, we can specify all
these inclusions with a single declaration

subsorts ABC<DE<FGH .

Another feature of order-sorted signatures is that the function symbols de-
clared in the signature can be overloaded, that is, we can have several operator
declarations for the same operator with different arities and coarities. Consider
for example the module

fmod NUMBERS is
sorts Nat NzNat Nat3 .
subsort NzNat < Nat

op zero : —-> Nat

op s_ : Nat -> NzNat .

op p_ : NzNat -> Nat

op _+_ : Nat Nat -> Nat

op _+_ : NzNat NzNat -> NzNat
ops 0 1 2 : -> Nat3 .

op _+_ : Nat3 Nat3 -> Nat3 [comm]

vars N M : Nat
var N3 : Nat3 .

eqpsN=N.

eq N + zero = N .
eqN+sM=s (N+M
eq (N3 + 0) = N3 .

eql +1=2.

eq 1 +2=0

eq2+2=1
endfm

declaring the natural numbers in Peano notation with a subsort NzNat of nonzero
natural numbers and with successor, predecessor and addition functions, and
declaring also the integers modulo 3 with their addition as a commutative (comm)
operator.
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The addition operator has three declarations and is therefore overloaded.
However, there are two different kinds of overloading present in the example.
The signature of the example is an order-sorted signature [26] in which over-
loaded operators related in the subsort ordering, such as the two additions for
natural numbers and for nonzero natural numbers, are supposed to have the ex-
act same behavior, in the sense that the bigger operator restricts to the smaller
one on the subsorts; such operators are called subsort overloaded. Addition in
the number hierarchy of naturals, integers, rationals, and so on, provides a very
familiar example of subsort overloading, of which the present overloading of
natural number addition is a special case (see Section 2.3).

By contrast, the sorts Nat and NzNat on the one hand, and the sort Nat3
on the other form two different connected components in the subsort ordering
and therefore natural number addition and addition modulo-3 are semantically
unrelated. This form of overloading is called ad-hoc overloading. Both subsort
and ad-hoc overloading of operators are allowed in Maude. However, to avoid
ambiguous expressions we require that if the sorts in the arities of two operators
with the same syntactic form are pairwise in the same connected components,
then the sorts in the coarities must likewise be in the same connected component.

In particular, this rules out ad-hoc overloaded constants. Therefore, we
have declared two different constants zero and 0 for the corresponding zero
elements. However, this requirement can be relaxed, and it is often natural to
do so. For example, the constants of a parameterized module can appear in
many different connected components for different instances of the module, and
it may be cumbersome to qualify them all. To allow this relaxation, constants
and, more generally, terms can be qualified by their sort, by enclosing them
in parentheses followed by a dot and the sort name. In this way, we could have
instead declared 0 as an ad-hoc overloaded constant for naturals and for integers
modulo-3, and could then disambiguate the expression 0 + 0 by writing, for
example, 0 + (0).Natand 0 + (0).Nat3,or (0O + 0).Nat and (0 + 0).Nat3.

Note that in an order-sorted signature a term can have several sorts. For
example, the term s s 0 in the NUMBERS module has sorts NzNat and Nat. An
order-sorted signature is called preregular [26] when the set of sorts that can
be assigned to a term according to the signature has always a least element.
The order-sorted signatures in functional and system modules are assumed to
be preregular.

Note that, as already mentioned, Maude will extend the signature given
by the user in a module by adding the error supersorts above each connected
component of sorts, and by adding an additional subsort overloaded operator
with all its arities and coarities in the corresponding error supersorts for each
family of subsort overloaded operators in the original signature for the purpose
of dealing with error terms. Other operators such as equality predicates, sort
predicates, and if-then-else, as well as the above-mentioned sort qualification
operators are also added. See Section 2.7.2 for more details about this extended
signature.

2.1.2 A Set Hierarchy Example

Another functional module example is provided by the following SET-HIERARCHY
functional module, that defines the set hierarchy of all finite sets whose most
basic elements are machine integers. Comments on the meaning of operations
and equations are included in the text. Such comments must begin with *** or
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fmod SET-HIERARCHY is
protecting MACHINE-INT .

sorts Set Elt Magma .
subsorts Set < Elt < Magma .
subsorts MachineInt < Elt

op mt : -> Set . *%* empty set
op _,_ : Magma Magma -> Magma [assoc comm]
op {_} : Magma -> Set
***x set constructor

ops _U_ _I_ : Set Set -> Set [assoc comm]
**x* union, intersection
op _\_ : Set Set -> Set . *x** difference
op _in_ : Elt Set -> Bool .
op P : Set -> Set . *** power set

op augment : Set Set -> Set
op |I_I : Set -> MachinelInt . *x*%* cardinality

vars L M : Magma .
vars E F : Elt
vars S T : Set

*%% equations between constructors to eliminate
*%x* duplicate elements
eq{L,L,M}y={L, M}
eq{L,L}={L3Z

*** set union
eq SUmt =S
eq{L}U{M}={L, M}

*** set membership
eq E in mt = false .
eq Ein { F } = (E == F)
eqEin {F , L}
= if E == F then true else E in { L } fi

*%* set intersection

eqmt I S =mt

eq {E}IS=4if E in S then { E } else mt fi
eq{E,L}IS= {E}IS)UHLL}TIS

*¥x*% set difference
eqmt \ S =mt
eq { E}\
eq{E, L

S = if E in S then mt else { E } fi
}INS=HE}Y\s>u {L3}\S

*** power set (defined using auxiliary function "augment")
eq P(mt) = { mt }
eqPH{E}Y) ={mt , {ED}}
eqP{E, L3} =PH{LJ} Uaugment(P({L 3}, {ED})
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eq augment(mt, T) = mt

eq augment({ S} , T) ={SUT}

eq augment({ S , L } , T)
={SUT}Uaugment({ L }, T)

*%* cardinality
eq | mt | =0
eq | {E} | =
eq | {E, L3}
= | {L}| +if Ein { L } then 0 else 1 fi

1
I

endfm
A finite set is represented using the standard notation {E1,...,En} as an
(associative and commutative) collection of elements E1,...,En (here called

a Magma) that is then enclosed in curly brackets by applying the constructor
{_} , that builds a set out of a magma. Since Set is a subsort of Magma, sets
can contain other sets as elements, and therefore we get the entire hierarchy
of finite sets. The meaning of each operation symbol is explained either in its
declaration or in the comments that precede the equations for that symbol. No-
tice that now several operators such as element concatenation, set union, and
set intersection are declared to be associative and commutative with the assoc
and comm attributes. The Maude engine then performs multiset matching and
rewriting on those symbols; that is, neither association of parentheses nor the
order of elements matter at all when finding a match. In general, the Maude
engine can rewrite modulo most of the different combinations of associativity,
commutativity, identity (left-, right-, or two-sided) and idempotency for dif-
ferent operators in the given specification. This of course gives the effect of
rewriting the equivalence classes modulo such axioms of the terms in question,
instead or rewriting just the terms themselves.

Note that the equational axioms declared as attributes of operators should
not be written explicitly as equations in the specification. There are two reasons
for this. Firstly, this is redundant, since they have already been declared as
attributes. Secondly, although declaring such equations either only explicitly as
equations, or twice one time as attributes, and another as explicit equations
does not affect the mathematical semantics of the specification, that is, the
initial algebra that the specification denotes (see Section 4.1) it does however
drastically alter the specification’s operational semantics. Indeed, Maude uses
the equations from left to right as simplification rules, matching the equations
modulo the axioms declared as attributes in operators. The equations in a
Maude specification are assumed to be Church-Rosser and terminating modulo
such axioms. But they may fail to have such properties if the axioms are instead
added as ordinary equations. For example, a commutativity equation for set
union such as

eq SUT=TUS

would make the above specification nonterminating.
Here are several sample reductions of set expressions.

Maude> red P({ 1 , 2 , 3 }) \PH{ 1, 2 3})
result Set: {{3}, {1, 3}, {2, 3}, {1, 2, 3}}

Maude> red | P(P({ 1, 2, 3 })) |
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result NzMachineInt: 256

Maude> red | (P(P({1, 2, 3 1) \P(PH 1, 2 1) |
result NzMachinelInt: 240

2.1.3 Operator Evaluation Strategies

If a collection of equations is Church-Rosser and terminating, given an expres-
sion, no matter how the equations are used from left to right as simplification
rules we will always reach the same final result. However, even though the final
result may be the same, some orders of evaluation can be considerably more
efficient than others. It may therefore be useful to have some way of controling
the way in which equations are applied by means of strategies.

In general, given an expression f(t,...,t,) we can try to evaluate it to its
reduced form in different ways, such as:

e first obtaining the reduced form of all the ;s and then applying equations
for f at the top of the term, what is called a bottom-up, or eager strategy;

e evaluating only some of the arguments, and then trying to evaluate at the
top with equations for f; for example, an if_then_else_fi operator will
typically be evaluated by evaluating first the first argument, and then the
if_then_else_fi operator at the top;

e trying to evaluate the top of the term first, and then, if this fails, either not
evaluating the subterms at all, or trying to evaluate only some of them,
that is, some kind of lazy evaluation strategy.

Typically, a functional language is either eager, or lazy with some strictness
analysis added for efficiency, and the user has to live with whatever the language
provides. Maude adopts OBJ3’s [27] flexible method of user-specified evaluation
strategies on an operator-by-operator basis, adding some improvements to the
OBJ3 approach to ensure a correct implementation [21]. For an n-ary operator
f such strategies can be specified as a list of numbers from 0 to n ending with
0. For example, the default eager strategy given in Maude to all operators,
unless another strategy is explicitly declared by the user, is (1 ... n 0), and
the one given to the if_then_else_fi is (1 02 3 0), whereas a lazy “cons” list
constructor may have strategy (0).

The syntax to declare an operator £ with strategy (i1 ... ix 0) is

op f :S1 ... Sn -> S [strat (i1 ... ik 0)]

Of course, if some of the argument positions are never mentioned in some of
the operator strategies, the notion of reduced expression becomes now relative
to the given strategies and may not coincide with the standard notion. This
may be just what we want, since we may be able to achieve termination to a
reduced expression relative to some strategies in cases when the equations may
be nonterminating in the standard sense. For example, the factorial equation

fact(N) = if N == O then 1 else N * fact(N - 1) fi

is nonterminating in the standard sense, but it is terminating up to the above
strategy for if_then_else_fi. More generally, strategies may allow us to com-
pute with infinite data structures which are evaluated on demand, such as the
following slight reformulation of the Sieve of Eratosthenes example which finds
all prime numbers using lazy lists in Appendix C.5 of [27].
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fmod SIEVE is
protecting MACHINE-INT .
sort IntList .
subsort MachinelInt < IntList
op nil : -> IntList
op _._ : IntList IntList -> IntList
[assoc id: nil strat (0)]
op force : IntList IntList -> IntList [strat (1 2 0)]
op show_upto_ : IntList MachineInt -> IntList .
op filter_with_ : IntList MachineInt -> IntList .
op ints-from_ : MachinelInt -> IntList .
op sieve_ : IntList -> IntList .
op primes : -> IntList .

var P I E : MachineInt .
var S L : IntList .

eq force(L, S) =L . S
eq show nil upto I = nil
eq show E . S upto I
= if T == 0 then nil
else force(E, show S upto (I - 1))
fi
eq filter nil with P = nil .
eq filter I . S with P
= if (I % P) == 0 then filter S with P
else I . filter S with P
fi
eq ints-from I = I . ints-from (I + 1)
eq sieve nil = nil .
eq sieve (I . S) =1 . sieve (filter S with I)
eq primes = sieve ints-from 2
endfm

Maude> reduce show primes upto 10 .
result IntlList: 2 . 3 . 5 . 7 . 11 . 13 . 17 . 19 . 23 . 29

The paper [21] documents in much more detail the operational semantics
and the implementation techniques for Maude’s operator evaluation strategies.
In particular, it analyzes carefully a number of subtle anomalies in the OBJ3
implementation that are avoided in Maude, and uses a Maude specification of
a rewrite theory (a system module, see Section 2.2) to formally specify the term
graph rewriting done by the implementation to execute such strategies.

Of course, operator evaluation strategies, while quite useful, are by design
restricted in their scope of applicability to functional modules’. As we shall
see in Section 2.2, system modules, specifying rewrite theories—that are not
functional, and need not be Church-Rosser or terminating—require much more
general notions of strategy. Such general strategies are provided by Maude using
reflection by means of internal strategy languages, in which strategies are defined
by rewrite rules at the metalevel (see Section 2.6).

"More precisely, the scope of applicability of operator evaluation strategies are restricted
to functional modules and to the equational part of system modules.
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2.2 Rewriting Logic and System Modules

The type of rewriting typical of functional modules terminates with a single
value as its outcome. In such modules, each step of rewriting is a step of
replacement of equals by equals, until we find the equivalent, fully evaluated
value. In general, however, a set of rewrite rules need not be terminating, and
need not be Church-Rosser. That is, not only can we have infinite chains of
rewriting, but we may also have highly divergent rewriting paths, that could
never cross each other by further rewriting.

The essential idea of rewriting logic [37] is that the semantics of rewriting
can be drastically changed in a very fruitful way. We no longer interpret a
term ¢ as a functional expression, but as a state of a system; we no longer
interpret a rewrite rule t — t' as an equality, but as a local state transition,
stating that if a portion of a system’s state exhibits the pattern described by ¢,
then that portion of the system can change to the corresponding instance of ¢'.
Furthermore, such a local state change can take place independently from, and
therefore concurrently with, any other nonoverlapping local state changes.

Of course, rewriting will happen modulo whatever equational structural ax-
ioms the state of the system satisfies. For example, the top level of a distributed
system’s state does often have the structure of a multiset, so that we can re-
gard the system as composed together by an associative and commutative state
constructor.

We can represent a rewrite theory as a four-tuple R = (Q, E, L, R), where
(Q, E) is a theory in membership equational logic, that specifies states of the
system as an abstract data type, L is a set of labels, to label the rules, and R
is the set of labeled rewrite rules axiomatizing the local state transitions of the
system. Some of the rules in R may be conditional [37].

Rewriting logic is therefore a logic of concurrent state change. The logic’s
four rules of deduction—namely, reflexivity, transitivity, congruence, and re-
placement (see Section 4.2.1) allow us to infer all the complex concurrent state
changes that a system may exhibit, given a set of rewrite rules that describe its
elementary local changes. It then becomes natural to realize that many reactive
systems so specified should never terminate, and that a system may evolve in
highly nondeterministic ways through paths that will never cross each other.

The most general Maude modules are system modules. They specify the ini-
tial model Tr of a rewrite theory R [37]. This initial model is a transition system
whose states are equivalence classes [t] of ground terms modulo the equations E
in R, and whose transitions are proofs « : [t] — [t'] in rewriting logic—that is,
concurrent computations in the system so described. Such proofs are equated
modulo a natural notion of proof equivalence that computationally corresponds
to the “true concurrency” of the computations (for a detailed construction of
Tr see Section 4.2.2).

As a first example of a system module, we specify a simple concurrent system,
namely a vending machine, as a Petri net. Petri nets have a straightforward
rewriting logic semantics as initial models of their associated rewrite theories
[37]; therefore, this example illustrates a general method to give executable
formal specifications in Maude to Petri nets, a method that can also be naturally
extended to high-level algebraic Petri nets [56]. Our Petri net represents a
vending machine to buy cakes and apples; a cake costs a dollar and an apple
three quarters. Due to an unfortunate design, the machine only accepts dollars,
and it returns a quarter when the user buys an apple; to alleviate in part this
problem, the machine can change four quarters into a dollar. We can represent
graphically such a machine in the conventional way as follows.
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| buy-c | | buy-a change

| [change]
O

The so-called places of this net are cakes, apples, quarters, and dollars,
denoted in the picture by circles labeled, respectively, by ¢, a, ¢, and $. In
each of these places several tokens can be placed. We can therefore think of
the places as slots of our machine, in which units of a certain kind appear or
disappear. Tokens in one or several of these places can then be consumed by
transitions, denoted by rectangular boxes labeled by the transition’s name, with
incoming and outgoing arcs indicating which tokens are consumed and produced
by the transition; we can think of such transitions as the buttons of our vending
machine. Such transitions consume tokens from the places in their incoming arcs
and produce new tokens in the places of the outgoing arcs. If several tokens must
be either consumed or produced in a place, then the corresponding arc indicates
the exact number. For example, the change transition requires four quarters to
produce a dollar. The vending machine is concurrent because, provided enough
tokens are available, we can simultaneously push several buttons and then can
simultaneously get the combined results. For example, if we place a dollar and
four quarters in the corresponding slots and push the change and buy-c buttons
at once, we can simultaneously get a dollar changed and a cake as the result.

The distributed states of the machine, namely the collections of tokens avail-
able in the different places, are called markings. They can be naturally regarded
as a multiset of places. Using juxtaposition notation, we can for example regard
the state with one dollar and four quarters as the multiset $ q ¢ ¢ q. Meseguer
and Montanari [44] observed that we can then view the Petri net as an ordinary
graph, in which the transitions are the edges, and the nodes are multisets of
places. Therefore, as a graph, this net has the following arcs:

buy-c: $§—c
buy-a: $—aq
change : qqqq —$

The expression of this Petri net in rewriting logic is now obvious. We can
view each of the labeled arcs of the Petri net as a rewrite rule in a rewrite theory
having a binary associative and commutative operator __ (multiset union), so
that rewriting happens modulo such axioms, that is, it is multiset rewriting. We
can gather together the “places” $, ¢, a,c into a sort Place and view the states
of the net, that is, the markings, as elements of a supersort Marking containing
Place and endowed with a multiset union operator with empty syntax. The
corresponding Maude module then becomes

mod PETRI-NET is
sorts Place Marking .
subsort Place < Marking .
op __ : Marking Marking -> Marking [assoc comm]
ops $ g ac: ->Place .

rl [buy-c] : § => c
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rl [buy-al] : $ =>a q .
rl [change]l : 9 q q q =>$
endm

The rewrite theory ({2, E, L, R) corresponding to a system module has a
signature () given by the sorts, subsort relations, and operator declarations, a
set E of equations, that is assumed to be decomposed as a union £ = AU E’,
with A a set of axioms to rewrite modulo among those supported by Maude,
and E' a set of Church-Rosser and terminating equations modulo A. In the
above example A consists of the associativity and commutativity axioms, E' is
empty, the label set L contains the labels of the three transitions, and the set
of rules R contains the above three rules, each introduced by the keyword rl.
One can also define conditional rules®, introduced by the crl keyword.

A key result about the representation of Petri nets as rewrite theories is
that, given two markings M and M’ on a net, the second is reachable from
the first by a concurrent net computation if and only if the sequent M —
M' is provable in rewriting logic using the rewrite theory associated to the
net [37]. Of course, net computations need not be confluent—therefore, they
can be highly nondeterministic—and need not be terminating (they just happen
to be terminating in this example). Therefore, the issue of ezecuting rewriting
logic specifications, such as those for Petri nets, or for system modules in general,
is considerably more subtle than executing expressions in a functional module,
for which the termination and Church-Rosser properties guarantee a unique final
result regardless of the order in which equations are applied as simplification
rules.

As we explain in Section 2.6, using reflection the rewriting inference process
can be controlled with great flexibility in Maude by means of strategies that can
be defined by rewrite rules at the metalevel. However, the Maude interpreter
provides a default strategy for executing expressions in system modules. The
default strategy applies the rules in a top-down fair way, and is provided by the
rewrite command, with keyword rewrite or, in abbreviated form, rew. Since
we assume that the equations FE in a system module are decomposed as a union
E = AU E' with A a set of equational axioms declared as attributes of some
operators to rewrite modulo, and E' a set of Church-Rosser and terminating
equations modulo A, before the application of each rewrite rule the expression
is simplified to its canonical form using the equations®; that is, it is simplified by

8Rules or conditional rules can have extra variables in their righthand sides that do not
occur in their lefthand sides. For example, the identity rule in the one-sided sequent calculus
for linear logic [25] as presented in [32] is of the form

rl [id] : empty => P not P .

where P is a variable of sort Atom, _,_ is the constructor for multisets of propositions and not_
is the negation operator. However, since for applying such rules we need extra information
about how the extra variables should be instantiated, rules with extra variables cannot be
applied when using the default rewrite command (explained later in this section) to rewrite
terms with Maude’s default interpreter. They must be executed at the metalevel, using the
meta-apply operator in the META-LEVEL module (see Section 2.5.5). In the present version of
Maude, the condition of a conditional rule must satisfy the same requirements as those for
the condition of a conditional equation explained in Section 2.1, including the requirement
that all variables in the condition must appear in the rule’s lefthand side. In a future version
we plan to support more general conditions, involving extra variables and containing not only
equalities and membership axiomss, but also rewrite conditions requiring that a term can
rewrite to another term.

9By always reducing a term to canonical form using the equations before applying a rule,
we could potentially miss some rewrites, in the sense that a rule could have been applied
before simplifying a term, but cannot be applied after simplification. The property ensuring
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applying the equations E' modulo A. Then, a rule is applied to such a simplified
expression modulo the axioms A according to the default strategy. Since in our
Petri net example E' is empty, this equational simplification process before each
rule application becomes in this case the identity.

An expression given to Maude with the rew command will be rewritten
with the default strategy until no more rules can be applied. Since such a
computation in general may not terminate, Maude allows the user to specify
the maximum number, enclosed in brackets, of rule applications allowed when
executing the rew command. We give below several sample executions for our
Petri net module with and without a bound for the rew command.

Maude> rew $ $ $ $ $ 9 qqqq .
result Marking: a a a cccc

Maude> rew [1] $ $$$ $9gq99qq .
result Marking: $ $ $ $ $ $ q

Maude> rew [2] $ $ $ $ $99q949qq .
result Marking: $ $ $ $ $q q a

Maude> rew [3] $ $ $ $ $9gqqqq .
result Marking: $ $ $ $ qqac

Maude> rew [4] $ $ $ $ $q9qqqq .
result Marking: $ $§ $ gqqacc

Another simple, yet interesting, system module is the following ND-INT
module, that provides nondeterministic machine integers and nondeterminis-
tic choice.

mod ND-INT is
protecting MACHINE-INT .
sort NdInt
subsort MachineInt < NdInt
op _7_ : NdInt NdInt -> NdInt [assoc comm]
var N : Machinelnt .
var ND : NdInt
eq N?N=N.
rl [choice]: N ? ND => N .
endm

In this example we regard a finite set of integers as a nondeterministic inte-
ger of sort NdInt, that is, as an integer that could be any of those in the set. Of
course, as indicated by the subsort declaration MachineInt < NdInt, singleton
sets are just machine integers, that is, they can be viewed as those nondeter-
ministic integers from which any nondeterminism has already been eliminated.
Union of nondeterministic integers, denoted _7_ is associative and commuta-
tive and obeys also an idempotency equation. Nondeterministic choice is then
provided by the choice rule.

Note that, since in membership equational logic the operators in the module
are lifted to the kinds, that is, to the error supersorts, we can give expressions

that we do not miss such rewrites is called coherence (see [61] and Section 4.3). Coherence (or
at least “weak coherence”) is assumed to hold for system modules. It plays a role analogous
to that played by the Church-Rosser property for functional modules.
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the benefit of the doubt and therefore we can perform arithmetic operations on
such nondeterministic integers as exemplified by the following Maude executions

Maude> rew (1 2757271 7?5) + (37211727 73711)
result NzMachinelnt: 4

Maude> rew (1 275 72 7?1 ?5) »x (37211727 7?37 11)
result NzMachinelInt: 3

Maude> rew [1] (1 275 7?2 7?1 ?5) «x (37211727737 11)
result Error(NdInt): 1 * (3 72 7 ? 11)

Maude> rew [2] (1 275 7?2 7?1 75) «x (37?11?27 737 11)
result NzMachinelnt: 3

Note that the idempotency equation is applied before and after applying the
choicerule. Note also that this example shows very clearly why equational logic
cannot be used as the semantics of the choice rule, that is, why we absolutely
need a rewriting logic interpretation. Indeed, if we were to consider choice as
an equation, we would for instance have

2=275=5

an obvious absurdity.

As yet another example of a system module we introduce below the mod-
ule SORTING for sorting vectors of integers. In this module, such vectors are
represented as sets of pairs of integers, with the first component of each pair
corresponding to the vector position and the second to the number in that
position.

mod SORTING is
protecting MACHINE-INT .

sorts Pair PairSet .
subsort Pair < PairSet .

op <_;_> : MachineInt Machinelnt -> Pair .
op empty : —-> PairSet .
op __ : PairSet PairSet -> PairSet [assoc comm id: empty]

vars I J X Y : Machinelnt .

crl [sort] : <J ; X ><I;Y>=><J;Y¥Y><I; X>
if (J < I) and (X > Y)
endm

Note that, by default, Maude automatically imports the predefined BOOL module
into any other module. Therefore, the _and_ function is available and can be
used in the condition of the sort rule.

The top level of the state is in fact a set, namely, an element of sort PairSet
built up by the associative and commutative operator __. That is, the states
are sets P of pairs of integers. For the sake of the example, let us suppose that
for any pair < ¢ ; x > in an input set P, i < card(P), and we cannot have
two different pairs < i ; # > and < j ; y > in P such that i = j. That is,
any input set P is indeed a vector of integers; of course, these requirements
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on P could have been explicitly specified by declaring a subsort and giving
membership axioms imposing the above conditions, but this is inessential for
our present purposes.

There is just one conditional rule, labeled sort, that modifies a vector of
integers in order to put it into sorted order. The system thus described is highly
concurrent, because the sort rule can be applied concurrently to many couples
of pairs in the set representing the vector. Any complex concurrent rewriting
of the set of pairs will then correspond to a proof in rewriting logic.

Using the rew command, we can use Maude’s default interpreter for execut-
ing expressions in system modules. The Maude engine then applies the rules in
a fair top-down fashion to sort a vector of integers, e.g.,

Maude> rew < 1 ; 3 >< 2 ; 2><3; 1>.
result PairSet: <1 ; 1 >< 2 ; 2><3; 3>

Using the default interpreter we have virtually no control over the application
of the rules in the module. In particular, in this example we have virtually no
control over the way in which the rule sort is applied. Although not a problem
in this case, because this specification happens to be confluent and terminating,
in general we may want to control the way in which the rules are applied. Of
course, if the specification is nonconfluent or nonterminating it is not only that
we might want to have this control but that we need it. As already mentioned,
this can be done with strategies. Section 2.6 explains how, using strategies,
the rewriting inference process can be controlled in Maude for this example
and for a highly nondeterministic example specifying the rules of a game. For
this example such strategies correspond to specifying different sorting algorithms
guiding where the sort rule should be applied at each point in the computation.

Among the many concurrent systems that we can specify as system modules
in Maude, concurrent object-oriented systems are an important subclass. Maude
has special syntactic conventions for specifications in this subclass, called object-
oriented modules [38]. However, object-oriented modules are entirely reducible
to ordinary system modules by a desugaring process that strips away the, very
convenient, syntactic sugar. Object-oriented modules are not supported in Core
Maude; they are instead supported in Full Maude, the extension of Maude
written in Maude itself in which we also support parameterized modules and
module expressions. They are discussed in detail in Section 3.2.

2.3 Module Hierarchies

Specifications and code should be structured in modules of relatively small size to
facilitate understandability of large systems, increase reusability of components,
and localize the effects of system changes. In Maude, the fullest support of
these goals is achieved in Full Maude, which has a rich and extensible module
algebra supporting, in particular, parameterized programming techniques in the
OBJ3 style [27]. However, Core Maude provides already some useful basic
support for modularity by allowing the definition of module hierarchies, that
is, acyclic graphs of module importations. Mathematically, we can think of
such hierarchies as partial orders of theory inclusions, that is, the theory of the
importing module contains the theories of its submodules as subtheories.
Recall that a rewrite theory is a four-tuple R = (Q, E, L, R), where (Q, F) is
a theory in membership equational logic. As already mentioned, and further ex-
plained in Section 4, a system module is a rewrite theory with initial semantics.
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Note that we can use the inclusion of membership equational logic into rewriting
logic to view a functional module specifying an equational theory ({2, E) as a
degenerate case of a rewrite theory, namely the rewrite theory (Q, E,0,0). In
fact the initial algebra of (2, E) and the initial model of (22, £, 0, #) coincide [37].
Therefore, in essence we can view all modules as rewrite theories.

The most general form of module inclusion is provided by the including
keyword, followed by the nonempty list of imported modules and finished by
a period. The protecting keyword is a more restricted form of inclusion, in
the sense that it makes a semantic assertion about the relationship between the
initial models of the two theories. Let R = (2, E, L, R) be the rewrite theory
specified by a system module, and let R' = (', E', L', R") be the theory of a
supermodule, so that we have a theory inclusion R C R'. Then, we can view
each model M’ of R’ as a model M'|g of R, simply by disregarding the extra
sorts, operations, equations, membership axioms, and rules in R' — R. Since,
as further explained in Section 4, the rewrite theories R and R’ have respective
initial models Tr and T+, by initiality of Tx we always have a unique R-
homomorphims

h: TR — TRr |R-

The protectingimportation asserts that for each sort s in the signature 2 of R’
the function hy is an isomorphism of categories'®. Intuitively, this means that
the initial model of the supermodule does not add any “junk” or any “confusion”
to the initial model of the submodule.

Of course, the protecting assertion cannot be checked by Maude at runtime.
It requires inductive theorem proving. Using the proof techniques in [4] together
with an inductive theorem prover for membership equational logic and a Church-
Rosser checker such as those described in [12], this can be done for functional
modules; and it seems natural to expect that these techniques and tools will
extend to similar ones for rewrite theories.

By contrast, the including assertion does not make such requirements on
h. It does, however, make some requirements. Namely, if the subtheory R does
itself contain a proper subtheory Ry that it imports in protecting mode, then
the inclusion Rg C R' does still have to be protecting. If we do not want it to
be, we have to say so by explicitly listing the module defining R in the list of
modules imported in including mode.

We give below an example of a module hierarchy, namely, the number hi-
erarchy from the naturals to the rationals in a somewhat different form than
in Appendix C.7 of [27]. This hierarchy happens to be a linear order of theory
inclusions, with BOOL implicitly at the bottom. In general, any partial order
of inclusions can be defined in the same way. Note that all the importations
are protecting importations. The including importation, although possible
in Core Maude, is more natural in the context of a module renaming operation.
Indeed, if the semantics of a module is going to be modified by a supermodule
it is better to make a copy of such a module and import the copy. At present,
Core Maude does not support renaming; it is supported by Full Maude (see
Section 3.5.4). Renaming will probably be added to Core Maude in a future
version.

101n the models of a rewrite theory the sorts are interpreted as categories, thus the require-
ment; for functional theories the requirement becomes that each such hg is bijective. Note
that the expected condition would have been to require h to be an R-isomorphism. However,
due to the presence of error elements at the kind level, the isomorphism condition would be
too strong, since in general, when enlarging a signature, there will be new error terms that
cannot be proved equal to old ones. See [4] for a detailed discussion of, and proof techniques
for, protecting extensions in membership equational logic.
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fmod NAT is
sorts Nat NzNat Zero .
subsorts Zero NzNat < Nat
op 0 : -> Zero .
op s_ : Nat -> NzNat .
op p_ : NzNat -> Nat

op _+_ : Nat Nat -> Nat [comm]

op _*_ : Nat Nat -> Nat [comm]

op _*_ : NzNat NzNat -> NzNat [comm]
op _>_ : Nat Nat -> Bool .

op d : Nat Nat -> Nat [comm]

op quot : Nat NzNat -> Nat

op gcd : NzNat NzNat -> NzNat [comm]
vars N M : Nat

vars N’ M’ : NzNat

eqpsN=N.

eq N+ 0=N.

eq (s N) + (sM) =ss (N+M

eq N x 0 =20 .

eq (s N) x (s M) =s (N+ M+ (N *xM))

eq 0 > M = false .

eq N’ > 0 = true .

eq s N>sM=N>M.

eq d(0, N) =N .

eq d(s N, s M) = d(N, M)

ceq quot(N, M?) s quot(d(N, M’), M’) if N > M’

eq quot(M’, M’) s 0 .

ceq quot(N, M?) 0 if M’ > N .

eq gcd(N’, N’) = N?

ceq gcd(N’, M’) = gcd(d(N’, M’), M’) if N> > M’
endfm

fmod INT is
sorts Int NzInt .
protecting NAT .
subsort Nat < Int
subsorts NzNat < NzInt < Int

op -_ : Int -> Int

op -_ : NzInt -> NzInt

op _+_ : Int Int -> Int [comm]

op _*_ : Int Int -> Int [comm]

op _*_ : NzInt NzInt -> NzInt [comm]

op quot : Int NzInt -> Int

op gcd : NzInt NzInt -> NzNat [comm]
vars I J : Int

vars I’ J’ : NzInt

vars N’ M’ : NzNat

eq--I=1
eq - 0=0
eq I +0=1.

eq M + (- M) =0
ceq M’ + (- N’) = - 4a(N’>, M’) if N’ > M’

28
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ceq M + (- N’) =4W’, M) if M’ > N’

eq (-I) + (-3 =-(I+J)
eq I x0=0.
eq I x (-J) =-(I*1J)

eq quot(0, I’) =0 .

eq quot(- I’, J’) = - quot(I’, J’)
eq quot(I’, - J’) = - quot(I’, J’)
eq gcd(- I’, J’) = gcd(I’, J?)
endfm
fmod RAT is

sorts Rat NzRat .

protecting INT .

subsort Int < Rat .

subsorts NzInt < NzRat < Rat .
op _/_ : Rat NzRat -> Rat .

op _/_ : NzRat NzRat -> NzRat .

op -_ : Rat -> Rat

op -_ : NzRat -> NzRat .

op _+_ : Rat Rat -> Rat [comm]

op _*_ : Rat Rat -> Rat [comm]

op _*_ : NzRat NzRat -> NzRat [comm]

vars I’ J’ : NzInt . vars R S : Rat .
vars R’ S’ : NzRat .
eqR/ (R” /S’) = (R *8’) /R
eq R/ R’) /S =R/ (R *8%)
ceq J’ / I?
= quot(J’, gcd(J’, I’)) / quot(I’, gecd(J’, I’))
if gcd(J’, I’) > s 0 .

eqR/s0=R.

eq 0/ R =0.

eqR/ (-R)=(-R) /R

eq- (R/R)=(-R) /R

eqR+ (S/R)=(R=*R)+8S) /R

eqR * (S/R) =R=*S) /R
endfm

2.4 Some Predefined Modules

Maude has a standard library of predefined modules that, by default, are en-
tered into the system at the beginning of each session, so that any of these
predefined modules can be imported by any other module defined by the user.
Also, by default the predefined functional module BOOL is automatically im-
ported as a submodule of any user-defined module, unless such importation is
explicitly disabled. We discuss below some of the basic predefined modules in
the standard library; some of them have a syntax similar to that of their coun-
terparts in OBJ3’s standard prelude [27]. The META-LEVEL module is discussed
in Section 2.5, and the LOOP-MODE module in Section 2.8. The entire standard
library of predefined modules is included as Appendix D.
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2.4.1 Truth and Booleans

There are three predefined modules involving truth values, namely, TRUTH-VALUE,
TRUTH, and BOOL. The most basic one is TRUTH-VALUE, which has the following
definition.

fmod TRUTH-VALUE is
sort Bool .
op true : -> Bool [special (id-hook SystemTrue)]
op false : -> Bool [special (id-hook SystemFalse)]
endfm

That is, the module just declares two constants, true and false. The key thing
to note is the special attribute associated to each of the operator declarations
for these constants. This states that the constants are treated as built-in op-
erators, so that instead of having the standard treatment of any user-defined
operator they are instead associated to appropriate C++ code by “hooks” as
stated next to the special attribute. This is important, because certain basic
constructs of the language such as conditions in a conditional equation, member-
ship axiom, or rule, and also sort predicates associated to membership assertions
evaluate to these built-in truth values.

In general, many operators in predefined modules are special operators. In
what follows, to lighten the exposition, we will omit the details about such hooks
in special operators writing [special (...)] instead. The full definitions can
be found in Appendix D.

The module TRUTH adds a number of important operators to TRUTH-VALUE.

fmod TRUTH is
protecting TRUTH-VALUE .

op if_then_else_fi : Bool Universal Universal -> Universal

[special ( ... )]

op _==_ : Universal Universal -> Bool
[prec 51 special ( ... )]

op _=/=_ : Universal Universal -> Bool
[prec 51 special ( ... )]

endfm

The prec attribute in the last two operators gives a precedence to the oper-
ator for parsing purposes (see Section 2.7.4). The operators are, respectively,
if_then_else_fi, and the built-in equality and inequality predicates. These
operators are special in a number of ways. Firstly, they are automatically added
to every module. Secondly, they are polymorphic, so that, for each module, they
can be considered to be normal operators that are ad-hoc overloaded for each
connected component in the module. In fact, Universal is not a normal sort,
but should instead be understood as a polymorphic sort whose concrete effect is
the instantiation of the corresponding operators in each connected component.
These operators have the same semantics as their OBJ3 counterparts except
that if if_then_else_fi fails to rewrite at the top, it then evaluates its then
and else arguments. In particular, the equality and inequality predicates are
evaluated by reducing two ground terms to their normal form and comparing
the results for equality, modulo the equational axioms in the attributes of the
operators in the module.

Note that the equality and inequality predicates that the module TRUTH
adds to each connected component of a user-defined module in a built-in and
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efficient way could in principle have been defined in a more cumbersome and
inefficient way by the user. In fact, assuming as we usually do that the equations
and membership axioms in the user module are Church-Rosser and terminating
modulo the axioms in operator attributes, the corresponding initial algebra is
a computable algebraic data type, for which equality and inequality are also
computable functions. Therefore, by a well-known metaresult of Bergstra and
Tucker [1], such equality and inequality predicates can themselves be equation-
ally defined by Church-Rosser and terminating equations. It is of course very
convenient, and much more efficient, to unburden the user from having to give
those explicit equational definitions of equality and inequality, by providing
them in a built-in way.

Note also that, by the above metaargument, the use of inequality predicates
in equations, membership axioms, or conditions, does not involve any real in-
troduction of megation in the underlying membership equational logic, which
remains a Horn logic. What we are really doing is adding more Boolean-valued
functions to the module, but such functions, although provided in a built-in way
for convenience and efficiency, could have been equationally defined without any
use of negation.

The module BOOL imports TRUTH and adds the usual conjunction, disjunction,
exclusive or, negation, and implication operators. Such operators are defined
entirely equationally.

fmod BOOL is
protecting TRUTH .

op _and_ : Bool Bool -> Bool [assoc comm prec 55]
op _or_ : Bool Bool -> Bool [assoc comm prec 59]
op _xor_ : Bool Bool -> Bool [assoc comm prec 57]

op not_ : Bool -> Bool [prec 53]
op _implies_ : Bool Bool -> Bool [gather (e E) prec 61]

vars A B C : Bool .

eq true and A = A .

eq false and A false .

eq A and A = A .

eq false xor A = A .

eq A xor A = false .

eq A and (B xor C) = (A and B) xor (A and C)

eq not A = A xor true .

eq A or B = (A and B) xor A xor B .

eq A implies B = not (A xor (A and B))
endfm

By default, the BOOL module is included as a submodule of any other module
defined by the user. This is accomplished by the command

set include BOOL on .

which can mention any module we wish to include—in this case BOOL—and is
set when the standard library is entered. However, this default inclusion can
be disabled. For example, if the user wished to have the polymorphic equality
and if_then_else_fi operators automatically added to modules, but wanted
to exclude the usual Boolean connectives for the built-in truth values, he/she
could write
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set include BOOL off
set include TRUTH on .

The last module involving truth values is the IDENTICAL module. It is not
included by default in other modules. That is, it has to be imported explicitly if
it is needed. When imported into a module, it adds to each of its connected com-
ponents polymorphic operators for syntactic equality and inequality. That is,
two ground terms are compared for syntactic equality modulo the equational
axioms in the attributes of the operators in the module—without performing
any reduction of the terms by the equations in the module.

Note that what this module provides in a built-in way would require a con-
siderably more cumbersome, and subtle, explicit definition at the user level. In
fact, given that equality in a functional module is always semantic equality using
the equations, to explicitly define the above operators the entire signature of the
module would have to be duplicated in a disjoint copy, for which no equations
would be given, except for the equational axioms in operator attributes. Then,
the above syntactic operators would reduce to the standard semantic equality
and inequality operators on that equationless disjoint copy of the signature.

fmod IDENTICAL is

op _===_ : Universal Universal -> Bool
[prec 51 strat (0) special ( ... )]
op _=/==_ : Universal Universal -> Bool
[prec 51 strat (0) special ( ... )]
endfm

2.4.2 The Machine Integers

The machine integers are defined below. The constants in this module repre-
sent the C++ data type int, as elements of a sort MachineInt, with a subsort
NzMachineInt of nonzero machine integers. The first two operator declara-
tions illustrate the way of linking the built-in integer constants to the sorts
MachineInt and NzMachineInt. The other operations declared in the module
represent their C++ counterparts with the same notation; their meaning is in-
dicated in the associated comments. The division and remainder operations
produce an unreduced error term if their second argument is zero. The machine
integers provide a fast arithmetic data type for general purpose programming
and for metalevel hooks into the rewriting engine.

fmod MACHINE-INT is
sorts MachineInt NzMachinelnt .
subsort NzMachinelInt < Machinelnt .

op <MachineInts> : -> NzMachineInt [special ( ... )]
op <MachineInts> : -> MachinelInt [special ( ... )]
op -_ : MachinelInt -> Machinelnt
[prec 15 special ( ... )] . **%* minus
op -_ : NzMachineInt -> NzMachineInt
[prec 15 special ( ... )] . *%% minus
op “_ : MachinelInt -> Machinelnt
[prec 15 special ( ... )] . **x* bitwise complement
op _+_ : MachineInt MachineInt -> Machinelnt
[prec 33 gather (E e) special ( ... )] . *** addition

op _—_ : MachineInt MachineInt -> Machinelnt
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op
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[prec 33 gather (E e) special ( ... )] . **x difference
_*_ : MachineInt MachinelInt -> Machinelnt

[prec 31 gather (E e) special ( ... )] . **x multiplication
*¥_ : NzMachinelInt NzMachinelInt -> NzMachinelnt

[prec 31 gather (E e) special ( ... )] . **x multiplication
~/_ : MachineInt NzMachineInt -> MachineInt

[prec 31 gather (E e) special ( ... )] . **x division
_%h_ : MachineInt NzMachineInt -> Machinelnt

[prec 31 gather (E e) special ( ... )] . **x remainder
_&_: MachineInt MachineInt -> MachineInt

[prec 53 gather (E e) special ( ... )] . **x bitwise and
_|_ : MachineInt MachineInt -> MachineInt

[prec 57 gather (E e) special ( ... )] . *** bitwise or
_|_ : NzMachineInt NzMachinelInt -> NzMachineInt

[prec 57 gather (E e) special ( ... )] . **x bitwise or

“_ : MachineInt MachineInt -> MachineInt

[prec 55 gather (E e) special ( ... )] . **x bitwise xor
_>>_ : MachineInt MachineInt -> MachineInt

[prec 35 gather (E e) special ( ... )] . **x left shift
_<<_ : MachinelInt MachineInt -> MachineInt

[prec 35 gather (E e) special ( ... )] . **x right shift
<_ : MachineInt MachineInt -> Bool

[prec 37 special ( ... )] . *** less than
_<=_ : MachinelInt MachinelInt -> Bool

[prec 37 special ( ... )] . *** less or equal than
_>_ : MachineInt MachineInt -> Bool

[prec 37 special ( ... )] . *** greater than
_>=_ : MachineInt MachineInt -> Bool

[prec 37 special ( ... )] . *** greater or equal than

endfm

24.3

Quoted Identifiers

Quoted identifiers have the following signature:

fmod QID is
protecting MACHINE-INT .
sort Qid .
op <Qids> : -> Qid [special ( ... )]
op conc : Qid Qid -> Qid [special ( ... )] .
op index : Qid MachineInt -> Qid [special ( ... )]
op strip : Qid -> Qid [special ( ... )]
endfm

Typical constants of sort Qid are quoted identifiers such as ’a, ’aa, *f‘(x*),
’-1, ??123abc, and ’A_quoted_identifier. Every quoted identifier is a legal
Maude identifier. That is, it satisfies the conventions for Maude identifiers
explained in Section 2.1.1 and, in addition, it begins with the quote character.
Of course, in syntax declarations for sorts, variables, etc., of a module that
includes QID we should avoid using quoted names, since they are now used for
constants of sort Qid. In fact, that is the whole point of using a module of
quoted identifiers instead of a module of general identifiers, since that could
create massive ambiguities.
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Quoted identifiers are defined in a built-in way by the first operator decla-
ration. The operation conc concatenates two quoted identifiers, omitting the
quote of the second. The operation index appends the result of the machine in-
teger expression at the end of the quoted identifier. The operation strip strips
off the first character after the quote. Their semantics can be inferred from the
following examples:

conc(’a, ’b) = ’ab

conc(’a, ’42) = ’a4d2

index(’a, 2 * 21) = ’a42

conc(’a, index(’ , 1 - 43)) = ’a-42
strip(’abcd) = ’becd

For different purposes it is useful to have not only quoted identifiers, but also
a data type of lists of quoted identifiers. In particular, the remaining two pre-
defined modules in the standard library, namely META-LEVEL and LOOP-MODE—
discussed in Sections 2.5 and 2.8, respectively both import the following QID-LIST
module.

fmod QID-LIST is

protecting QID .

sort QidList .

subsort Qid < QidList .

op nil : -> QidList

op __ : QidList QidList -> QidList [assoc id: nil]
endfm

2.5 Reflection and the META-LEVEL

Informally, a reflective logic is a logic in which important aspects of its metathe-
ory can be represented at the object level in a consistent, way, so that the object-
level representation correctly simulates the relevant metatheoretic aspects. In
other words, a reflective logic is a logic which can be faithfully interpreted in
itself. Maude’s language design and implementation make systematic use of the
fact that rewriting logic is reflective [14, 15, 10]. This makes the metatheory of
rewriting logic accessible to the user in a clear and principled way.

A naive implementation of reflection can be very expensive both in time and
memory use. Therefore, a good implementation must provide efficient ways of
performing reflective computations. This section explains how this is achieved
in Maude through its predefined META-LEVEL module. We first discuss the se-
mantics of metalevel computations, and how their efficiency can be dramatically
increased by conservatively extending the universal theory ¢/ to a metalevel the-
ory M with descent functions and rules that allow lowering deductions at higher
levels of reflection to much more efficient deductions at lower levels. Then,
we explain how terms and modules are meta-represented in META-LEVEL, and
how these semantic principles are supported in important special cases by the
META-LEVEL module in a built-in way.

The important topic of internal strategy languages, that use reflection in
an essential way, is discussed separately, in Section 2.6. Besides strategies, re-
flection makes possible many advanced metaprogramming applications. One
important such application is Full Maude which, as discussed later in this docu-
ment, makes essential use of reflection to provide Maude with a rich and exten-
sible module algebra; this is a special instance of a general class of applications
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in which, using reflection, we can use Maude as a metalanguage to reify other
languages and logics within rewriting logic (see Section 2.8.2). The paper [11]
summarizes, and gives references for, a number of other important applications,
including uses of rewriting logic as a logical framework and the development of
theorem proving tools.

2.5.1 Reflection and Metalevel Computation

Rewriting logic is reflective [14, 10] in a precise mathematical way, namely, there
is a finitely presented rewrite theory U that is universal in the sense that we
can represent in I any finitely presented rewrite theory R (including U itself)
as a term R, any terms ¢,# in R as terms 7,#/, and any pair (R,t) as a term
(R,7), in such a way that we have the following equivalence

() RFt —t & UF(R,D — (R,7).

Since U is representable in itself, we can achieve a “reflective tower” with an
arbitrary number of levels of reflection, since we have

REt—=t & UF R = (R, ') & UF U, (R, D) = U, (R,))...

In this chain of equivalences we say that the first rewriting computation takes
place at level 0, the second at level 1, and so on. In a naive implementation, each
step up the reflective tower comes at considerable computational cost, because
simulating a single step of rewriting at one level involves many rewriting steps
one level up. It is therefore important to have systematic ways of lowering
the levels of reflective computations as much as possible so that a rewriting
subcomputation happens at a higher level in the tower only when this is strictly
necessary.

To achieve a systematic descent into equivalent rewriting computations at
lower levels, the key idea is to exploit the equivalence (}). A detailed proof
of this equivalence has been given for the case of unconditional and unsorted
theories [10]. The extension to the case of interest for Maude namely to con-
ditional rewrite theories with membership equational logic [41, 5] as the under-
lying equational logic—although nontrivial, is essentially unproblematic. We
therefore assume a universal theory U for this more general class of finitely
presented rewrite theories. In particular, the signature ¥; of U has sorts
Term, Module, and Kind, whose respective elements 7 : Term, R : Module, and
K : Kind represent terms, rewrite theories, and kinds'! in a signature, respec-
tively. We assume that there is also an equationally defined Boolean predicate
parse : Module x Kind x Term —s Bool so that parse(R, K ,t) = true if t is an
R-term of kind K, and parse(R, K,t) = false otherwise.

We can exploit the equivalence () by introducing the notion of descent func-
tion, that is, a function that, given metalevel representations for a rewrite theory
R and a term t in it, rewrites such a term in R according to a given strategy
and returns the meta-representation of the resulting term. Such functions can
be simply expressed in terms of a general sequential interpreter function I for
rewriting logic. This is a partial function that takes three arguments: a finitely
presented rewrite theory R, a term ¢, and a deterministic strategy S. In case
of termination it returns either the term ¢ to which ¢ was rewritten according

Tn a membership equational logic signature, terms always have a kind; they may or may
not have a sort of that kind. As already mentioned, in Maude kinds are represented as error
sorts, that are added by the system at the top of each connected component of sorts defined
by the user.
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to S, or an error message that is not a term in R. The function is undefined in
case the strategy does not terminate. For any finitely presented rewrite theory
R, terms t, ¢’ in it, and admissible deterministic strategy S, any such interpreter
function must of course satisfy the correctness requirement

) I(R,t,S) =t = RFt—1t.

The point is that, regardless of the particular details of I, we can always equa-
tionally axiomatize any such effective interpreter function by means of a Church-
Rosser, but in general nonterminating, finitary equational theory Z. This can
be done in a signature that we can assume contains 3;; as a subsignature. By
extending our universal theory i/ with the new sorts, operations, and equations
of Z, we obtain an extended rewrite theory U/ UZ. A descent function is then a
function
d : Module x Term x Parameters — Term

such that there is a deterministic strategy expression S; with a single free vari-
able of sort Parameters satisfying the equality

d(ﬁa z/p) = I(Ra t, Sd(p))

Such descent functions are of course easily definable equationally as definitional
extensions of the theory &/ UZ. Note that, since we have only added some new
equations, the only rewrite rules in &/ U Z are exactly those in &/. But, given a
descent, function d, we can now exploit the equivalence (1) by adding to 4 UZ
a descent rule

d: (M) — (M)
if parse(M, K, x) = true A parse(M, K,y) = true Nd(M, z,p) = y.

where M : Module, x,y : Term, K : Kind, and p : Parameters. The equivalence
(1) can be exploited for efficiency reasons with such a rule, because the sequential
interpreter I can be a built-in function such as the Maude interpreter; therefore,
instantiating M with R, we can use efficient deduction in R to perform deduc-
tion in U. Let M denote a rewrite theory of the form M =U UZUD, where D
is the addition of several descent functions and of their associated descent rules.
We shall call M a metalevel theory.

The addition of descent rules to U is of course conservative, in the sense of
not adding any rewrites that could not be performed, albeit less efficiently, in
U itself, since for any descent rule d we have!2,

MERD L RT) = I(R,t Sip) =1

A REt—t

& ur®RH - R

Note that, by applying several descent functions, we can descend several levels
in the reflective tower. Assume that M includes descent functions d and d', and

120f course, to ensure conservativity we also should assume that the new equations in M
do not disturb the equality of terms or the rewriting relation in Y. Since the equations are
assumed to be Church-Rosser, conservativity of equality can be easily achieved by assuming
that the tops of lefthand sides of new equations are new function symbols. Preservation of the
rewriting relation can be achieved by forbidding nonvariable overlaps between lefthand sides
of new equations and of rules, as done in [10].
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let R and ¢ be an arbitrary rewrite theory and a term in it; then we have, for
example,

d(m/ dl(ﬁ7fapl)7p) I(M,d'(ﬁ,f,p'),sd(p))

IIM (R, t, 54 (p')). Sa(p))-

That is, a meta-metalevel computation can be efficiently carried out at the ob-
ject level. An example of this kind of combined descent is given in Section 3.3.
More generally, we should view descent functions as basic strategies, that can
be used as fundamental building blocks to define internal strategy languages
[16, 10], in which they can be combined with each other and with more com-
plex strategies at several levels of reflection to perform efficiently sophisticated
metalevel computations (see section 2.6).

2.5.2 The Module META-LEVEL

In Maude, key functionality of a metalevel theory M with several descent func-
tions has been efficiently implemented in a functional module META-LEVEL, by
using as the interpreter function I Maude’s own interpreter. Furthermore, sev-
eral other useful functions of the universal theory U/ are also built-in for efficiency
reasons.

We summarize below the key functionality provided by META-LEVEL. We re-
call that Maude’s functional modules are equational theories that are assumed
to be Church-Rosser and terminating modulo some axioms for which match-
ing algorithms are available in the implementation, and that system modules
are rewrite theories whose equational part satisfies the same requirements as a
functional module, and where the equations and the rules are assumed to be
weakly coherent [61, 60] modulo the axioms (see Section 4.3). In META-LEVEL:

e Maude terms are reified as elements of a data type Term of terms;
e Maude modules are reified as terms in a data type Module of modules;

e the processes of reducing a term to normal form in a functional module
and of finding whether such a normal form has a given sort are reified by
a descent function meta-reduce;

e the process of applying a rule of a system module to a subject term is
reified by a descent function meta-apply;

e the process of rewriting a term in a system module using Maude’s default
interpreter is reified by a descent function meta-rewrite; and

e parsing and pretty printing of a term in a module, as well as key sort
operations such as comparing sorts in the subsort ordering of a signature,
are also reified by corresponding metalevel functions.

META-LEVEL imports the module QID-LIST (lists of quoted identifiers) from
the standard library of predefined modules, which contains in turn the modules
QID, MACHINE-INT, and BOOL. We first introduce the syntax used in META-LEVEL
for representing terms; then we explain how modules are represented; and finally
we discuss the different built-in functions, namely, the descent functions, and
the parsing and sort functions.
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2.5.3 Representing Terms

Terms are reified as elements of the data type Term of terms, with the following
signature

subsort Qid < Term .

subsort Term < TermList .

op {_}_ : Qid Qid -> Term .

op _[_] : Qid TermList -> Term .

op _,_ : TermList TermList -> TermList [assoc]
op _:_ : Term Qid -> Term .

op _::_ : Term Qid -> Term .

op error* : -> Term .

The first declaration, making Qid a subsort of Term, is used to represent variables
by the corresponding quoted identifiers. Thus, the variable N is represented by
’N. The operator {_}_ is used for representing constants essentially as pairs,
with the first argument the constant, in quoted form, and the second argument
the sort of the constant, also in quoted form. For example, the constant 0 in the
module NAT in Section 2.5.4 below is represented as {’0}’Nat. The operator
_[_] corresponds to the recursive construction of terms out of subterms, with
the first argument the top operator in quoted form, and the second argument
the list of its subterms, where list concatenation is denoted _,_. For example,
the term s s 0 + s 0 of sort Nat in module NAT is meta-represented as

'_+_[’s_[’s_[{’0}’Nat]], ’s_[{’0}’Nat]].

Since terms in the module META-LEVEL can be meta-represented just as terms
in any other module, as already mentioned when discussing the universal the-
ory, the representation of terms can be iterated. For example, the meta-meta-
representation s 0 of the term s 0 in NAT is the term

»_[_10{’’s}’Qid,’{_}_[{’’0}’Qid,{’*Nat}’Qid]].

For the most part, the meta-representation of terms involving built-in op-
erators proceeds as for any other term. For example, the application of the
equality predicate _==_ in the term s s 0 == s 0 is represented as the term

' _==_[’s_[’s_[{’0}’Nat]], ’s_[{’0}’Nat]].

But since we can think of membership predicates t : s not as unary predicates,
one for each sort s, but as a binary predicate with the second argument varying
over sorts, it is natural to meta-represent them in a uniform way by means
of a binary constructor _:_ with the first argument the representation of the
term, and the second the representation of the sort as a quoted identifier. For
example, the membership predicate s 0 : Nat is represented as the term

’s_[{’0}’Nat] : ’Nat.

Similarly, there is also a binary constructor _::_ for meta-representing the
“lazy” membership predicate that does not evaluate the term in question at all,
but uses only the syntactic declarations in the module’s order-sorted signature
and the membership axioms to decide whether the least sort (see, e.g., [26]) of
the unreduced term is smaller or equal to a given sort. The last declaration for
the data type of terms is a constant error* to be used as an error element.
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2.5.4 Representing Modules

Functional and system modules are meta-represented in a syntax very similar to
their original user syntax. The main differences are that: (1) terms in equations,
membership axioms, and rules are now meta-represented as we have already ex-
plained; (2) in the meta-representation of modules we follow a fized order in
introducing the different kinds of declarations for sorts, subsort relations, vari-
ables, equations, etc., whereas in the user syntax there is considerable flexibility
for introducing such different declarations in an interleaved and piecemeal way;
and (3) sets of identifiers—used in declarations of sorts—are represented as sets
of quoted identifiers built with an associative and commutative operator _;_.
To motivate the general syntax for representing modules, we illustrate it
with a simple example namely, a module NAT for natural numbers with zero
and successor and with commutative addition and multiplication operators.

fmod NAT is
sorts Zero Nat
subsort Zero < Nat
op 0 : -> Zero .
op s_ : Nat -> Nat
op _+_ : Nat Nat -> Nat [comm]

op _*_ : Nat Nat -> Nat [comm]

vars N M : Nat

eq 0O+ N=N.

eqs N+M=s (N+ M

eq O x N =0 .

eq s N*xM=M+ (N x M
endfm

The syntax for the top-level operators representing functional and system mod-
ules is as follows

sorts FModule Module .
subsort FModule < Module .

op fmod_is_______ endfm : Qid ImportList SortDecl

SubsortDeclSet OpDeclSet
VarDeclSet MembAxSet EquationSet -> FModule .

SubsortDeclSet OpDeclSet
VarDeclSet MembAxSet EquationSet RuleSet -> Module .

op mod_is endm : Qid ImportList SortDecl

The representation NAT of NAT in META-LEVEL is the term

fmod ’NAT is
nil
sorts ’Zero ; ’Nat
subsort ’Zero < ’Nat
op ’0 : nil -> ’Zero [none]

op ’s_ : ’Nat -> ’Nat [none]

op ’_+_ : ’Nat ’Nat -> ’Nat [comm]
op ’_*_ : ’Nat ’Nat -> ’Nat [comm]
var ’N : ’Nat

var M : ’Nat
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none
eq ’_+_[{’0}’Nat, ’N] = ’N .
eq '_+_[’s_[’N], ’M] = ’s_[’_+_[’N, °M]]
eq ’_*_[{’0}’Nat, ’N] = {’0}’Nat .
eq ’_*_[’S_[’N], 'M] = ’_+_[’N, 7_*_[71\], 'M]]
endfm

of sort FModule. Since NAT has no list of imported submodules and no mem-
bership axioms, those fields are filled respectively by the constants nil of sort
ImportList, and none of sort MembAxSet. Similarly, since the zero and successor
operators have no attributes, they have the empty set of attributes none.

The full definition of META-LEVEL is given in Appendix D. Part of the syntax
for functional and system modules is listed below. It extends in a natural
way the fragment illustrated in the above example and should, for the most
part, be self-explanatory by comparison with the Core Maude syntax, which
is mirrored quite closely. Note that we have to represent the set of attributes
of an operator. For this, sorts Attr and AttrSet are used. Such attributes
may be equational axioms to rewrite modulo, syntactic attributes for parsing
purposes, or attributes to link operators to built-in functions (see Sections 2.4.1
and 2.4.2).

sorts FModule Module ModuleExpression Import ImportList
MachineIntList QidSet Sort SortDecl SubsortDecl
SubsortDeclSet Attr AttrSet OpDecl OpDeclSet VarDecl
VarDeclSet Term TermList Equation EquationSet Rule
RuleSet MembAx MembAxSet Hook HookList .

subsort FModule < Module .

subsort Import < ImportList .

subsort Qid < ModuleExpression .

subsort Qid < QidList

subsort Qid < QidSet

subsort Qid < Sort

subsort MachineInt < MachineIntList .

subsort SubsortDecl < SubsortDeclSet .

subsort Attr < AttrSet .

subsort OpDecl < OpDeclSet .

subsort VarDecl < VarDeclSet .

subsort Equation < EquationSet .

subsort Rule < RuleSet .

subsort MembAx < MembAxSet .

subsort Hook < HookList .

op none : -> (QidSet .

op _;_ : QidSet QidSet -> QidSet [assoc comm id: none]
op nil : -> MachinelntList .

op __ : MachinelIntList MachineIntList -> MachineIntList

[assoc id: nill]

op nil : -> ImportList .
op __ : ImportList ImportList -> ImportList [assoc id: nil]
op including_. : ModuleExpression -> Import .

op sorts_. : QidSet -> SortDecl .
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op
op

op __

op

subsort_<_. : Qid Qid -> SubsortDecl .

none : -> SubsortDeclSet .

SubsortDeclSet SubsortDeclSet -> SubsortDeclSet
[assoc comm id: nonel

op_:_->_[_]1. : Qid QidList Qid AttrSet -> OpDecl .

op none : -> OpDeclSet .
op __ OpDeclSet OpDeclSet -> OpDeclSet
[assoc comm id: none]
op none : —> AttrSet
op __ AttrSet AttrSet -> AttrSet [assoc comm id: none]
ops assoc comm idem : -> Attr .

ops id left-id right-id : Term -> Attr .

op
op
op

op
op
op
op
op

op
op
op

op
op
op

op __

op
op
op
op

op
op
op
op

strat : MachineIntList -> Attr .
prec : Machinelnt -> Attr .
gather : QidList -> Attr .

special : HookList -> Attr .

__ : HookList HookList -> HookList [assoc]
id-hook : Qid QidList -> Hook .

op—hook : Qid Qid QidList Qid -> Hook .
term-hook : Qid Term -> Hook .

var_:_. : Qid Qid -> VarDecl
none : —> VarDeclSet .
__ VarDeclSet VarDeclSet -> VarDeclSet
[assoc comm id: none]
mb_:_. : Term Qid -> MembAx .
cmb_:_if_=_. : Term Qid Term Term -> MembAx .
none : —> MembAxSet .
MembAxSet MembAxSet -> MembAxSet
[assoc comm id: nonel
eq_=_. : Term Term -> Equation .
ceq_=_if =_. : Term Term Term Term -> Equation .
none : -> EquationSet .
__ @ EquationSet EquationSet -> EquationSet
[assoc comm id: nonel
rl1[_]:_=>_. : Qid Term Term -> Rule
crl[_]:_=>_if_=_. : Qid Term Term Term Term -> Rule
none : —> RuleSet
__ : RuleSet RuleSet -> RuleSet [assoc comm id: nonel

Note that just as in the case of terms terms of sort Module can be meta-
represented again, yielding then a term of sort Term, and this can be iterated an
arbitrary number of times. This is in fact necessary when a metalevel compu-
tation has to operate at higher levels. A good example is the inductive theorem
prover described in [12], where modules are meta-represented as terms in the in-
ference rules for induction, but they have to be meta-meta-represented as terms
of sort Term when used in strategies that control the application of the inductive
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inference rules. We illustrate the meta-meta-representation of modules with a
simple example, namely a module TRUTH-VALUES of truth values

fmod TRUTH-VALUES is
sorts Truth .
ops t £ : -> Truth .
endfm

whose meta-meta-representation TRUTH-VALUES is the following term of sort
Term

‘fmod_is_ endfm[
{7 TRUTH-VALUES}’Qid,
{’nil}’ ImportList,
’sorts_. [{’’Truth}’Qid],
{’none}’SubsortDeclSet,
P _[Pop_:_—>_‘[_‘1.[
{77t}°Qid, {’nil}’QidList, {’’Truth}’Qid,
{’none}’AttrSet],
top_:_—>_‘[_‘1.[
{>7£}°Qid, {’nil}’QidList, {’’Truth}’Qid,
{’none}’AttrSet]],
{’none}’VarDeclSet,
{’none}’MembAxSet,
{’none}’EquationSet]

2.5.5 Descent Functions

META-LEVEL has three built-in descent functions, meta-reduce, meta-apply,
and meta-rewrite, that provide three useful and efficient ways of reducing
metalevel computations to object-level ones.

The operation meta-reduce takes as arguments the representation of a mod-
ule R and the representation of a term ¢, of a membership predicate t : s, or of
a lazy membership predicate ¢ :: s, in that module. It has syntax

op meta-reduce : Module Term -> Term [special ( ... )]

When the second argument is the representation £ of a term ¢ in R, the function
meta-reduce returns the representation of the fully reduced form of the term ¢
using the equations in R, e.g.,

Maude> red meta-reduce(NAT, s 0 + 0)
result Term: s O

Note that in order to simplify the presentation we use the meta-notations ¢ and
Id for t a term and Id the name of a module. As explained in Section 3.4, in
Full Maude we can use the up command to get the meta-representation denoted
by the overline notation. In Core Maude, however, such a meta-representation
has to be explicitly given, that is, the example above must be written as follows.

Maude> red meta-reduce(
fmod ’NAT is
nil
sorts ’Zero ; ’Nat
subsort ’Zero < ’Nat .
op ’0 : nil -> ’Zero [none]
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op ’s_ : ’Nat -> ’Nat [none]

op ’_+_ : ’Nat ’Nat -> ’Nat [comm]
op ’_*_ : ’Nat ’Nat -> ’Nat [comm]
var ’N : ’Nat

var ’M : ’Nat

none

eq ’_+_[{’0}’Nat, ’N] = ’N .
eq ’_+_[’s_[’N], 'M] = >s_[’_+_[’N, ’M]]
eq ’_*_[{’0}’Nat, °N] = {’0}’Nat .
eq ’_*_[’S_[’N], M] = ’_+_[’N, ’_*_[’N, 'M]]
endfm,
' _+_[’s_[{’0}’Nat], {’0}’Nat])
result Term: ’s_[{’0}’Zero]

This is particularly cumbersome for the meta-representation of modules, which
can be quite big. However, as illustrated by the examples in Section 2.6, one easy
solution is to define a new module importing META-LEVEL in which we introduce
a new constant of sort Module or FModule to name the module in question—in
this example, the constant NAT and then give an equation identifying such a
constant with the meta-representation of the given module.

Similarly, when the second argument of meta-reduce is the representation
of a membership predicate ¢ : s (or a lazy membership predicate ¢ :: s) the term
t is fully reduced using the equations in R and the least sort of the reduced term
is computed (respectively, the least sort of the term ¢ according to the order-
sorted signature and the membership axioms of the module R is computed) and
then the representation of the Boolean value of the corresponding predicate is
returned.

The interpreter function for meta-reduce(R, ) rewrites the term ¢ to normal
form using only the equations in R, and does so according to the operator
evaluation strategies (see Section 2.1.3 and [21]) declared for each operator in
the signature of R which by default is bottom-up for operators with no such
strategies declared. In other words, the interpreter strategy for this function
coincides with that of the red command in Maude, that is,

meta-reduce(R,?) = Inaude (R, t,red).
The operation meta-rewrite has syntax

op meta-rewrite : Module Term MachineInt -> Term
[special ( ... )]

It is entirely analogous to meta-reduce, but instead of using only the equational
part of a module it now uses both the equations and the rules to rewrite the term
using Maude’s default strategy. Its first two arguments are the representations
of a module R and of a term ¢, and its third argument is a positive machine
integer n. Its result is the representation of the term obtained from ¢ after
at most n applications of the rules in R using the strategy of Maude’s default
interpreter, which applies the rules in a fair, top-down fashion. When the value 0
is given as the third argument, no bound is given to the number of rewrites, and
rewriting proceeds to the bitter end. Again, meta-rewrite is a paradigmatic
example of a descent function; its corresponding interpreter strategy is that of
the rewrite command in Maude [9], that is,

meta-rewrite(R,?,n) = Ipraude (R, t, rewrite [n]).

The operation meta-apply has syntax:
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op meta-apply :
Module Term Qid Substitution MachineInt -> ResultPair
[special ( ... )]

The first four arguments are representations in META-LEVEL of a module R, a
term ¢ in R, a label [ of some rules in R, and a set of assignments (possibly
empty) defining a partial substitution o for the variables in those rules. The
last argument is a natural number n. meta-apply then returns a pair of sort
ResultPair consisting of a term and a substitution. The syntax for substitu-
tions and for results is

sorts Assignment Substitution ResultPair .
subsort Assignment < Substitution .

op _<-_ : Qid Term -> Assignment .
op none : —> Substitution .
op _;_ : Substitution Substitution -> Substitution

[assoc comm id: nonel
op {_,_} : Term Substitution -> ResultPair .

The operation meta-apply is evaluated as follows:
1. the term ¢ is first fully reduced using the equations in R;

2. the resulting term is matched against all rules with label [ partially in-
stantiated with o, with matches that fail to satisfy the condition of their
rule discarded;

3. the first n successful matches are discarded; if there is an (n+ 1)th match,
its rule is applied using that match and the steps 4 and 5 below are taken;
otherwise {error*, none} is returned;

4. the term resulting from applying the given rule with the (n + 1)th match
is fully reduced using the equations in R;

5. the pair formed using the constructor {_ ,_} whose first element is the rep-
resentation of the resulting fully reduced term and whose second element
is the representation of the match used in the reduction is returned.

The interpreter strategy associated to meta-apply(R,%,1,7,n) is not that of
a user-level command in the Maude interpreter. It is instead a built-in strategy
internal to the interpreter that attempts one rewrite at the top as explained
above.

2.5.6 Parsing, Pretty Printing, and Sort Functions

Besides the descent functions already discussed, META-LEVEL provides several

other functions that naturally belong to the universal theory and could have

been equationally axiomatized in such a theory. However, for efficiency rea-

sons they are provided as built-in functions. These functions allow parsing and

pretty printing a term in a module at the metalevel, and performing efficiently

a number of useful operations on the sorts declared in a module’s signature.
The function meta-parse has syntax

op meta-parse : Module QidList -> Term [special ( ... )]
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It takes as arguments the representation of a module and the representation of
a list of tokens as a list of quoted identifiers. It returns the meta-representation
of the parsed term of that list of tokens for the signature of the module, which
is assumed to be unambiguous. If such a parsed term does not exist, the er-
ror constant error* is returned instead. For example, given the module NAT
presented in Section 2.5.4 and the input ’s ’0 ’+ ’0, we get

Maude> red meta-parse(NAT, (’s 0 ’+ ’0))
result Term: ’_+_[’s_[’0’Zero],’0’Zero]

The function meta-pretty-print has syntax

op meta-pretty-print : Module Term -> QidList
[special ( ... )]

It takes as arguments the representation of a module M and the representation
of a term ¢t. It returns a list of quoted identifiers that encode the string of
tokens produced by pretty printing ¢ in the syntax given by M. In the event
of an error an empty list is returned. Thus, given the module NAT presented in
Section 2.5.4, we have, e.g.,

Maude> red meta-pretty-print (NAT,
> x_[?_+_[’s_[’0’Zero], ’0’Zero], ’s_[’0’Zerol])
result QidList: *‘( ’s ’0 ’+ ’0 *¢) ’% ’s ’0

Pretty printing a term involves more than just naively using the mixfix
syntax for operators. Precedence and gathering information (see Section 2.7.4)
and the relative positions of underscores in an operator and its parent in the term
must be considered to determine whether parentheses need to be inserted around
any given subterm to avoid ambiguity. Also, if there is ad-hoc overloading in
the module, additional checks must be done to determine if and where sort
disambiguation syntax is needed.

The operations on sorts include sameComponent, leastSort, lesserSorts,
sortLeq, and glbSorts. They provide commonly needed functions on the poset
of sorts of a module in a built-in way at the metalevel. Their syntax is as follows

subsort Qid < Sort

op leastSort : Module Term -> Sort [special ( ... )]

op sortleq : Module Sort Sort -> Bool [special ( ... )]

op sameComponent : Module Sort Sort -> Bool [special ( ... )]
op lesserSorts : Module Sort -> QidSet [special ( ... )]

op glbSorts : Module Sort Qid -> QidSet [special ( ... )]

At the metalevel, the sorts given by the user in his/her module are represented as
quoted identifiers, that is, terms of sort Qid. However, the module META-LEVEL
has also a sort Sort defined to be a supersort of Qid. Sorts not defined by the
user, as for example the “error supersorts” added by the system to complete each
connected component, are in this sort Sort. The syntax of an error supersort
uses the set of maximal sorts of its connected component and is as follows

op errorSort : QidSet -> Sort

The function leastSort takes as arguments the representations of a module
and a term and computes the (representation of the) least sort of that term in
the module. This function can return an error sort not defined by the user. For
example, we can compute the least sort of the term N + s M in the previous
module NAT as follows.
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Maude> red least-sort(NAT, N + s M)
result Qid: Nat

Given a module M with subsort relation <, and sorts 57_5’ € S, where S
is the set of sorts in M, the Boolean function sortLeq(M,s,s’) is true if and
only if s <p; s’. Note that the sorts passed to the function are of sort Sort.

Maude> red sortLeq(NAT, Nat, NzNat)
result Bool: false

Given a module M with subsort relation <j;, and sorts s, s’ € S, where S is
the set of sorts in M, the Boolean function sameComponent (M, 3,s) is true
if and only if s and s’ belong to the same connected component in the subsort
ordering <,;. Note that the sorts passed to the function are of sort Sort.

Maude> red sortLeq(NAT, Nat, Bool)
result Bool: false

where it should be noted the sort Bool, although not explicitly present in the
signature of NAT, is nevertheless present in its extended signature, as explained
in Sections 2.1.1 and 2.7.2.

Given a module M and a sort s, the function lesserSorts takes their met-
alevel representations as arguments, and returns (the representation of the) set
of sorts strictly smaller than s in M. For example:

Maude> red lesserSorts(NAT, Nat)
result Qid: NzNat

Note that in this case it returns only one sort (of sort Qid), but in general it
returns a set of sorts. Since no error sorts can appear in such a set, that is,
the sorts are all in fact quoted identifiers, the function lesserSorts returns a
QidSet.

Finally, the function glbSorts takes the representations of two sorts and a
module as input and computes the representation of the set of maximal lower
bounds of the two sorts!®. Note the asymmetry in the declaration of this func-
tion, having as arguments, together with the module, a sort of sort Sort and
another of sort Qid. This asymmetry might be eliminated in a future version
of the system. As an example for the use of this function, let us see how to
compute the greatest lower bound for sorts Nat and NzNat in the module NAT
presented above.

Maude> red glbSorts(NAT, Nat, NzNat)
result Qid: NzNat

As for lesserSorts, in general glbSorts returns a set of sorts.

2.6 Internal Strategies

System modules in Maude are rewrite theories that do not need to be Church-
Rosser and terminating. We need to have good ways of controlling the rewriting
inference process which in principle could go in many undesired directions

by means of adequate strategies. In Maude, thanks to its reflective capabilities,

130f course, when the set of maximal lower bounds of two sorts is a singleton {s}, then s
will be the greatest lower bound of the two sorts, thus the notation glbSorts. In subsequent
discussions, when we speak of the “greatest lower bound” we will always in fact mean the
more general notion of the set of maximal lower bounds.
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strategies can be made internal to the system. That is, they can be defined by
rewrite rules in a normal module in Maude, and can be reasoned about as with
rules in any other module.

In fact, there is great freedom for defining many different strategy languages
inside Maude. This can be done in a completely user-definable way, so that
users are not limited by a fixed and closed strategy language. The idea is to use
the operations meta-reduce, meta-apply, and meta-rewrite as basic strategy
expressions, and then to extend the module META-LEVEL by additional strategy
expressions and corresponding semantic rules. Here we follow the methodology
for defining and proving correct internal strategy languages for reflective logics
introduced in [15, 10].

To illustrate this idea, let us reconsider the module SORTING for sorting
vectors of integers introduced in Section 2.2. We will use this module as a
running example to explain the way in which the application of rules can be
controlled.

As mentioned before, strategy languages can be defined within Maude in
user-definable extensions of the module META-LEVEL. As an example, we intro-
duce the following module STRATEGY. We first introduce the basic syntax; the
module’s equations are then discussed and illustrated with examples in the rest
of the section.

fmod STRATEGY is
protecting META-LEVEL .
sorts MetaVar Binding BindingList
Strategy StrategyExpression .
subsort MetaVar < Term .

ops I J : -> MetaVar .

op binding : MetaVar Term -> Binding .

op nilBindingList : -> BindingList .

op bindinglList : Binding BindinglList -> BindingList .

op rewInWith :
Module Term BindinglList Strategy -> StrategyExpression .
op set : MetaVar Term -> Strategy .
op rewInWithAux :
StrategyExpression Strategy -> StrategyExpression .
op idle : -> Strategy .
op failure : -> StrategyExpression .
op and : Strategy Strategy -> Strategy .
op apply : Qid -> Strategy .
op applyWithSubst : Qid Substitution -> Strategy .
op iterate : Strategy -> Strategy .
op while : Term Strategy -> Strategy .
op orelse : Strategy Strategy -> Strategy .

op extTerm : ResultPair -> Term .
op extSubst : ResultPair -> Substitution .
op update : BindingList Binding -> BindingList .
op applyBindinglListSubst :
Module Substitution BindinglList -> Substitution .
op substituteMetaVars : TermList BindingList -> TermList .
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op SORTING : -> Module .

var M : Module .

vars V V2 F G L : Qid .
vars T T’ : Term .

var TL : TermList

var SB : Substitution .
vars B B’ : Binding .

vars BL BL’ : BindingList .
var MV MV’ : MetaVar .

vars ST ST’ : Strategy .

eq SORTING
= (mod ’SORTING is
including ’MACHINE-INT .

sorts ’Pair ; ’PairSet .

subsort ’Pair < ’PairSet

op ’<_;_> : ’Machinelnt ’Machinelnt -> ’Pair

[nonel

op ’empty : nil -> ’PairSet [none]

op ’__ : ’PairSet ’PairSet -> ’PairSet
[assoc comm id({’empty}’PairSet)]

var ’I : ’Machinelnt .

var ’J : ’Machinelnt .

var ’X : ’Machinelnt .

var ’Y : ’Machinelnt .

none

none

crl [’sort]: ’__[’<_;_>[’J, *X], ’<_;_>[’1, °Y]]

=>__[’<_; >3, ’Y1, '<_; >[01, ’X]1]
if ’_and_[’_<_[’J, ’I]1, > _>_[’X, ’Y]]
= {’true}’Bool .
endm)

48

Before we explain some of the strategies that can be defined using the strat-
egy language introduced in STRATEGY, note that the default strategy of the
Maude interpreter for system modules can be easily (and efficiently) called us-

ing the built-in function meta-rewrite introduced in Section 2.5.5.

Maude> rew meta-rewrite(SORTING,

»__[’<_;_>[{’1}’MachineInt, {’3}’Machinelnt],
’<_; _>[{’2}’MachineInt, {’2}’MachineInt],
’<_; _>[{’3}’MachinelInt, {’1}’MachineInt]],

0)

result Term: ’__[’<_;_>[{’1}’NzMachineInt,{’1}’NzMachinelnt],

’<_; _>[{’2}’NzMachinelInt,{’2}’NzMachineInt],
’<_; _>[{’3}’NzMachinelInt,{’3}’NzMachineInt]]

In this example, the third argument of meta-rewrite is 0. As explained in
Section 2.5.5 this indicates that no bound on the number of rewrites is imposed.
We can use this argument to see intermediate steps, or to stop at some point
nonterminating rewrites. For example, we can see the resulting term after the
application of two rules (twice the same rule in this case) as follows.
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Maude> rew meta-rewrite(SORTING,
»__[’<_;_>[{’1}’MachineInt, {’3}’Machinelnt],
’<_; _>[{’2}’MachineInt, {’2}’MachineInt],
’<_; _>[{’3}’MachineInt, {’1}’MachineInt]],
2) .
result Term: ’__[’<_;_>[{’1}’NzMachineInt,{’1} ’NzMachineInt],
’<_; _>[{’2}’NzMachinelInt,{’3}’NzMachineInt],
’<_; _>[{’3}’NzMachinelnt,{’2}’NzMachineInt]]

In the module STRATEGY the function rewInWith computes strategy expres-
sions. The first two arguments of rewInWith are the metarepresentations of a
module T and a term ¢ in META-LEVEL. The fourth argument is the strategy
S we want to compute, and the third argument is used to store information
that may be relevant for S. Our definition of rewInWith is such that, as the
computation of a given strategy expression proceeds, ¢ gets rewritten by con-
trolled application of rules in T, the information stored in the third argument
may be updated, and the strategy S is rewritten into the remaining strategy to
be computed. In case of termination, this is the idle strategy and we are done.
The strategy expression failure is returned when a requested strategy cannot
be carried out.

A basic strategy we can express is the application of a rule once at the
top of a term (if the top operator has attributes containing axioms such as
associativity or associativity and commutativity, matching is done modulo those
axioms) with the first possible match found when no constraints are placed on
the matching substitution. For this basic strategy, we introduce in our signature
the constructor apply, whose only argument is an identifier corresponding to the
rule label to be applied, and we define the value of rewInWith for this strategy,
using the built-in operation meta-apply, as follows:

eq rewInWith(M, T, BL, apply(L))
= if meta-apply(M, T, L, none, 0)
== {error*, none}

then failure

else rewInWith(M,
extTerm(meta-apply(M, T, L, none, 0)),
BL, idle)

fi

The operations extTerm and extSubst are selectors extracting the first and
second component, respectively, from a pair constructed with {_,_}.

eq extSubst({T, SB}) = SB .
eq extTerm({T, SB}) =T .

We can see the computation of an apply-strategy expression with the following
example:

Maude> rew rewInWith(SORTING,
'__[’<_;_>[{’1}’MachineInt, {’3}’MachineInt],
’<_; _>[{’2}’MachinelInt, {’2}’MachinelInt],
’<_; _>[{’3}’MachinelInt, {’1}’MachinelInt]],
nilBindinglList,
apply(’sort)) .
result StrategyExpression:
rewInWith(SORTING'?,
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»__[’<_;_>[{’1}’NzMachinelInt,{’2} ’NzMachineInt],
’<_; _>[{’2}’NzMachineInt,{’3}’NzMachineInt],
’<_; _>[{’3}’NzMachineInt,{’1}’NzMachineInt]],

nilBindinglist,

idle)

The information relevant for the computation of a strategy expression is
recorded as a list of bindings of values to metavariables, where the values are of
sort Term (that is, they are representations of terms) and metavariables are in-
troduced by the user as constants of sort MetaVar. The sort MetaVar is declared
as a subsort of the sort Term, so that in any expression in which the represen-
tation of a term ¢ can appear, a metavariable to which the representation of ¢
may be bound—can appear as well.

The computation of the strategy set updates the recorded information. This
is done by the function update. Notice that the terms whose representations
are bound to metavariables are kept in fully reduced form, using the built-in
operation meta-reduce. The representation of the term set to a metavariable
may itself contain metavariables, which must be substituted by the represen-
tations of the terms they are bound to in the list of bindings present before
the updating. This is done by the function substituteMetaVars. Recall that
the default operational semantics for functional modules, and therefore for the
function meta-reduce, is eager (i.e., bottom up or call-by-value).

eq rewInWith(M, T, BL, set(MV, T’))
= rewInWith(M, T,
update (BL,
binding(MV, meta-reduce(M,
substituteMetaVars(T’, BL)))),
idle)

eq substituteMetaVars(T, nilBindinglist)
=T .
eq substituteMetaVars(MV, bindingList(binding(MV’, T’), BL))
= if MV == MV’ then T’
else substituteMetaVars(MV, BL) fi
eq substituteMetaVars(F, BL)
=F .
eq substituteMetaVars({F}S, BL) = {F}S .
eq substituteMetaVars(F[TL], BL)
= F[substituteMetaVars(TL, BL)]
eq substituteMetaVars((T, TL), BL)
= (substituteMetaVars(T, BL), substituteMetaVars(TL, BL)).

eq update(bindinglist(binding(MV, T), BL), binding(MV’, T’))
= if MV == M\’
then bindingList(binding(MV, T’), BL)
else bindinglList(binding(MV, T),
update (BL, binding(MV’, T’)))
fi
eq update(nilBindinglist, B)
= bindinglList(B, nilBindingList)

140f course, the constant SORTING gets also rewritten (in this case, to the meta-
representation of the module SORTING); however, to ease readability we have “hidden” this
rewrite in all the examples of this Section.
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We can see the computation of a set-strategy expression with the following
example:

Maude> rew rewInWith(SORTING,
»__[’<_;_>[{’1}’MachineInt, {’3}’Machinelnt],
’<_; _>[{’2}’MachineInt, {’2}’MachineInt],
’<_; _>[{’3}’MachinelInt, {’1}’MachineInt]],
nilBindinglist,
set(I, {’1}’Machinelnt)).
result StrategyExpression:
rewInWith(SORTING,
»__[’<_;_>[{’1}’MachineInt,{’3}’MachineInt],
’<_; _>[{’2}’MachinelInt,{’2} ’MachinelInt],
’<_; _>[{’3}’MachinelInt,{’1}’MachinelInt]],
bindinglList (binding(I, {’1}’NzMachinelnt),
nilBindinglist),
idle)

The computation of the strategy applyWithSubst applies a rule partially
instantiated with a set of assignments once at the top of a term (if the top oper-
ator has attributes containing axioms such as associativity or associativity and
commutativity, matching is done modulo those axioms) using the first successful
match consistent with the given partial substitution. The representations of the
terms assigned to variables may contain metavariables that must be substituted
by the representations of the terms they are bound to in the current list of
bindings. This is done by the function applyBindingListSubst.

eq rewInWith(M, T, BL, applyWithSubst(L, SB))
= if meta-apply(M, T, L,
applyBindingListSubst(M, SB, BL), 0)
== {error*, none}

then failure

else rewInWith(M, extTerm(meta-apply(M, T, L,
applyBindingListSubst(M, SB, BL), 0)),
BL, idle)

fi

eq applyBindingListSubst(M, none, BL)
= none .
eq applyBindingListSubst(M, ((V <- T); SB), BL)
= ((V <- meta-reduce(M, substituteMetaVars(T, BL)));
applyBindingListSubst (M, SB, BL))

Many interesting strategies are defined as concatenations of more basic
strategies, or iterations of a given strategy. Frequently, the strategies must
consider possible branchings in their computations, or establish conditions for
further computations. To represent these cases, we extend our basic strategy
language with the constructors and, orelse, iterate, and while.

The equations for the strategies and, orelse, and iterate are defined as
follows.

eq rewInWith(M, T, BL, and(ST, ST’))
= if rewInWith(M, T, BL, ST) == failure
then failure



CHAPTER 2. CORE MAUDE 92

else rewInWithAux(rewInWith(M, T, BL, ST), ST’)
fi

eq rewInWith(M, T, BL, orelse(ST, ST’))
= if rewInWith(M, T, BL, ST) == failure
then rewInWith(M, T, BL, ST’)
else rewInWith(M, T, BL, ST)
fi

eq rewInWith(M, T, BL, iterate(ST))
= if rewInWith(M, T, BL, ST) == failure
then rewInWith(M, T, BL, idle)
else rewInWithAux(rewInWith(M, T, BL, ST), iterate(ST))
fi

where the function rewInWithAux is defined by the equation

eq rewInWithAux(rewInWith(M, T, BL, idle), ST)
= rewInWith(M, T, BL, ST)

which forces the computation of a sequence of strategies to proceed step-by-step,
in the sense that a strategy will only be considered after the previous one has
been fully computed. We can illustrate the computation of the above strategies
with the following examples:

Maude> rew rewInWith(SORTING,
»__[’<_;_>[{’1}’MachineInt, {’3}’Machinelnt],
’<_; _>[{’2}’MachineInt, {’2}’MachineInt],
’<_; _>[{’3}’MachinelInt, {’1}’MachineInt]],
nilBindinglList,
and(set(I, {’3}’Machinelnt),
applyWithSubst (’sort, (I <- I))))
result StrategyExpression:
rewInWith (SORTING,
»__[’<_;_>[{’1}’NzMachinelInt,{’1} ’NzMachineInt],
’<_; _>[{’2}’NzMachineInt,{’2}’NzMachineInt],
’<_; _>[{’3}’NzMachineInt,{’3}’NzMachineInt]],
bindinglList (binding(I, {’3}’NzMachinelnt),
nilBindinglist),
idle)

Maude> rew rewInWith(SORTING,
»__[’<_;_>[{’1}’MachineInt, {’3}’Machinelnt],
’<_; _>[{’2}’MachinelInt, {’2}’MachineInt],
’<_; _>[{’3}’MachinelInt, {’1}’MachineInt]],
bindingList (binding(J, {’2}’MachinelInt),
nilBindinglist),
orelse(applyWithSubst (’sort, (°J <- {’4}’MachinelInt)),
applyWithSubst (’sort, (°J <- J)))).
result StrategyExpression:
rewInWith (SORTING,
»__[’<_;_>[{’1}’NzMachinelInt,{’3}’NzMachineInt],
’<_; _>[{’2}’NzMachinelInt,{’1}’NzMachineInt],
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’<_; _>[{’3}’NzMachineInt,{’2}’NzMachineInt]],
bindingList (binding(J, {’2}’Machinelnt),
nilBindinglist),
idle)

Maude> rew rewInWith(SORTING,
'__[’<_;_>[{’1}’MachinelInt, {’3}’Machinelnt],
'<_; _>[{’2}’MachinelInt, {’2}’MachinelInt],
’<_; _>[{’3}’MachineInt, {’1}’MachineInt]],
nilBindinglList,
iterate(apply(’sort))).
result StrategyExpression:
rewInWith(SORTING,
»__[’<_;_>[{’1}’NzMachinelInt,{’1}’NzMachineInt],
'<_; _>[{’2}’NzMachineInt,{’2}’NzMachineInt],
’<_; _>[{’3}’NzMachineInt,{’3}’NzMachineInt]],
nilBindinglist, idle)

Finally, the strategy while makes the computation of a given strategy con-
ditional to the satisfaction of a condition. This condition should be the repre-
sentation in META-LEVEL of a term of sort Bool. As usual, the condition may
contain metavariables that must be substituted by the representations of terms
they are bound to in the current list of bindings. Notice that the definition of
the value of rewInWith for the constructor while makes the iterative computa-
tion of the strategy contained in the second argument of while depend on the
satisfaction (at the metalevel) of the condition represented in the first argument
of while.

eq rewInWith(M, T, BL, while(T’, ST))
= if meta-reduce(M, substituteMetaVars(T’, BL))
== {’true}’Bool

then (if rewInWith(M, T, BL, ST) == failure
then rewInWith(M, T, BL, idle)
else rewInWithAux(rewInWith(M, T, BL, ST),

while(T’, ST))

i)

else rewInWith(M, T, BL, idle)

fi

Now we can extend our basic strategy language to define, as an example, the
algorithm for insertion sorting. The strategy insert(n) below can be used to
sort a vector of integers of length n. The main loop in insertion sorting looks at
each element of the vector of integers from the second to the n-th, and inserts
it in the appropriate place among its predecessors in the vector.

We introduce two new metavariables X and Y.

op insert : Machinelnt -> Strategy .

ops X Y : -> MetaVar .

var N : Machinelnt .

eq insert(N)

= and(set(Y, {’2}’MachinelInt),
while(’ <=_[Y, {index(’, N)}’MachineInt],

and(set (X, Y),
and(while(’ >_[X, {’1}’MachinelInt],



CHAPTER 2. CORE MAUDE 94

and (applyWithSubst (’sort,
(CT <= X);
(°J <= ’_-_[X, {’1}’Machinelnt]))),
set(X, ’_-_[X, {’1}’MachinelInt]))),
set(Y, ’_+_[Y, {’1}’MachinelInt])))))

For example, we can use the strategy insert to sort a vector of integers of
length 10:

Maude> rew rewInWith(SORTING,
»__[’<_;_>[{’1}’MachineInt, {’10}’Machinelnt],
’<_; _>[{’2}’MachinelInt, {’9}’MachinelInt],
’<_; _>[{’3}’MachinelInt, {’8}’MachinelInt],
’<_;_>[{’4}’MachinelInt, {’7}’MachinelInt],
’<_; _>[{’5}’Machinelnt, {’6}’MachinelInt],
’<_; _>[{’6}’MachineInt, {’5}’MachinelInt],
’<_; _>[{’7}’MachineInt, {’4}’MachinelInt],
’<_;_>[{’8}’MachinelInt, {’3}’Machinelnt],
’<_; _>[{’9}’MachinelInt, {’2}’MachinelInt],
’<_; _>[{’10}’MachineInt, {’1}’Machinelnt]],
nilBindinglist,
insert (10))
result StrategyExpression:
rewInWith (SORTING,
»__[’<_;_>[{’1}’NzMachinelInt,{’1} ’NzMachineInt],
'<_; _>[{’2}’NzMachinelnt,{’2}’NzMachineInt],
’<_; _>[{’3}’NzMachinelnt,{’3}’NzMachineInt],
’<_;_>[{’4}’NzMachineInt,{’4}’NzMachineInt],
’<_; _>[{’5}’NzMachineInt,{’5}’NzMachineInt],
’<_; _>[{’6}’NzMachineInt,{’6}’NzMachineInt],
’<_; _>[{’7}’NzMachineInt,{’7}’NzMachineInt],
’<_; _>[{’8}’NzMachinelnt,{’8}’NzMachineInt],
'<_; _>[{’9}’NzMachineInt,{’9}’NzMachineInt],
’<_;_>[{’10}’NzMachineInt,{’10}’NzMachineInt]],
bindingList(binding(Y, {’11}’NzMachinelInt),
bindingList (binding(X, {’1}’NzMachinelnt),
nilBindinglList)),
idle)

2.6.1 The Game of Nim

To illustrate the great flexibility we have in defining strategies to control the
process of execution of rules, we discuss a second example, namely, a system
module NIM specifying a version of the game of Nim. There are two players and
two bags of pebbles: a “draw” bag to remove pebbles from, and a “limit” bag
to limit the number of pebbles that can be removed. We represent each state
of the game as a pair of bags, where the first one represents the draw bag and
the second one the limit bag. The two players take turns making moves in the
game. At each move a player draws a nonempty set of pebbles not exceeding
those in the limit bag. The limit bag is then readjusted to contain the least
number of pebbles in either the double of what the player just drew, or what
was left in the draw bag. The game then continues with the two bags in this
new state. This move is axiomatized by the rule mv. The player who empties
the draw bag wins.
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mod NIM is
protecting MACHINE-INT .
sorts Pebble Bag State .
subsorts Pebble < Bag .

op o : —-> Pebble .

op emptyBag : -> Bag .

op __ : Bag Bag -> Bag [assoc id: emptyBag]
op <_;_> : Bag Bag -> State .

op size : Bag -> Machinelnt .

op readjust : Bag Bag -> Bag .

vars X Y Z : Bag .

eq size((o X))
= size(X) + 1
eq size(emptyBag)
=0 .

eq readjust (X, Y)
= if size((X X)) <= size(Y)
then (X X)
else Y
fi

crl [mv] : < XY) ; Z>
=>< Y ; readjust(X, Y) >
if size(X) <= size(Z) and (X =/= emptyBag)
endm

The initial model described by this module is the transition system con-
taining exactly all the possible game moves allowed by the game. But there
are many bad moves that would allow the other player to win. A good player
should avoid such bad moves by trying to have a winning strategy. With such a
strategy, each move made by the player inexorably leads to success, no matter
what moves the other player attempts.

As we have already said, there is great freedom for defining many different
strategy languages inside Maude. Even if some users decide to adopt a particular
strategy language because of its good features, such a language remains fully
extensible, so that new features and new strategies can be defined on top of
them.

We define a winning strategy for the Nim game in the following extension
of the module STRATEGY.

fmod NIM-STRATEGY is
protecting STRATEGY .

op moveToWin : -> Strategy .
op findWinMove : Term Term -> Term .
op noWinMove : -> Term .

op NIM : -> Module .

var T X Y Z : Term .
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var M : Module .

eq NIM
= (mod ’NIM is
including ’BO0OL .
including ’MACHINE-INT .
sorts ’Pebble ; ’Bag ; ’State .
subsort ’Pebble < ’Bag .
op ’o : nil -> ’Pebble [none]
op ’emptyBag : nil -> ’Bag [none]
op ’__ : (’Bag ’Bag) -> ’Bag
[assoc id({’emptyBag}’Bag)]
op ’<_;_> : (’Bag ’Bag) -> ’State [none]
op ’size : ’Bag -> ’MachineInt [none].
op ’readjust : (’Bag ’Bag) -> ’Bag [none]
var ’X : ’Bag .
var ’Y : ’Bag .
var ’Z : ’Bag .
none
eq ’size[’__[{’0}’Pebble, ’X1]
= ’_+_[’size[’X], {’1}’MachineInt]
eq ’size[{’emptyBag}’Bag] = {’0}’Machinelnt .
eq ’readjust[’X, ’Y]
= ’if_then_else_fil[
' <=_[’sizel[’__[’X, ’X1]1, ’sizel’Y]1],
J__[JX’ 7X],
’Y]
crl[’mv]: ’<_; >[’__[’X, ’Y], *Z]
=> <_; >[’Y, ’readjust[’X, ’Y]]
if ’_and_[’_<=_[’size[’X], ’sizel[’Z]],
»_=/=_[’X, {’emptyBag}’Bag]]
= {’true}’Bool .
endm)

eq rewInWin(M, T, nilBindinglList, moveToWin)
= if findWinMove(T, {’0}’Pebble) == noWinlMove
then failure
else rewInWin(M, findWinMove(T, {’o0}’Pebble),
nilBindinglist, idle)
fi

eq findWinMove (’<_;_>[X, Y], Z)
= if meta-reduce(NIM, ’_>=_[’sizelY], ’size[Z]])
== {’true}’Bool
then (if findWinMove (
extTerm(
meta-apply (NIM, ’<_;_>[X, Y],
'mv, (’X <~ Z), 0)), {’o0}’Pebble)
== noWinMove
then extTerm(
meta-apply (NIM, ’<_;_>[X, Y],
‘mv, (°X <- Z), 0))
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else findWinMove(’<_;_>[X, Y], "__[Z, {’0}’Pebblel)
£i)
else noWinMove
fi
endfm

Given a state < X ; Y > in the game, the strategy moveToWin finds a win-
ning move < X' ; Y' > if there is one, in the sense that either < X' ; Y’ >
is equal to < emptyBag ; emptyBag > or < X' ; Y’ > is a move that even-
tually will lead to success, no matter which moves the other players attempts,
assuming that in the following moves the player that makes the winning move
uses the same winning strategy.

The strategy moveToWin calls the function findWinMove with the represen-
tation of a bag with only one pebble as its second argument. This argument is
used as a tentative move. If the tentative bag Z is valid (the number of pebbles
in it is smaller than the number of pebbles in the limit bag) then we tentatively
make that move; if it is the case that from the new state of the game there is
no winning move for the other player, then we make that move; but, if there
is a winning move for our opponent, then findWinMove is called again with
the tentative number of pebbles to remove increased by one. If the size of the
tentative bag is greater than the size of the limit bag, then there is no possible
winning move and failure is returned.

For example, to make a winning move from a state with a draw bag with
seven pebbles and a limit bag with three pebbles we use the following strategy
expression:

Maude> rew rewInWith(NIM,
’<_; _>[?__[{’0}’Pebble, {’0}’Pebble, {’0}’Pebble,
{’0}’Pebble, {’0}’Pebble, {’0}’Pebble,
{’0}’Pebblel,
’__[{’0}’Pebble, {’0}’Pebble, {’0}’Pebblell,
nilBindinglList, moveToWin)
result StrategyExpression:
rewInWith(NIM,
'<_; _>[?__[{’0}’Pebble,{’0}’Pebble,{’0} ’Pebble,
{’0}’Pebble,{’0} ’Pebblel],
’__[{’0}’Pebble,{’0}’Pebble,{’0} ’Pebble,
{’0}’Pebble]], nilBindingList, idle)

There are, of course, states of the game from which no winning move can be
made. In these cases, the strategy moveToWin will return failure. For example:

Maude> rew rewInWith(NIM,
’<_; >[’__[{’0}’Pebble, {’0}’Pebble, {’0}’Pebblel,
{’0}’Pebble], nilBindinglList, moveToWin)
result StrategyExpression: failure

2.6.2 A Meta-Interpreter

As yet another example of user-defined strategies in Maude, we specify in an
extension of the module STRATEGY a meta-interpreter for modules that only
contain rules that are Church-Rosser and terminating (no equations are declared
and none of the operators have attributes). For the sake of simplicity, we assume
that all the rules are labeled any.
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fmod META-INTERPRETER is
protecting STRATEGY .
sorts Position .
subsorts MachineInt < Position .

op emptyPos : -> Position .

op pos : Position Position -> Position [assoc]
op nullPos : -> Position .

op getSubterm : Term Position -> Term .

op getSubtermAux : TermList Position -> Term .
op replace : Term Term Position -> Term .

op replaceAux : TermList Term Position -> Term .
op nextPosition : Term Position -> Position .

op nextPositionUp : Term Position -> Position .

var P : Position .

var N : MachineInt .

var F G X YL S : Qid .
var T T> T1 T1’ : Term .
var TL TL’ : TermList .

eq pos(emptyPos, P) = P

We first define some auxiliary functions needed to find the positions in a
term. Positions are represented at the metalevel as pos-lists of natural numbers,
and emptyPos is the empty position. We denote by 7 the representation of a
position p in the module META-INTERPRETER.

The function getSubterm(#, P) returns the term %, if p is a valid position
in ¢; otherwise, it returns errorx*.

eq getSubterm(F, N) = errorx
eq getSubterm({F}S, N) = errorx .
eq getSubterm(F[TL], N) = getSubtermAux(TL, N)

eq getSubterm(F, pos(N, P)) = error* .
eq getSubterm({F}S, pos(N, P)) = errorx
eq getSubterm(F[TL], pos(N, P))

= getSubterm(getSubtermAux(TL, N), P)

eq getSubtermAux((T, TL), N)

= if N == 1 then T else getSubtermAux(TL, (N - 1)) fi
eq getSubtermAux (T, N)

= if N == 1 then T else errorx fi

The function nextPosition(#, P) returns the next position in the tree de-
fined by the term t, according to a top-down leftmost-innermost strategy. If
all positions have already been considered, the function nextPosition returns
nullPos.

eq nextPosition(T, P)
= if getSubterm(T, pos(P, 1)) == error*
then nextPositionUp(T, P)
else pos(P, 1)
fi
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eq nextPositionUp(T, emptyPos) = nullPos

eq nextPositionUp(T, N)
= if getSubterm(T, (N + 1)) == error*
then nullPos
else (N + 1)
fi

eq nextPositionUp(T, pos(P, N))
= if getSubterm(T, pos(P, (N + 1))) == errorx
then nextPositionUp(T, P)
else pos(P, (N + 1))
fi

The function replace(?, #, p) returns the term ¢[t'],.

eq replace(T, T’, emptyPos) = T’

eq replace(F, T’, N) = errorx
eq replace({F}S, T’, N) = errorx
eq replace(F[TL], T’, N) = F[replaceAux(TL, T’, N)I

eq replace(F, T’, pos(N, P)) = errorx
eq replace({F}S, T’, pos(N, P)) = error*
eq replace(F[TL], T’, pos(N, P))

= F[replaceAux(TL, T’, pos(N, P))]

eq replaceAux((T, TL), T’, N)
= if N ==
then (T’, TL)
else (T, replaceAux(TL, T’, (N - 1)))

fi
eq replaceAux(T, T’, N)
= if N == 1 then T’ else errorx fi

eq replaceAux((T, TL), T’, pos(N, P))
= if N ==
then (replace(T, T’, P), TL)
else (T, replaceAux(TL, T’, pos((N - 1), P)))
fi
eq replaceAux(T, T’, pos(N, P))
= if N ==
then replace(T, T’, P)
else error*
fi

Finally, we introduce the strategy metaInterpreter that specifies the Maude
interpreter for functional modules'®, that is, for any valid module M and any

15We talk about an interpreter for Maude functional modules in the sense of reducing the
(meta-representation of) a term to its canonical form using the Church-Rosser and termi-
nating equations just as the Maude interpreter would do it. Note, however, that, as already
mentioned, the functional module whose operators cannot have any attributes is repre-
sented here as a system module in which the Church-Rosser equations are represented as rules
labeled any.
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tenntinthatrnodub,rewInWith(ﬁz, t, nilBindinglList, metaInterpreter)
returns rewInWith (M, #', nilBindingList, idle), where ¢’ is the canonical
form of ¢ with respect to M.

op metalnterpreter : -> Strategy .
op applyInPRedex : Position -> Strategy .

var M : Module .

eq rewInWith(M, T, nilBindinglist, metalnterpreter)
= rewInWith(M, T, nilBindinglist,
orelse(and(applyInPRedex(emptyPos),
metalnterpreter),
idle))

The auxiliary strategy applyInPRedex (p) specifies an interpreter that only
applies once a rule to a term ¢ at position p or at any position “after” p in ¢
(traversing the tree defined by ¢ with a top-down leftmost-innermost strategy).

eq rewInWith(M, T, nilBindingList, applyInPRedex(P))
= if P =/= nullPos
then (if meta-apply (M, getSubterm(T, P), ’any, none, 0)
== {error*, none}
then rewInWith(M, T, nilBindingList,
applyInPRedex(nextPosition(T, P)))
else rewInWith(M,
replace(T,
extTerm(
meta-apply (M, getSubterm(T, P),
’any, none, 0)),
P),
nilBindinglist, idle)
fi)
else failure
fi

As an example, consider the following module NAT-TREE:

mod NAT-TREE is
sorts Nat Tree .
subsort Nat < Tree .

op 0 : -> Nat
op s_ : Nat -> Nat
op _+_ : Nat Nat -> Nat

vars N M : Nat

rl [any]: (N + 0) => N .

rl [any]: (0O + N) => N .

rl [any]: (s N+ s M) =>s s (N + M)
op _"_ : Tree Tree -> Tree .

op rev : Tree -> Tree .
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vars T T’ : Tree .

rl [any]: rev(N) => N .
rl [any]: rev(T = T’) => (rev(T’) ~ rev(T))
endm

Thus, in the module NAT-TREE, the tree

s0O + ss0 s 0 0 s0 4+ s0

is represented by the term
(((s0+ss80) "s0) " (0" (s0+s0))).
We extend the modulo META-INTERPRETER with the equation

op NAT-TREE : -> Module .
eq NAT-TREE
= (mod ’NAT-TREE is
including ’BO0OL .
sorts (’Nat ; ’Tree)
subsort ’Nat < ’Tree .
op ’0 : nil -> ’Nat [nonel

op ’s_ : ’Nat -> ’Nat [none]

op ’_+_ (’Nat ’Nat) -> ’Nat [nomne]

op ’_"_ : (’Tree ’Tree) -> ’Tree [none]
op ’rev : ’Tree -> ’Tree [none]

var ’N : ’Nat .

var ’M : ’Nat .

var ’T : ’Tree .

var ’T’ : ’Tree .

none

none

rl [’any]: ’_+_[’N, {’0}’Nat] => °N .
rl [’any]: ’_+_[{’0}’Nat, ’N] => °N .
rl [’anyl: ’_+_[’s_[’N], ’s_[’'M]]
=> ’s_[’s_[’_+_[’N, ’M]]]
rl [’any]: ’rev[’N] => °N .
rl [’any]: ’rev[’_"_[’T, ’T’]]
=> 7’ _~_[’rev[’T’], ’rev[’T]]
endm)

The result of computing the strategy metalnterpreter on the metarep-
resentation of the operation of reversing the above tree is the following

Maude> rew rewInWith(NAT-TREE,
‘rev[’_"_[’_"_[_+_[’s_[{’0}’Nat],
’s_[’s_[{’0}’Nat]]],
’s_[{’0}’Nat]],
»_~_[{’0}’Nat,
’_+_[’s_[{’0}’Nat],
’s_[{’0}’Nat]]111],
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nilBindinglist,
metalnterpreter)
result StrategyExpression:
rewInWith(NAT-TREE,
oD [’s_[’s_[{’0}’Nat]],{’0} Nat],
't _Ds_[{’0}’Nat],’s_[’s_[’s_[{’0}’Nat]]]1]],
nilBindinglist, idle)

Thus, the result is the meta-representation of the tree

< T

ss0 0 s 0 sss0

that is, the meta-representation of the original tree reversed after all its leaves
have been evaluated.

2.7 Parsing, Bubbles and Meta-Parsing

This section explains the parsing and meta-parsing functionalities of Maude.
Section 2.7.1 presents a general overview of the design of the Maude Parser
(MSCP). Section 2.7.2 explains how terms with user-definable mixfix syntax
are parsed in a module and illustrates the basic functionalities of the parser
with several examples. For convenience and expressiveness the signature of
each module is extended with parentheses, Boolean connectives, some built-in
polymorphic operators, sort test operators, and so on. Section 2.7.3 explains
this extended signature of a module and how terms are parsed in it. Sec-
tion 2.7.4 concentrates on the strategies for the specification of user-defined
models of precedence/gathering patterns. Since a module’s user-defined syntax
can specify a general context-free grammar that can be ambiguous, parentheses
may in general be needed to resolve such ambiguities. By means of the def-
inition of precedence/gathering patterns, the user can control the precedence
and the syntactic order of evaluation of operators to remove such ambiguities
without recourse to unnecessary parentheses, while keeping the same syntax.
Section 2.7.5 describes the rules used by Maude to assign default precedence
values and gathering patterns. Finally, Section 2.7.6 explains what we might
call linguistic reflection, that is, the possibility of parsing a term from which we
then extract a grammar to parse some unanalyzed portions of that term—for
example, parsing the top-level syntax of a module in a language allowing user-
definable syntax, to obtain the grammar in which to parse expressions in that
module | is supported by means of “bubbles” and the metaparsing facility of
META-LEVEL.

2.7.1 MSCP Parser Design: An Overview

From a computational point of view, the semantic and logical framework pro-
vided by rewriting logic has to be complemented with a reflective syntactic
framework. Syntactic, or linguistic, reflection allows the effective specification,
implementation, and semantic definition of a very wide range of logics and
languages including languages such as Core Maude and Full Maude, whose
modules can have user-definable syntax—for which rewriting logic acts as a
metalanguage.
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The intrinsic characteristics of Maude—mainly, its metalanguage functional-
ity, its reflective nature, and its logical and semantic framework applications
pose very strong requirements on the design of a parsing algorithm for the
language, since it has to fulfill the following constraints [52]:

e Interpreted parsing: languages are user-definable.
e Full Context-Free Grammars (CFG), and not only LALR models.

e With precedence/gathering patterns that modify the grammatical power
of nonterminal symbols.

e Grammars are extended to incorporate bubbles. Bubbles are the key notion
to implement syntactic reflection. Furthermore, bubble sorts are user-
definable.

e Techniques for error detection and error recovery must be supported.

e Efficiency is a main goal, as the parser is the surface of the rest of the
system, especially in META-LEVEL computations.

The logical kernel of the current version of the parser is based on the SCP
parsing algorit